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r✐❡✉r ❡st ♠♦✐♥s ❞é✈❡❧♦♣♣é❡ q✉❡ ❝❡❧❧❡ ❞❡s ❝❛❧❝✉❧s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ t❡❧s q✉❡ ❧❡ π✲
❝❛❧❝✉❧✳ ▲❛ r❡❧❛t✐♦♥ ❞✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ♣r♦❝❡ss✉s ❧❛ ♣❧✉s ♥❛t✉r❡❧❧❡✱ ❧❛ ❝♦♥❣r✉❡♥❝❡
❜❛r❜é❡✱ ❡st ❞✐✣❝✐❧❡ à ✉t✐❧✐s❡r ❡♥ ♣r❛t✐q✉❡ à ❝❛✉s❡ ❞✉ ♥♦♠❜r❡ ✐♥✜♥✐ ❞❡ ❝♦♥t❡①t❡s
❞❡ t❡st q✉✬❡❧❧❡ r❡q✉✐❡rt✳ ❖♥ ❡st ❞♦♥❝ ❝♦♥❞✉✐t à ❝❤❡r❝❤❡r ❞❡s ❝❛r❛❝tér✐s❛t✐♦♥s
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◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✺
✶ ■♥tr♦❞✉❝t✐♦♥
▼♦t✐✈❛t✐♦♥
❆ ♥❛t✉r❛❧ ♥♦t✐♦♥ ♦❢ ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ♣r♦❝❡ss ❝❛❧❝✉❧✐ ✐s ❜❛r❜❡❞ ❝♦♥✲
❣r✉❡♥❝❡✳ ■♥❢♦r♠❛❧❧②✱ t✇♦ ♣r♦❝❡ss❡s ❛r❡ ❜❛r❜❡❞✲❝♦♥❣r✉❡♥t ✐❢ t❤❡② ❜❡❤❛✈❡ ✐♥ t❤❡
s❛♠❡ ✇❛② ✭✐✳❡✳✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ r❡❞✉❝t✐♦♥s ❛♥❞ t❤❡ s❛♠❡ ♦❜s❡r✈❛❜❧❡s✮✱ ✇❤❡♥
♣❧❛❝❡❞ ✐♥ s✐♠✐❧❛r✱ ❜✉t ❛r❜✐tr❛r②✱ ❝♦♥t❡①ts✳ ❉✉❡ t♦ t❤✐s q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ ❝♦♥t❡①ts✱
❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ✐s ✉♥✇✐❡❧❞② t♦ ✉s❡ ❢♦r ♣r♦♦❢s ♦❢ ❡q✉✐✈❛❧❡♥❝❡✱ ♦r t♦ s❡r✈❡ ❛s
❛ ❜❛s✐s ❢♦r ❛✉t♦♠❛t❡❞ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s✳ ❖♥❡ ✐s t❤✉s ❧❡❛❞ t♦ st✉❞② ❝♦✐♥❞✉❝✲
t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✱ t②♣✐❝❛❧❧② ✐♥ t❤❡ ❢♦r♠ ♦❢ ❜✐s✐♠✐❧❛r✐t②
r❡❧❛t✐♦♥s✳
❋♦r ✜rst✲♦r❞❡r ♣r♦❝❡ss ❝❛❧❝✉❧✐✱ s✉❝❤ ❛s t❤❡ π✲❝❛❧❝✉❧✉s ❛♥❞ ✐ts ✈❛r✐❛♥ts✱ t❤❡
r❡s✉❧t✐♥❣ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r② ✐s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞✱ ❛♥❞ ♦♥❡ ❝❛♥ ✐♥ ❣❡♥❡r❛❧ r❡❛❞✐❧② ❞❡✲
✜♥❡ ❜✐s✐♠✉❧❛r✐t② r❡❧❛t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ❢♦r t❤❡s❡ ❝❛❧❝✉❧✐✳
❋♦r ❤✐❣❤❡r✲♦r❞❡r ♣r♦❝❡ss ❝❛❧❝✉❧✐✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❧❡ss s❛t✐s❢❛❝t♦r②✳ ❙✐♠♣❧❡ ❤✐❣❤❡r✲
♦r❞❡r ❝❛❧❝✉❧✐✱ s✉❝❤ ❛s ❍❖π ❬✶✷✱ ✶✸❪✱ ❤❛✈❡ ❛ ✇❡❧❧✲st✉❞✐❡❞ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r②✳ ❋♦r
❍❖π✱ ❙❛♥❣✐♦r❣✐ ❤❛s ❞❡✜♥❡❞ ❝♦♥t❡①t ❛♥❞ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② r❡❧❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡
❜♦t❤ s♦✉♥❞ ✇✐t❤ r❡s♣❡❝t t♦ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ✭✐✳❡✳ t❤❡② ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡✮✱ ❛♥❞ s♦♠❡t✐♠❡s ❝♦♠♣❧❡t❡ ✭✐✳❡✳ t❤❡② ❝♦♥t❛✐♥ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✮✱
❧❡❛❞✐♥❣ t♦ ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❈♦♥t❡①t ❜✐s✐♠✐❧❛r✐t② st✐❧❧ ✐♥✈♦❧✈❡s s♦♠❡ q✉❛♥✲
t✐✜❝❛t✐♦♥ ♦✈❡r t❡st ❝♦♥t❡①ts✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❛ss❡ss✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t✇♦
♣r♦❝❡ss❡s ✇❤✐❝❤ ❝♦♥s✐st ♦♥❧② ♦❢ t❤❡ ♦✉t♣✉t ♦❢ ❛ ♠❡ss❛❣❡ ♦♥ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝❤❛♥♥❡❧ a✱ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t② ♥❡❡❞s t♦ ❝♦♥s✐❞❡r ❡✈❡r② ✐♥t❡r❛❝t✐♥❣ s②st❡♠ t❤❛t
✐s ❝❛♣❛❜❧❡ ♦❢ ❞♦✐♥❣ ❛♥ ✐♥♣✉t ♦♥ ❝❤❛♥♥❡❧ a✳ ◆♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ✐♠♣r♦✈❡s ❝♦♥t❡①t
❜✐s✐♠✐❧❛r✐t② ❜② r❡q✉✐r✐♥❣ ♦♥❧② ❛ s✐♥❣❧❡ t❡st ❝♦♥t❡①t✳ ❊✳❣✳✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t✇♦
❡♠✐tt✐♥❣ ♣r♦❝❡ss❡s✱ ❛s ❛❜♦✈❡✱ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ♦♥❧② r❡q✉✐r❡s t♦ ❝♦♠♣❛r❡ t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ t✇♦ ♣r♦❝❡ss❡s ✇❤❡♥ ♣❧❛❝❡❞ ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ ❛ s✐♥❣❧❡✱ ♣❛rt✐❝✉❧❛r
r❡❝❡✐✈✐♥❣ ♣r♦❝❡ss✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥t❡①t ❛♥❞ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t✐❡s ❝❤❛r❛❝t❡r✐③❡
❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ❜♦t❤ ✐♥ t❤❡ str♦♥❣ ❝❛s❡ ✭✇❤❡r❡ ❛ st❡♣ ❢r♦♠ t❤❡ ✜rst ♣r♦❝❡ss
♠✉st ❜❡ s✐♠✉❧❛t❡❞ ❜② ❛ s✐♥❣❧❡ st❡♣ ♦❢ t❤❡ s❡❝♦♥❞ ♣r♦❝❡ss✮✱ ❛♥❞ ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡
✭✇❤❡r❡ ❛ st❡♣ ♦❢ ❛ ✜rst ♣r♦❝❡ss ♠✉st ❜❡ s✐♠✉❧❛t❡❞ ❜② ❛ s✐♥❣❧❡ st❡♣ ♦❢ t❤❡ s❡❝♦♥❞
♣r♦❝❡ss✱ ♣♦ss✐❜❧② ♣r❡❝❡❞❡❞ ❛♥❞✴♦r ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ✐♥t❡r♥❛❧
st❡♣s✮✳
❯♥❢♦rt✉♥❛t❡❧②✱ ❍❖π ✐s ♥♦t ❡①♣r❡ss✐✈❡ ❡♥♦✉❣❤ t♦ ❢❛✐t❤❢✉❧❧② ♠♦❞❡❧ ❝♦♥❝✉rr❡♥t
s②st❡♠s ✇✐t❤ ❞②♥❛♠✐❝ r❡❝♦♥✜❣✉r❛t✐♦♥ ♦r str♦♥❣ ♠♦❜✐❧✐t② ❝❛♣❛❜✐❧✐t✐❡s✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ❛ r✉♥♥✐♥❣ ❍❖π ♣r♦❝❡ss ❝❛♥♥♦t ❜❡ st♦♣♣❡❞✱ ✇❤✐❝❤ ♣r❡✈❡♥ts t❤❡ ❢❛✐t❤❢✉❧
♠♦❞❡❧✐♥❣ ♦❢ ♣r♦❝❡ss ❢❛✐❧✉r❡s✱ ♦❢ ♦♥❧✐♥❡ ♣r♦❝❡ss r❡♣❧❛❝❡♠❡♥t✱ ♦r str♦♥❣ ♣r♦❝❡ss
♠♦❜✐❧✐t②✳ ■t ✐s ❢♦r t❤✐s r❡❛s♦♥ t❤❛t ✇❡ ❤❛✈❡ s❡❡♥ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♣r♦❝❡ss ❝❛❧❝✉❧✐
✇✐t❤ ✭❢♦r♠s ♦❢✮ ♣r♦❝❡ss ♣❛ss✐✈❛t✐♦♥✳ Pr♦❝❡ss ♣❛ss✐✈❛t✐♦♥ ❛❧❧♦✇s ❛ ♥❛♠❡❞ ♣r♦❝❡ss
t♦ ❜❡ st♦♣♣❡❞ ❛♥❞ ✐ts st❛t❡ ❝❛♣t✉r❡❞ ❛t ❛♥② t✐♠❡ ❞✉r✐♥❣ ✐ts ❡①❡❝✉t✐♦♥✳ ❚❤❡ ❑❡❧❧
❝❛❧❝✉❧✉s ❬✶✻❪ ❛♥❞ ❍♦♠❡r ❬✽❪ ❛r❡ ❡①❛♠♣❧❡s ♦❢ ❤✐❣❤❡r✲♦r❞❡r ♣r♦❝❡ss ❝❛❧❝✉❧✐ ✇✐t❤
♣❛ss✐✈❛t✐♦♥✳ ❚❤❡ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r② ♦❢ t❤❡s❡ ❝❛❧❝✉❧✐ ✐s ❧❡ss ✉♥❞❡rst♦♦❞ t❤❛♥ t❤❡
♦♥❡ ❢♦r ❍❖π✱ ✇❤♦s❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ❛♥❞ r❡❧❛t✐♦♥s ❞♦ ♥♦t ❡❛s✐❧② ❝❛rr② ♦✈❡r✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ♥♦ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡
❤❛s ❜❡❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡✳ ■♥ t❤❡ str♦♥❣ ❝❛s❡✱ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s ❤❛✈❡
❘❘ ♥➦ ✻✻✻✹
✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❜❡❡♥ ❞❡✜♥❡❞✳ ❚❤❡② ❝❤❛r❛❝t❡r✐③❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❧❛r❣❡r
t❡st ❝♦♥t❡①ts t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t② ❢♦r ❍❖π✳ ■♠♣♦rt❛♥t❧②✱ ♥♦
r❡❧❛t✐♦♥ ❛❦✐♥ t♦ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ❤❛s ❜❡❡♥ ❢♦✉♥❞ ❢♦r t❤❡s❡ ❝❛❧❝✉❧✐✳
❈♦♥tr✐❜✉t✐♦♥s
❚♦ ♣✐♥♣♦✐♥t ✐ss✉❡s t❤❛t ❛r✐s❡ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r② ❢♦r
❤✐❣❤❡r✲♦r❞❡r ❝❛❧❝✉❧✐ ✇✐t❤ ♣❛ss✐✈❛t✐♦♥✱ ❛♥❞ t♦ s❤♦✇ t❤❛t t❤❡② ❛r✐s❡ ❢r♦♠ t❤❡ ✐♥✲
t❡r♣❧❛② ❜❡t✇❡❡♥ ♣❛ss✐✈❛t✐♦♥ ❛♥❞ r❡str✐❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r t✇♦ ❝❛❧❝✉❧✐
✇✐t❤ ♣❛ss✐✈❛t✐♦♥✱ ✇❤✐❝❤ ❛r❡ s✐♠♣❧❡r t❤❛♥ ❜♦t❤ ❍♦♠❡r ❛♥❞ t❤❡ ❑❡❧❧ ❝❛❧❝✉❧✉s✱ ❛♥❞
✇❤✐❝❤ ❞✐✛❡r ♠❡r❡❧② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡str✐❝t✐♦♥✳ ❚❤❡ ✜rst ♦♥❡✱ ❝❛❧❧❡❞ ❍❖P✱
❡①t❡♥❞s ❍❖❝♦r❡ ✇✐t❤ ♣❛ss✐✈❛t✐♦♥ ❛♥❞ s✉♠✳ ❍❖❝♦r❡ ✐s ❛ ♠✐♥✐♠❛❧ ❤✐❣❤❡r✲♦r❞❡r
❝♦♥❝✉rr❡♥t ❝❛❧❝✉❧✉s ✇✐t❤♦✉t r❡str✐❝t✐♦♥ t❤❛t ❤❛s r❡❝❡♥t❧② ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✾❪✳ ❆s
❛ ✜rst ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ❍❖P ❛❞♠✐ts ❛ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❢♦r♠ ♦❢
♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥✱ ✐♥ ❜♦t❤ t❤❡ str♦♥❣ ❛♥❞ ✇❡❛❦ ❝❛s❡s✳ ❚❤❡ s❡❝♦♥❞ ❝❛❧❝✉❧✉s✱
❝❛❧❧❡❞ ❍❖πP✱ ❡①t❡♥❞s ❍❖π ✇✐t❤ ♣❛ss✐✈❛t✐♦♥✳ ❆s ❛ s❡❝♦♥❞ ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ s❤♦✇
t❤❛t ✇✐t❤ ❍❖πP ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ t❡sts ❞♦ ♥♦t s✉✣❝❡ t♦ ❜✉✐❧❞ ❛ s♦✉♥❞ ♥♦r♠❛❧
❜✐s✐♠✉❧❛t✐♦♥✳ ❚❤✐s ❝❛sts s♦♠❡ ❞♦✉❜t ❛s t♦ ✇❤❡t❤❡r ❛ s✉✐t❛❜❧❡ ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧
❜✐s✐♠✐❧❛r✐t②✱ t❤❛t ✐s ✇✐t❤ ✜♥✐t❡ t❡st✐♥❣✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❍❖πP✱ ❛♥❞ t❤❡r❡❢♦r❡
❢♦r ❍♦♠❡r ❛♥❞ t❤❡ ❑❡❧❧ ❝❛❧❝✉❧✉s✳
❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ r❡♣♦rt
❚❤❡ r❡♣♦rt ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ q✉✐❝❦❧② r❡❝❛❧❧ t❤❡ s②♥t❛①✱ s❡✲
♠❛♥t✐❝s✱ ❛♥❞ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r② ♦❢ ❍❖π✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❞❡✜♥❡ ❛ ❝❛❧❝✉❧✉s ❝❛❧❧❡❞
❍❖πP t❤❛t ❡①t❡♥❞s ❍❖π ✇✐t❤ ♣❛ss✐✈❛t✐♦♥✳ ❲❡ ♣r♦♣♦s❡ ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡s
✐♥s♣✐r❡❞ ❜② ♣r❡✈✐♦✉s ✇♦r❦s ♦♥ ❍♦♠❡r ❛♥❞ t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s✱ ❛♥❞ ✇❡ ❣✐✈❡ ❝❤❛r✲
❛❝t❡r✐③❛t✐♦♥ r❡s✉❧ts ❢♦r ❍❖πP✱ t❤❛t ♠✐rr♦r t❤♦s❡ ♦❜t❛✐♥❡❞ ❢♦r ❍♦♠❡r ❛♥❞ ❢♦r
t❤❡ ❑❡❧❧ ❝❛❧❝✉❧✉s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡✈✐❡✇ t❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❢♦r
❍♦♠❡r ❛♥❞ ❢♦r t❤❡ ❑❡❧❧ ❝❛❧❝✉❧✉s✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s ✐♥
❙❡❝t✐♦♥ ✹✱ ✇❤❡r❡ ✇❡ ❞❡✜♥❡ ❝♦♥t❡①t ❛♥❞ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t✐❡s t❤❛t ❝❤❛r❛❝t❡r✐③❡
❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ❢♦r ❍❖P✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ ♥♦t s✉✐t❛❜❧❡ ✐♥
❍❖πP ✐♥ ❙❡❝t✐♦♥ ✺✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ✜♥✐t❡ t❡st ♣r♦❝❡ss❡s ❝❛♥✲
♥♦t ❜❡ ✉s❡❞ ❛s ❛ ❜❛s✐s ❢♦r ❞❡✜♥✐♥❣ ❛ ❢♦r♠ ♦❢ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ❢♦r ❍❖πP✳ ❲❡
❞✐s❝✉ss r❡❧❛t❡❞ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✻✱ ❛♥❞ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳ ❈♦♠♣❧❡t❡
♣r♦♦❢s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐❝❡s✳ ❆♣♣❡♥❞✐❝❡s ❆ t♦ ❈ ❛♥❞ ❆♣♣❡♥❞✐① ● ❣✐✈❡
❞❡t❛✐❧s ❛♥❞ ♣r♦♦❢s ❢♦r ❍❖πP✱ ✇❤✐❧❡ ❆♣♣❡♥❞✐❝❡s ❉ t♦ ❋ ❞❡❛❧ ✇✐t❤ ❍❖P✳
✷ ❇✐s✐♠✉❧❛t✐♦♥s ✐♥ ❍❖π
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ♦♥ ❜✐s✐♠✉❧❛t✐♦♥s ✐♥ ❛ ❤✐❣❤❡r✲♦r❞❡r ❝❛❧❝✉❧✉s
❍❖π ❬✶✸❪✳ ❲❡ ❜❛s❡ ♦✉r ✇♦r❦ ♦♥ t❤✐s ❝❛❧❝✉❧✉s s✐♥❝❡ ✐t ❡♥❥♦②s ❛ ♥✐❝❡ ❜❡❤❛✈✐♦r❛❧
t❤❡♦r② ❛♥❞ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❝❛❧❝✉❧✐ ✇✐t❤ ♣❛ss✐✈❛t✐♦♥ ✇❡ ✇✐s❤ t♦ st✉❞②✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✼
◆♦t❛t✐♦♥s✿
❼ X, Y, Z✿ ♣r♦❝❡ss ✈❛r✐❛❜❧❡s
❼ m,n,m, n✿ ✜rst✲♦r❞❡r ♥❛♠❡s
❼ l ∈ {m, m} ∪ τ
❼ a, b, a, b✿ ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡s
❼ x, y✿ ❝❤❛♥♥❡❧ ♥❛♠❡s ✭✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡s✮
❼ x̃✿ ✈❡❝t♦rs ♦❢ ❝❤❛♥♥❡❧ ♥❛♠❡s x1, . . . , xn
❙②♥t❛①✿
P ::= 0 | X | P | P | l.P | a(X)P | a〈P 〉P | νx.P | !P
❋✐❣✉r❡ ✶✿ ❙②♥t❛① ♦❢ t❤❡ ❍✐❣❤❡r✲❖r❞❡r π
✷✳✶ ❙②♥t❛① ❛♥❞ ❙❡♠❛♥t✐❝s ♦❢ ❍❖π
❚❤❡ ❝❛❧❝✉❧✉s ❍❖π ❬✶✸❪ ❡①t❡♥❞s t❤❡ π✲❝❛❧❝✉❧✉s ✇✐t❤ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥✱
✇❤✐❝❤ ❛❧❧♦✇s ♣r♦❝❡ss❡s ❛s ❛r❣✉♠❡♥ts ✐♥ ♠❡ss❛❣❡s✳ ❚❤❡ s②♥t❛① ♦❢ t❤❡ ❝❛❧❝✉❧✉s
❛♥❞ s♦♠❡ ♥♦t❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❝♦♥str✉❝ts ♦❢ t❤❡ ❝❛❧❝✉❧✉s
❛r❡✿
❼ ❚❤❡ ✐♥❛❝t✐✈❡ ♣r♦❝❡ss 0✳
❼ Pr♦❝❡ss ✈❛r✐❛❜❧❡s X✳
❼ P❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ♣r♦❝❡ss❡s P | Q✳
❼ Pr❡✜①❡❞ ♣r♦❝❡ss❡s τ.P ✿ t❤✐s ♣r♦❝❡ss ❝❛♥ ♣❡r❢♦r♠ ❛♥ ✐♥t❡r♥❛❧ ❛❝t✐♦♥ τ
❜❡❢♦r❡ ❝♦♥t✐♥✉✐♥❣ ❛s P ✳
❼ ❈❈❙✲❧✐❦❡ ✜rst✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ m.P | m.P ✱ ✇❤❡r❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ✐s
❡①❝❤❛♥❣❡❞✱ t❤❛t ❛❧❧♦✇s s②♥❝❤r♦♥✐③❛t✐♦♥ ❜❡t✇❡❡♥ ♣r♦❝❡ss❡s✳
❼ ❙②♥❝❤r♦♥♦✉s ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ a(X)P | a〈Q〉R✿ t❤❡ ❧❡❢t ♣r♦❝❡ss
a(X)P ✐s ✇❛✐t✐♥❣ ❢♦r ❛ ♣r♦❝❡ss ✭❤❡r❡ Q✮ ♦♥ ♥❛♠❡ a✱ ❛♥❞ t❤❡♥ ❝♦♥t✐♥✉❡s
❛s P{Q/X}✳ ❚❤❡ r✐❣❤t ♣r♦❝❡ss a〈Q〉R s❡♥❞s t❤❡ ♣r♦❝❡ss Q ♦♥ a ❛♥❞ t❤❡♥
❝♦♥t✐♥✉❡s ❛s R✳ ■♥ ♣r♦❝❡ss a(X)P ✱ t❤❡ ✈❛r✐❛❜❧❡ X ✐s ❜♦✉♥❞✳ ❲❡ ✇r✐t❡
❢✈(P ) t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ ❛ ♣r♦❝❡ss P ✳
❼ ◆❛♠❡ r❡str✐❝t✐♦♥ νx.P ✱ ✇❤❡r❡ t❤❡ ✭✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r✮ ♥❛♠❡ x ✐s
♠❛❞❡ ❧♦❝❛❧ t♦ t❤❡ ♣r♦❝❡ss P ✳ ■♥ ♣r♦❝❡ss νx.P ✱ t❤❡ ♥❛♠❡ x ✐s ❜♦✉♥❞✳ ❲❡
✇r✐t❡ ❜♥(P ) ✭r❡s♣ ❢♥(P )✮ t❤❡ ❜♦✉♥❞ ♥❛♠❡s ✭r❡s♣ ❢r❡❡ ♥❛♠❡s✮ ♦❢ ❛ ♣r♦❝❡ss
P ✳
❼ Pr♦❝❡ss r❡♣❧✐❝❛t✐♦♥ !P ✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ♦❢ P ✳
❘❘ ♥➦ ✻✻✻✹
✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
l.P
l
−→ P ▲❚❙✲Pr❡❢✐① a(X)P
a
−→ (X)P ▲❚❙✲❆❜str
a〈Q〉P
a
−→ 〈Q〉P ▲❚❙✲❈♦♥❝r
P
α
−→ A
P | Q
α
−→ A | Q
▲❚❙✲P❛r
P
α
−→ A α /∈ {x, x}
νx.P
α
−→ νx.A
▲❚❙✲❘❡str
P
α
−→ A
!P
a
−→ A |!P
▲❚❙✲❘❡♣❧✐❝
P
m
−→ P ′ Q
m
−→ Q′
P | Q
τ
−→ P ′ | Q′
▲❚❙✲❋❖
P
m
−→ P1 P
m
−→ P2
!P
τ
−→ P1 | P2 |!P
▲❚❙✲❘❡♣❧✐❝✲❋❖
P
a
−→ F Q
a
−→ C
P | Q
τ
−→ F • C
▲❚❙✲❍❖
P
a
−→ F P
a
−→ C
!P
τ
−→ F • C |!P
▲❚❙✲❘❡♣❧✐❝✲❍❖
❋✐❣✉r❡ ✷✿ ▲❛❜❡❧❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ❢♦r ❍❖π
❲❡ ✐❞❡♥t✐❢② ♣r♦❝❡ss❡s ✉♣ t♦ α✲❝♦♥✈❡rs✐♦♥ ♦❢ ♥❛♠❡s ❛♥❞ ✈❛r✐❛❜❧❡s✳ ❋♦r ❝♦♥✈❡✲
♥✐❡♥❝❡✱ ✇❡ s♦♠❡t✐♠❡s ✐❞❡♥t✐❢② ❛ ♥❛♠❡ ✈❡❝t♦r x̃ = x1, . . . , xn ✇✐t❤ ✐ts s✉♣♣♦rt✐♥❣
s❡t {x1, . . . , xn} ✭❛ss✉♠✐♥❣ t❤❡ xi ❛r❡ ♠✉t✉❛❧❧② ❞✐st✐♥❝t✮✳
❘❡♠❛r❦ ✶✳ ❘❡♣❧✐❝❛t✐♦♥ ♠❛② ❜❡ ❡♥❝♦❞❡❞ ✇✐t❤ t❤❡ ♦t❤❡r ❝♦♥str✉❝ts✳ ❲❡ ✜rst
✇r✐t❡ !P ✇✐t❤ ❛ ♣r❡✜①✿ νm.(m.0 |!m.(P | m.0))✳ ❚♦ ❤❛✈❡ ❛ ❝♦♣② ♦❢ ♣r♦❝❡ss P ✱
✇❡ ❥✉st ❤❛✈❡ t♦ t❛❦❡ ❛ ❝♦♣② ♦❢ m.(P | m.0) ❛♥❞ tr✐❣❣❡r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥
m✳
❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❡♥❝♦❞❡ r❡♣❧✐❝❛t✐♦♥ ♦❢ ♣r❡✜①❡❞ ♣r♦❝❡ss❡s✳ ▲❡t
Y = m.t(X)(P | X | t〈X〉0)✳ ❲❡ ❡♥❝♦❞❡ !m.P ❜② Q = νt.(t〈Y 〉0 | Y )✳ ❚❤❡
♣r♦❝❡ss Y ✐s s✐♠✐❧❛r t♦ ❛ ❝♦♣② ♦❢ m.P ✱ ❡①❝❡♣t t❤❛t ✐t ✐s ✇❛✐t✐♥❣ ❢♦r ❛ ❝♦♣② ♦❢
✐ts❡❧❢ ♦♥ t ❛❢t❡r ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ m✱ t♦ ❧❛✉♥❝❤ ❛ ❝♦♣② ♦❢ P ❛♥❞ t♦ r❡❝r❡❛t❡
t❤❡ ♣r♦❝❡ss Q✳ ❍❡♥❝❡ t❤❡ ♣r♦❝❡ss Q r❡❞✉❝❡s t♦ P | Q ❛❢t❡r ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥
m✱ ❧✐❦❡ t❤❡ ♣r♦❝❡ss !m.P ✳
❍♦✇❡✈❡r t❤✐s ❡♥❝♦❞✐♥❣ r❛✐s❡s ✐ss✉❡s ✇✐t❤ str♦♥❣ ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡s✱ ❤❡♥❝❡
✇❡ ❦❡❡♣ r❡♣❧✐❝❛t✐♦♥ ❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ❝❛❧❝✉❧✉s✳
❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♠❛② ❜❡ ❜❛s❡❞ ♦♥ ❛ r❡❞✉❝t✐♦♥ r❡❧❛t✐♦♥ −→✱
❞❡✜♥❡❞ ♠♦❞✉❧♦ ❛ str✉❝t✉r❛❧ ❝♦♥❣r✉❡♥❝❡ r❡❧❛t✐♦♥ ≡✱ ♦r ♠❛② ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛
❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ✭▲❚❙✮ s❡♠❛♥t✐❝s
α
−→✳ ❲❡ ♦♥❧② r❡❝❛❧❧ t❤❡ ▲❚❙ s❡♠❛♥t✐❝s
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✳ ❚❤❡ r❡❞✉❝t✐♦♥ r❡❧❛t✐♦♥ ✭❢♦r ❍❖π ❛s ✇❡❧❧ ❛s ❛❧❧ t❤❡
❝❛❧❝✉❧✉s ✐♥ t❤✐s ♣❛♣❡r✮ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡ str✉❝t✉r❛❧ ❝♦♥❣r✉❡♥❝❡ ❛♥❞ t❤❡
❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ r❡❧❛t✐♦♥ ✈✐❛ t❤❡ ❡q✉❛t✐♦♥ −→ = ≡
τ
−→≡✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✾
✷✳✷ ▲❛❜❡❧❡❞ ❚r❛♥s✐t✐♦♥ ❙❡♠❛♥t✐❝s
❲❡ ♣r❡s❡♥t ❤❡r❡ ❛ ❧❛❜❡❧❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ✭▲❚❙✮ s❡♠❛♥t✐❝s ❢♦r ❍❖π ✐♥ t❤❡
st②❧❡ ♦❢ ❬✶✶❪✳ ■♥ t❤❡ ▲❚❙ s❡♠❛♥t✐❝s✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❦✐♥❞ ♦❢ ♣♦ss✐❜❧❡ ❡✈♦❧✉t✐♦♥s
❢♦r ♣r♦❝❡ss❡s✿
❼ ❋✐rst✲♦r❞❡r ❡✈♦❧✉t✐♦♥ ❧❛❜❡❧❡❞ ❜② l✱ ✇❤❡r❡ ❛ ♣r♦❝❡ss ❡✈♦❧✈❡s t♦✇❛r❞ ❛ ♣r♦✲
❝❡ss✳
❼ ▼❡ss❛❣❡ ✐♥♣✉t ♦♥ ❛ ❝❤❛♥♥❡❧ a✱ ✇❤❡r❡ ❛ ♣r♦❝❡ss ❡✈♦❧✈❡s t♦✇❛r❞ ❛♥ ❛❜str❛❝✲
t✐♦♥ (X)Q✳ ❚❤❡ tr❛♥s✐t✐♦♥ P
a
−→ (X)Q ♠❡❛♥s t❤❛t t❤❡ ♣r♦❝❡ss P ♠❛②
r❡❝❡✐✈❡ ❛ ♣r♦❝❡ss R ♦♥ t❤❡ ♥❛♠❡ a t♦ ❝♦♥t✐♥✉❡ ❛s Q{R/X}✳
❼ ▼❡ss❛❣❡ ♦✉t♣✉t ♦♥ ❛ ❝❤❛♥♥❡❧ a✱ ✇❤❡r❡ ❛ ♣r♦❝❡ss ❡✈♦❧✈❡s t♦✇❛r❞ ❛ ❝♦♥❝r❡✲
t✐♦♥ νx̃.〈R〉Q✱ ✇❤❡r❡ x̃ ⊆ ❢♥(R)✳ ❚❤❡ tr❛♥s✐t✐♦♥ P
a
−→ νx̃.〈R〉Q ♠❡❛♥s t❤❛t
t❤❡ ♣r♦❝❡ss P ♠❛② s❡♥❞ t❤❡ ♣r♦❝❡ss R ♦♥ t❤❡ ♥❛♠❡ a ❛♥❞ ❝♦♥t✐♥✉❡ ❛s Q✱
❛♥❞ t❤❡ s❝♦♣❡ ♦❢ ♥❛♠❡s x̃ ❤❛s t♦ ❜❡ ❡①♣❛♥❞❡❞ t♦ ❡♥❝♦♠♣❛ss t❤❡ r❡❝✐♣✐❡♥t
♦❢ R✳ ❲❡ ✇r✐t❡ ❜♥(C) = x̃ t❤❡ ❜♦✉♥❞ ♥❛♠❡s ♦❢ ❛ ❝♦♥❝r❡t✐♦♥✳
❆ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ✇❤❡♥ ❛ ❝♦♥❝r❡t✐♦♥ ✐♥t❡r❛❝ts ✇✐t❤ ❛♥
❛❜str❛❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ ❛ ♣s❡✉❞♦✲❛♣♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r • ❜❡t✇❡❡♥ ❛♥ ❛❜str❛❝t✐♦♥
F = (X)P ❛♥❞ ❛ ❝♦♥❝r❡t✐♦♥ C = νx̃.〈R〉Q ❜②✿
(X)P • νx̃.〈R〉Q
∆
= νx̃.(P{R/X} | Q) ❢♥(P ) ∩ x̃ = ∅
❚❤❡ r✉❧❡ ❢♦r ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ ♥❛♠❡ a ✐s✿
P
a
−→ F Q
a
−→ C
P | Q
τ
−→ F • C
▲❚❙✲❍❖
▲❡t t❤❡ s❡t ♦❢ ❛❣❡♥ts✱ ♥♦t❡❞ A✱ ❜❡ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s✱ ❛❜str❛❝t✐♦♥s ❛♥❞
❝♦♥❝r❡t✐♦♥s✳ ❆ ♣r♦❝❡ss ❛❧✇❛②s ❡✈♦❧✈❡s t♦✇❛r❞ ❛♥ ❛❣❡♥t✳ ❘✉❧❡s ▲❚❙✲P❛r ❛♥❞
▲❚❙✲❘❡str r❡q✉✐r❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ r❡str✐❝t✐♦♥
♦♣❡r❛t♦rs t♦ ❛❧❧ ❛❣❡♥ts✿
❼ ▲❡t F = (X)Q
✕ ■❢ X /∈ ❢✈(P )✱ t❤❡♥ F | P st❛♥❞s ❢♦r (X)(Q | P ) ❛♥❞ P | F st❛♥❞s ❢♦r
(X)(P | Q)✳
✕ νx.F = (X)νx.P ✳
❼ ▲❡t C = νỹ.〈Q〉R
✕ ■❢ ỹ ∩ ❢♥(P ) = ∅✱ t❤❡♥ C | P st❛♥❞s ❢♦r νỹ.〈Q〉(R | P )✱ ❛♥❞ P | C
st❛♥❞s ❢♦r νỹ.〈Q〉(P | R)✳
✕ ■❢ x ∈ ❢♥(Q)✱ t❤❡♥ νx.C = νỹ, x.〈Q〉R✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ νx.C =
νỹ.〈Q〉νx.R✳
❘❘ ♥➦ ✻✻✻✹
✶✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❚❤❡ ▲❚❙ r✉❧❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ s②♠♠❡tr✐❝
r✉❧❡s ✭❝♦♠♠✉t✐♥❣ P ❛♥❞ Q✮ ❢♦r ▲❚❙✲P❛r✱ ▲❚❙✲❋❖✱ ▲❚❙✲❍❖✳ ❚❤❡ tr❛♥s✐t✐♦♥s
❛r❡ ❧❛❜❡❧❡❞ ✇✐t❤ t❤❡ ✭✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r✮ ♥❛♠❡s ♦♥ ✇❤✐❝❤ t❤❡ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥s ♠❛② ❤❛♣♣❡♥✱ ♦r ❜② τ ❢♦r ❛♥ ✐♥t❡r♥❛❧ ❡✈♦❧✉t✐♦♥✳ ❚❤❡ ♠❡t❛✲✈❛r✐❛❜❧❡ α
r❛♥❣❡s ♦✈❡r ❛❧❧ t❤❡ ❧❛❜❡❧s✳
✷✳✸ ❇❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡
❇❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡s ♠❛② ❜❡ ❞❡✜♥❡❞ ❡✐t❤❡r ❢r♦♠ t❤❡ r❡❞✉❝t✐♦♥ ♦r ▲❚❙ s❡✲
♠❛♥t✐❝s✳ ❲❡ ✜rst ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✱ ✇❤✐❝❤ ✐s ❛ ✉♥✐❢♦r♠
❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❝❡ss ❡q✉✐✈❛❧❡♥❝❡ ❛♠♦♥❣ ♣r♦❝❡ss ❝❛❧❝✉❧✐✳ ■t r❡❧✐❡s ♦♥ t❤❡ ❞❡✜✲
♥✐t✐♦♥ ♦❢ ❜❛r❜s✱ ✐✳❡✳ t❤❡ ♦❜s❡r✈❛❜❧❡ ❛❝t✐♦♥s ♦❢ ❛ ♣r♦❝❡ss✳ ❋♦r ❍❖π✱ ❜❛r❜s ❛r❡
✉♥r❡str✐❝t❡❞ ✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡s ♦♥ ✇❤✐❝❤ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❛②
♦❝❝✉r✳
❉❡✜♥✐t✐♦♥ ✶✳ ❋♦r ❡✈❡r② ✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ n✱ ✇❡ ❞❡✜♥❡ t❤❡ str♦♥❣
♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡s P ↓µ✱ ✇✐t❤ µ = n | n✱ ❛s ❢♦❧❧♦✇s✿
❼ ❲❡ ❤❛✈❡ P ↓a ✐✛ P ≡ νỹ.(a〈Q〉R | S) ✇✐t❤ a /∈ ỹ✳
❼ ❲❡ ❤❛✈❡ P ↓a ✐✛ P ≡ νỹ.(a(X)Q | R) ✇✐t❤ a /∈ ỹ✳
❼ ❲❡ ❤❛✈❡ P ↓m ✐✛ P ≡ νỹ.(m.Q | R) ✇✐t❤ m /∈ ỹ✳
❼ ❲❡ ❤❛✈❡ P ↓m ✐✛ P ≡ νỹ.(m.Q | R) ✇✐t❤ m /∈ ỹ✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❜❛r❜❡❞ ❜✐s✐♠✉❧❛t✐♦♥ ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✱ ✐✳❡✳ ♣r♦❝❡ss❡s ✇✐t❤
♥♦ ❢r❡❡ ♣r♦❝❡ss ✈❛r✐❛❜❧❡s✳ ■t r❡❧❛t❡s ♣r♦❝❡ss❡s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❜❛r❜s t❤❛t ♠❛② ❦❡❡♣
t❤✐s ♣r♦♣❡rt② ❜② r❡❞✉❝t✐♦♥✳
❉❡✜♥✐t✐♦♥ ✷✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss ✐s ❛ str♦♥❣ ❜❛r❜❡❞ s✐♠✉❧❛t✐♦♥ ✐✛
❢♦r ❛❧❧ (P,Q) ∈R
❼ ■❢ P ↓µ t❤❡♥ Q ↓µ
❼ ■❢ P −→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q −→ Q′ ❛♥❞ (P ′, Q′) ∈R✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ str♦♥❣ ❜❛r❜❡❞ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❜♦t❤ str♦♥❣
❜❛r❜❡❞ s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❜❛r❜❡❞ ❜✐s✐♠✐❧❛r✱
✐✛ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❜❛r❜❡❞ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t (P,Q) ∈R✳
❲❡ ❝❧♦s❡ t❤❡ str♦♥❣ ❜❛r❜❡❞ ❜✐s✐♠✉❧❛t✐♦♥ ✉♥❞❡r ❝♦♥t❡①ts t♦ ❞❡✜♥❡ ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡✳ ❆s ✉s✉❛❧✱ ❝♦♥t❡①ts ❛r❡ t❡r♠s ✇✐t❤ ❛ ❤♦❧❡❀ ✜❧❧✐♥❣ ❛ ❝♦♥t❡①t C ✇✐t❤ ❛
♣r♦❝❡ss P ❣✐✈❡s ❛ ♣r♦❝❡ss ✇r✐tt❡♥ C{P}✳ ❚❤❡ ❣r❛♠♠❛r ♦❢ ❍❖π ❝♦♥t❡①ts ✐s✿
C ::= ✷ | C | P | P | C | νx.C | a〈C〉P | a〈P 〉C | a(X)C | l.C | !C
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ❛ s✉❜s❡t ♦❢ ❝♦♥t❡①ts ❝❛❧❧❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①ts E✿
E ::= ✷ | νx.E | E | P | P | E
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✶✶
❊✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts ❛r❡ ❝♦♥t❡①ts ✇❤✐❝❤ ❛❧❧♦✇ ❡✈♦❧✉t✐♦♥ ✭r❡❞✉❝t✐♦♥✮ ❛t t❤❡
❤♦❧❡ ♣♦s✐t✐♦♥✿ ✐❢ P −→ P ′✱ t❤❡♥ ✇❡ ❤❛✈❡ E{P} −→ E{P ′}✳
❋✐♥❛❧❧②✱ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ✐s ❞❡✜♥❡❞ ❛s✿
❉❡✜♥✐t✐♦♥ ✸✳ ❈❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t ✐✛
C{P} ❛♥❞ C{Q} ❛r❡ str♦♥❣❧② ❜❛r❜❡❞ ❜✐s✐♠✐❧❛r ❢♦r ❡✈❡r② ❝♦♥t❡①t C✳
❯♣ t♦ t❤✐s ♣♦✐♥t ✇❡ ❤❛✈❡ ✇♦r❦❡❞ ✐♥ t❤❡ str♦♥❣ s❡tt✐♥❣✱ ✇❤❡r❡ ❡❛❝❤ r❡❞✉❝t✐♦♥
♦❢ P ✐s ♠❛t❝❤❡❞ ❜② ❡①❛❝t❧② ♦♥❡ r❡❞✉❝t✐♦♥ ♦❢ Q✳ ■♥ t❤❡ ✇❡❛❦ ❝❛s❡✱ ❛ r❡❞✉❝t✐♦♥
♦❢ P ♠❛② ❜❡ ♠❛t❝❤❡❞ ❜② ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ✭♣♦ss✐❜❧② ③❡r♦✮ ♦❢ r❡❞✉❝t✐♦♥s ♦❢
Q✳ ❲❡ ✇r✐t❡ =⇒ t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ −→✳
❲❡ ❞❡✜♥❡ t❤❡ ✇❡❛❦ ♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡ ❜② P ⇓µ ✐✛ t❤❡r❡ ❡①✐sts P ′ s✉❝❤
t❤❛t P =⇒ P ′ ↓µ✳ ❲❡ ❞❡✜♥❡ ❜❛r❜❡❞ s✐♠✉❧❛t✐♦♥ ❜②✿
❉❡✜♥✐t✐♦♥ ✹✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss ✐s ❛ ❜❛r❜❡❞ s✐♠✉❧❛t✐♦♥ ✐✛ ❢♦r ❛❧❧
(P,Q) ∈R
❼ ■❢ P ↓µ t❤❡♥ Q ⇓µ
❼ ■❢ P −→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q =⇒ Q′ ❛♥❞ (P ′, Q′) ∈R✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❜❛r❜❡❞ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❜♦t❤ ❜❛r❜❡❞ s✐♠✉❧❛t✐♦♥s✳
❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❜❛r❜❡❞ ❜✐s✐♠✐❧❛r✱ ✐✛ t❤❡r❡ ❡①✐sts ❛ ❜❛r❜❡❞
❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t (P,Q) ∈R✳
❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✿
❉❡✜♥✐t✐♦♥ ✺✳ ❚❤❡ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✱ ✐✛ C{P}
❛♥❞ C{Q} ❛r❡ ❜❛r❜❡❞ ❜✐s✐♠✐❧❛r ❢♦r ❡✈❡r② ❝♦♥t❡①t C✳
■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t t✇♦ ♣r♦❝❡ss❡s ❛r❡ ♥♦t ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✿ ✇❡ ❥✉st
❤❛✈❡ t♦ ✜♥❞ ❛ ❝♦♥t❡①t C ✇❤✐❝❤ ❞✐st✐♥❣✉✐s❤❡s t❤❡♠✳ ❍♦✇❡✈❡r✱ ♣r♦✈✐♥❣ ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡ ✐s ♠♦r❡ ❞✐✣❝✉❧t ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ ❝♦♥t❡①ts✳
❈♦♥s❡q✉❡♥t❧② ✐t ✐s ❝♦♠♠♦♥ ✐♥ ♣r♦❝❡ss ❝❛❧❝✉❧✐ t♦ ✜♥❞ ❛ s✐♠♣❧❡r ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈✲
❛❧❡♥❝❡ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✳
✷✳✹ ❈♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥
❙❛♥❣✐♦r❣✐ ♣r♦♣♦s❡s ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ❛s ❛ ▲❚❙ ❜❛s❡❞ ❛❧t❡r♥❛t✐✈❡ t♦ ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✭❡❛r❧② str♦♥❣✮ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s✿
❉❡✜♥✐t✐♦♥ ✻✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t s✐♠✲
✉❧❛t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t
Q
a
−→ G ❛♥❞ F • C R G • C✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥s F ✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t
Q
a
−→ D ❛♥❞ F • C R F • D✳
❘❘ ♥➦ ✻✻✻✹
✶✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❆ r❡❧❛t✐♦♥ R ✐s ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❡❛r❧②
str♦♥❣ ❝♦♥t❡①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❡❛r❧②
❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ ♥♦t❡❞ P B Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉✲
❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
■♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ❛♥❞ ✐♥♣✉t ❝❛s❡s✱ t❤❡ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐♥tr♦❞✉❝❡s
t❤❡ s✉rr♦✉♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ ♣r♦❝❡ss❡s P ❛♥❞ Q✳ ❲❤❡♥
s❡♥❞✐♥❣ ❛ ♠❡ss❛❣❡ ✭r❡s♣ ✐♥♣✉tt✐♥❣ ❛ ♠❡ss❛❣❡✮✱ ✐t ❝♦♥s✐❞❡rs ❛❧❧ t❤❡ ❛❜str❛❝t✐♦♥s
F ✭r❡s♣ ❝♦♥❝r❡t✐♦♥s C✮ ✇❤✐❝❤ ♠❛② ✐♥♣✉t ✭r❡s♣ s❡♥❞✮ ❛ ♠❡ss❛❣❡ ♦♥ t❤❡ s❛♠❡
❝❤❛♥♥❡❧ a✳
❚❤❡ r❡❧❛t✐♦♥ ✐s s❛✐❞ t♦ ❜❡ ❡❛r❧② ❜❡❝❛✉s❡ t❤❡ ❡✈♦❧✉t✐♦♥ G ♦r D ♦❢ Q ❞❡♣❡♥❞s
♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ❝♦♥t❡①t✳ ❆♥♦t❤❡r ❞❡✜♥✐t✐♦♥✱ ✇❤❡r❡ t❤❡ t✇♦ ❛r❡
✐♥❞❡♣❡♥❞❡♥t✱ ✐s s❛✐❞ t♦ ❜❡ ❧❛t❡✳
❉❡✜♥✐t✐♦♥ ✼✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ❧❛t❡ str♦♥❣ ❝♦♥t❡①t s✐♠✉❧❛✲
t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t Q
a
−→ G ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥✲
❝r❡t✐♦♥s C✱ ✇❡ ❤❛✈❡ F • C R G • C✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t Q
a
−→ D ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞
❛❜str❛❝t✐♦♥s F ✱ ✇❡ ❤❛✈❡ F • C R F • D✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❧❛t❡ str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❧❛t❡ str♦♥❣
❝♦♥t❡①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❧❛t❡ ❝♦♥t❡①t
❜✐s✐♠✐❧❛r ✐✛ t❤❡r❡ ❡①✐sts ❛ ❧❛t❡ str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❋♦r ❍❖π✱ t❤❡ ❡❛r❧② ❛♥❞ ❧❛t❡ ❜✐s✐♠✐❧❛r✐t✐❡s ❝♦✐♥❝✐❞❡ ❬✶✸❪✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✉s❡
❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s✳ ■t ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ ❛❧❧ ❝❛❧❝✉❧✐❀ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ π✲❝❛❧❝✉❧✉s✱
t❤❡r❡ ❡①✐st ❡❛r❧② ❜✐s✐♠✐❧❛r ♣r♦❝❡ss❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❧❛t❡ ❜✐s✐♠✐❧❛r✳ ■♥ ❣❡♥❡r❛❧ t❤❡
❧❛t❡ ✈❡rs✐♦♥ ✐s ❡❛s✐❡r t♦ ♠❛♥✐♣✉❧❛t❡ ❜✉t ✐s ♥♦t ❝♦♠♣❧❡t❡✱ ✐✳❡✳ t❤❡r❡ ❡①✐st ♣r♦❝❡ss❡s
✇❤✐❝❤ ❛r❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t ❜✉t ❛r❡ ♥♦t ❧❛t❡ ❜✐s✐♠✐❧❛r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡❛r❧②
❜✐s✐♠✉❧❛t✐♦♥s ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s t♦ ❝❤❛r❛❝t❡r✐③❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✳
❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ✇❡❛❦ ❝❛s❡✳ ❲❡ ♥♦t❡⇒ t❤❡ r❡✢❡①✐✈❡
❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢
τ
−→✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦ r❡❧❛t✐♦♥s✱ ❛ ♠❛t❝❤✐♥❣
tr❛♥s✐t✐♦♥ ♠❛② ✐♥❝❧✉❞❡ τ ✲❛❝t✐♦♥✳ ❆ ✜rst ♣♦ss✐❜✐❧✐t② ✐s t♦ ❛❧❧♦✇ τ ✲❛❝t✐♦♥s ❜❡❢♦r❡ ❛
✈✐s✐❜❧❡ ❛❝t✐♦♥ ♦♥❧②✿ t❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❞❡❧❛② ❜✐s✐♠✉❧❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞❡❧❛② ❡❛r❧② ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s✿
❉❡✜♥✐t✐♦♥ ✽✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ❞❡❧❛② ❝♦♥t❡①t s✐♠✉❧❛t✐♦♥
✐✛ P R Q ✐♠♣❧✐❡s
❼ ❋♦r ❛❧❧ P
τ
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q ⇒ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
l
−→ P ′ ✇✐t❤ l 6= τ ✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q ⇒
l
−→ Q′ ❛♥❞
P ′ R Q′✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✶✸
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t
Q ⇒
a
−→ G ❛♥❞ F • C R G • C✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥s F ✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t
Q ⇒
a
−→ D ❛♥❞ F • C R F • D✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❞❡❧❛② ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❞❡❧❛② ❝♦♥t❡①t
s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❞❡❧❛② ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ ✐✛ t❤❡r❡
❡①✐sts ❛ ❞❡❧❛② ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❉❡❧❛② ❜✐s✐♠✉❧❛t✐♦♥s ❛r❡ ❣❡♥❡r❛❧❧② ❡❛s✐❡r t♦ ❤❛♥❞❧❡ ❛♥❞ s♦♠❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡s
♠❛② ❢❛✐❧ ✇✐t❤ ♥♦♥ ❞❡❧❛② ❜✐s✐♠✉❧❛t✐♦♥s ✭❧✐❦❡ ❢♦r ✐♥st❛♥❝❡ ❍♦✇❡✬s ♠❡t❤♦❞ ❣✐✈❡♥
✐♥ ❙❡❝t✐♦♥ ✸✳✹✮✳ ❍♦✇❡✈❡r ❞❡❧❛② ❜✐s✐♠✉❧❛t✐♦♥s ❛r❡ ❣❡♥❡r❛❧❧② ♥♦t ❝♦♠♣❧❡t❡✿ t❤❡r❡
❛r❡ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❛r❡ ✇❡❛❦ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t ❜✉t ♥♦t ❞❡❧❛② ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✳
❆♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦ r❡❧❛t✐♦♥s ✐s ♣♦ss✐❜❧❡ ✇❤❡r❡ τ ✲❛❝t✐♦♥ ❛r❡ ❛❧❧♦✇❡❞ ❜❡❢♦r❡
❛♥❞ ❛❢t❡r ❛ ✈✐s✐❜❧❡ ❛❝t✐♦♥✳ ❲❡ ✇r✐t❡
τ
=⇒ ❢♦r ⇒✳ ❋♦r ❛❧❧ ✜rst✲♦r❞❡r ♥❛♠❡ ♦r ❝♦♥❛♠❡
n✱ ✇❡ ✇r✐t❡
n
=⇒ ❢♦r ⇒
n
−→⇒ ❛♥❞ ❢♦r ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ ♦r ❝♦♥❛♠❡ a✱ ✇❡ ✇r✐t❡
a
=⇒
❢♦r ⇒
a
−→ ✭❛s ❤✐❣❤❡r ♦r❞❡r st❡♣s r❡s✉❧t ✐♥ ❝♦♥❝r❡t✐♦♥s ❛♥❞ ❛❜str❛❝t✐♦♥s✱ t❤❡② ♠❛②
♥♦t r❡❞✉❝❡ ❢✉rt❤❡r❀ s✐❧❡♥t st❡♣s ❛❢t❡r t❤✐s r❡❞✉❝t✐♦♥ ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦ s✐♠✉❧❛t✐♦♥ ❜❡❧♦✇✮✳ ❲❡ ❞❡✜♥❡ ✇❡❛❦ ❡❛r❧② ❛♥❞ ❧❛t❡ ❝♦♥t❡①t
❜✐s✐♠✉❧❛t✐♦♥s ❛s✿
❉❡✜♥✐t✐♦♥ ✾✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛♥ ❡❛r❧② ✇❡❛❦ ❝♦♥t❡①t s✐♠✉✲
❧❛t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C✱ t❤❡r❡ ❡①✐sts G, Q′ s✉❝❤ t❤❛t
Q
a
=⇒ G✱ G • C
τ
=⇒ Q′✱ ❛♥❞ F • C R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥s F ✱ t❤❡r❡ ❡①✐sts D,Q′ s✉❝❤ t❤❛t
Q
a
=⇒ D✱ F • D
τ
=⇒ Q′ ❛♥❞ F • C R Q′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛♥ ❡❛r❧② ✇❡❛❦ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❡❛r❧②
✇❡❛❦ ❝♦♥t❡①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❡❛r❧② ✇❡❛❦ ❝♦♥t❡①t
❜✐s✐♠✐❧❛r✱ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡❛r❧② ✇❡❛❦ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❉❡✜♥✐t✐♦♥ ✶✵✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ❧❛t❡ ✇❡❛❦ ❝♦♥t❡①t s✐♠✉❧❛✲
t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t Q
a
=⇒ G ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡✲
t✐♦♥s C✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t G • C
τ
=⇒ Q′ ❛♥❞ F • C R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t Q
a
=⇒ D ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜✲
str❛❝t✐♦♥s F ✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t F • D
τ
=⇒ Q′ ❛♥❞ F • C R F • D✳
❘❘ ♥➦ ✻✻✻✹
✶✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❧❛t❡ ✇❡❛❦ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❧❛t❡ ✇❡❛❦ ❝♦♥✲
t❡①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❧❛t❡ ✇❡❛❦ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r
✐✛ t❤❡r❡ ❡①✐sts ❛ ❧❛t❡ ✇❡❛❦ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉s❡ ♠❛✐♥❧② t❤❡ ✇❡❛❦ ❝♦♥t❡①t ❞❡✜♥✐t✐♦♥✱ ❡①❝❡♣t ✇❤❡♥ ✇❡
❡①♣❧✐❝✐t❧② r❡❢❡r t♦ ❞❡❧❛② r❡❧❛t✐♦♥s✳
■♥ t❤❡ str♦♥❣ ❛♥❞ ✇❡❛❦ ❝❛s❡s✱ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s ❛r❡ s♦✉♥❞ ✿ t✇♦ ❝♦♥t❡①t
❜✐s✐♠✐❧❛r ♣r♦❝❡ss❡s ❛r❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ❙❛♥❣✐♦r❣✐ s❤♦✇s t❤❛t
❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s ❛r❡ ❝♦♥❣r✉❡♥❝❡s✱ ✐✳❡✳ ✐❢ P ❛♥❞ Q ❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ t❤❡♥
op(P ) ❛♥❞ op(Q) ❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r ❢♦r ❛❧❧ t❤❡ ♦♣❡r❛t♦rs op ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✳
❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ P ❛♥❞ Q ❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ t❤❡♥ ❢♦r ❛❧❧
❝♦♥t❡①ts C✱ C{P} ❛♥❞ C{Q} ❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✳ ❆s ❜✐s✐♠✐❧❛r ♣r♦❝❡ss❡s ❤❛✈❡
✐❞❡♥t✐❝❛❧ ❜❛r❜s✱ P ❛♥❞ Q ❛r❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✳
❚♦ ♣r♦✈❡ t❤✐s ❝♦♥❣r✉❡♥❝❡ r❡s✉❧t ♦♥ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s✱ ♦♥❡ r❡❧✐❡s ♦♥ ❛
s✉❜st✐t✉t✐♦♥ ❧❡♠♠❛✿
▲❡♠♠❛ ✶✳ ▲❡t A ❜❡ ❛♥ ❛❣❡♥t ❛♥❞ P,Q ❜❡ ♣r♦❝❡ss❡s❀ ✐❢ P ❛♥❞ Q ❛r❡ str♦♥❣ ✭r❡s♣
✇❡❛❦✮ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ t❤❡♥ A{P/X} ❛♥❞ A{Q/X} ❛r❡ str♦♥❣ ✭r❡s♣ ✇❡❛❦✮
❝♦♥t❡①t ❜✐s✐♠✐❧❛r✳
❚❤❡ s❝❤❡♠❡ ♦❢ ❬✶✸❪ t♦ ♣r♦✈❡ t❤✐s ❧❡♠♠❛ ❝❛♥ ❜❡ s✉♠♠❡❞ ✉♣ ❜②✿
❼ ❚❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞ ❢♦r ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts ✭♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥✱ r❡♣❧✐✲
❝❛t✐♦♥✱ ❛♥❞ r❡str✐❝t✐♦♥✮✳
❼ ❚❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞ ❢♦r ❛❧❧ ♣r♦❝❡ss❡s✱ ✉s✐♥❣ t❤❡ ✜rst st❡♣✳
❚❤❡ ❞✐st✐♥❝t✐♦♥ ✐s ✉s❡❢✉❧ s✐♥❝❡ ✐❢ A ✐s ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ t❤❡ r❡❞✉❝t✐♦♥s ♦❢
A{P/X} ♠❛② ❝♦♠❡ ❢r♦♠ A ♦r P ✱ ✇❤❡r❡❛s ✐❢ A ✐s ♥♦t ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ P
❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞✳
❈♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❡❛s② t♦ ✉♥❞❡rst❛♥❞✿ ✇❤❡♥ t✇♦ t❡st❡❞ ♣r♦❝❡ss❡s P ❛♥❞
Q ♠❛② ♣❡r❢♦r♠ ❛ ♣❛rt✐❛❧ ❛❝t✐♦♥ ✭s❡♥❞✐♥❣ ♦r r❡❝❡✐✈✐♥❣ ❛ ♠❡ss❛❣❡✮✱ ✐t ❝♦♥s✐❞❡rs ❛❧❧
t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❝♦♥t❡①ts ✇❤✐❝❤ ♠❛② ✐♥t❡r❛❝t ✇✐t❤ P ❛♥❞ Q✳ ■t ✐s ❡❛s✐❡r t♦
♠❛♥✐♣✉❧❛t❡ t❤❛♥ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✱ s✐♥❝❡ ✐t ❢❡❛t✉r❡s ♦♥❧② ♦♥❡ t❡st ✐♥ t❤❡ ✐♥t❡r♥❛❧
❛❝t✐♦♥ ❝❛s❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ ❝♦♥❝r❡t✐♦♥s ♦r ❛❜str❛❝t✐♦♥s
♠❛❦❡s t❤❡ ❞❡✜♥✐t✐♦♥ st✐❧❧ ❤❛r❞ t♦ ❤❛♥❞❧❡ ✐♥ ♣r❛❝t✐❝❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❣✐✈❡
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s✐♠♣❧❡r ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❍❖π✳
✷✳✺ ◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❡❛s✐❡r t♦ ✉s❡ s✐♥❝❡ ✐t ❞♦❡s ♥♦t
❢❡❛t✉r❡ ❛♥② ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ✐♥ ✐ts ❞❡✜♥✐t✐♦♥✳ ■t r❡❧✐❡s ♦♥ ❛♥ ❡♥❝♦❞✐♥❣
♦❢ ❍❖π ✐♥ ❛ ✜rst✲♦r❞❡r π✲❝❛❧❝✉❧✉s✳ ■♥❞❡❡❞✱ ✇❤❡♥ ✇❡ r❡❝❡✐✈❡ ❛ ♣r♦❝❡ss✱ ✇❡ ❝❛♥
♦♥❧② r✉♥✱ ❞✉♣❧✐❝❛t❡✱ ❞✐s❝❛r❞✱ ♦r ❢♦r✇❛r❞ ✐t✳ ❚❤❡s❡ ❜❡❤❛✈✐♦rs ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞
❜② s❡♥❞✐♥❣ ❛ ♥❛♠❡ ✇❤✐❝❤ ✐s ✉s❡❞ ❛s ❛ tr✐❣❣❡r t♦ r✉♥ t❤❡ ♣r♦❝❡ss ✇❤❡♥ ♥❡❡❞❡❞✳
❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✭❝❛❧❧❡❞ ❢❛❝t♦r✐③❛t✐♦♥ t❤❡♦r❡♠✮✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✶✺
❚❤❡♦r❡♠ ✶✳ ❋♦r ❛❧❧ A✱ Q✱ ❛♥❞ m ✇✐t❤ m /∈ ❢♥(A,Q)✱ t❤❡ ❛❣❡♥ts A{Q/X} ❛♥❞
νm.(A{m.0/X} |!m.Q) ❛r❡ ✇❡❛❦❧② ❧❛t❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✳
❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ t❤❡♦r❡♠ ❛❧❧♦✇s t♦ r❡♣❧❛❝❡ s❡✈❡r❛❧ ❝♦♣✐❡s ♦❢ ❛ ♣r♦❝❡ss Q ❜②
❛ tr✐❣❣❡r m.0✱ ✇❤✐❝❤ ♠❛② ❛❝t✐✈❛t❡ ❛ ❝♦♣② ♦❢ Q ✇❤❡♥ ♥❡❡❞❡❞ ✇✐t❤ t❤❡ ❛ss♦❝✐✲
❛t❡❞ ♣r♦❝❡ss !m.Q✳ ◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ r❡❧✐❡s ♦♥ t❤✐s tr❛♥s❧❛t✐♦♥ t♦ t❡st ✇❡❛❦
❡q✉✐✈❛❧❡♥❝❡s ♦❢ ♣r♦❝❡ss❡s✳
❉❡✜♥✐t✐♦♥ ✶✶✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ♥♦r♠❛❧ s✐♠✉❧❛t✐♦♥ ✐✛
P R Q ✐♠♣❧✐❡s
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ (X)P ′✱ t❤❡r❡ ❡①✐sts (X)Q′ s✉❝❤ t❤❛t Q
a
=⇒ (X)Q′ ❛♥❞ ❢♦r
s♦♠❡ m.0 ✇❤❡r❡ m ✐s ❛ ❢r❡s❤ ♥❛♠❡✱ ✇❡ ❤❛✈❡ P ′{m.0/X} R Q′{m.0/X}✳
❼ ❋♦r ❛❧❧ P
a
−→ νx̃.〈R〉S✱ t❤❡r❡ ❡①✐sts νx̃′.〈R′〉S′ s✉❝❤ t❤❛t Q
a
=⇒ νx̃′.〈R′〉S′
❛♥❞ ❢♦r s♦♠❡ ❢r❡s❤ ♥❛♠❡ m✱ ✇❡ ❤❛✈❡ νx̃.(S |!m.R) R νx̃′.(S′ |!m.R′)✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ♥♦r♠❛❧ s✐♠✉❧❛t✐♦♥s✳
❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r ✐✛ t❤❡r❡ ❡①✐sts ❛ ♥♦r♠❛❧
❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
■♥ t❤❡ ♠❡ss❛❣❡ ✐♥♣✉t ❝❛s❡✱ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② t❡sts ♦♥❧② ❛ tr✐❣❣❡r✳ ■♥ t❤❡
♠❡ss❛❣❡ s❡♥❞✐♥❣ ❝❛s❡✱ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② t❡sts ♣r♦❝❡ss❡s ✇❤❡r❡ t❤❡ ❡♠✐tt❡❞
♣r♦❝❡ss❡s R,R′ ❛r❡ ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ t❤r♦✉❣❤ ❛ ♥❛♠❡ m✳ ❯s✐♥❣ t❤❡ ❢❛❝t♦r✐③❛✲
t✐♦♥ t❤❡♦r❡♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✇❡❛❦ ❧❛t❡ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ❝♦♥❣r✉❡♥❝❡✱
❙❛♥❣✐♦r❣✐ ♣r♦✈❡❞ t❤❛t ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ❝♦✐♥❝✐❞❡ ✇✐t❤ ✇❡❛❦ ❧❛t❡ ❝♦♥t❡①t ❜✐s✐♠✲
✐❧❛r✐t②✳ ❈❛♦ ❬✷❪ ❡①t❡♥❞❡❞ t❤❡ r❡s✉❧t t♦ t❤❡ str♦♥❣ ❝❛s❡✳
❆s ✇❡ s❛✇ ✐♥ t❤✐s s❡❝t✐♦♥✱ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ✜rst st❡♣ ✐♥ ✜♥❞✐♥❣ ❛
s✐♠♣❧❡ ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡✿ ✐t r❡❞✉❝❡s ♦♥❧② s❧✐❣❤t❧② t❤❡ q✉❛♥t✐✜❝❛t✐♦♥s✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ♠❛❥♦r ✐♠♣r♦✈❡♠❡♥t s✐♥❝❡ ♦♥❧② ♦♥❡
t❡st ✐s ♣❡r❢♦r♠ ❛t ❡❛❝❤ tr❛♥s✐t✐♦♥ st❡♣✳ ❲❡ ♥♦✇ st✉❞② s✉❝❤ r❡❧❛t✐♦♥s ❢♦r ♠♦r❡
❡①♣r❡ss✐✈❡ ❝❛❧❝✉❧✐✳
✸ ❇✐s✐♠✉❧❛t✐♦♥s ✐♥ ❝❛❧❝✉❧✐ ✇✐t❤ ♣❛ss✐✈❛t✐♦♥
❲❡ ♥♦✇ st✉❞② ❜✐s✐♠✉❧❛t✐♦♥s ✐♥ ❝❛❧❝✉❧✐ ✇✐t❤ ♣❛ss✐✈❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s ❛s ✐♥ ❍♦♠❡r
♦r t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s✳ ■♥st❡❛❞ ♦❢ ✇♦r❦✐♥❣ ✐♥ ❍♦♠❡r ♦r ❑❡❧❧✲❝❛❧❝✉❧✉s ❞✐r❡❝t❧②✱ ✇❡
❞❡✜♥❡ ❛ s✐♠♣❧❡r ❝❛❧❝✉❧✉s ❝❛❧❧❡❞ ❍❖π ✇✐t❤ P❛ss✐✈❛t✐♦♥ ✭❍❖πP✮✱ ✇❤✐❝❤ ❡①t❡♥❞s
❍❖π ✇✐t❤ ❛ ♣❛ss✐✈❛t✐♦♥ ♦♣❡r❛t♦r✳ ❇② ❞♦✐♥❣ t❤✐s ✇❡ ❛✈♦✐❞ t❤❡ ✉♥♥❡❝❡ss❛r②
❢❡❛t✉r❡s ♦❢ ❍♦♠❡r ❛♥❞ ❑❡❧❧ ✭♠❛✐♥❧② ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧ ♦♥ ❝♦♠♠✉♥✐❝❛t✐♦♥✮ ❛♥❞
✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ ❜✐s✐♠✉❧❛t✐♦♥s ✐♥ ❍❖π ❛♥❞ ❍❖πP✳
❘❘ ♥➦ ✻✻✻✹
✶✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
P1 | (P2 | P3) ≡ (P1 | P2) | P3 ❈♦♥❣✲P❛r✲❆ss♦❝
P1 | P2 ≡ P2 | P1 ❈♦♥❣✲P❛r✲❈♦♠♠✉t P | 0 ≡ P ❈♦♥❣✲P❛r✲❩❡r♦
νx.νy.P ≡ νy.νx.P ❈♦♥❣✲❘❡str✲❈♦♠♠✉t
νx.0 ≡ 0 ❈♦♥❣✲❘❡str✲❩❡r♦ !P ≡ P |!P ❈♦♥❣✲❘❡♣❧✐❝
x /∈ ❢♥(P1)
νx.(P1 | P2) ≡ P1 | νx.P2
❈♦♥❣✲◆❡✇✲P❛r
P ≡ Q
C{P} ≡ C{Q}
❈♦♥❣✲❈♦♥t❡①t
❋✐❣✉r❡ ✸✿ ❙tr✉❝t✉r❛❧ ❝♦♥❣r✉❡♥❝❡ ❢♦r ❍❖πP
✸✳✶ ❙②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ ❍❖πP
❲❡ ❛❞❞ ❧♦❝❛❧✐t✐❡s a[P ]✱ t❤❛t ❛r❡ ♣❛ss✐✈❛t✐♦♥ ✉♥✐ts✱ t♦ t❤❡ ❍❖π ❝♦♥str✉❝ts✳ ❲✐t❤
t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ❢♦r ❍❖π✱ t❤❡ ❍❖πP s②♥t❛① ✐s✿
P ::= 0 | X | P | P | l.P | a(X)P | a〈P 〉P | νx.P | !P | a[P ]
❲❤❡♥ ♣❛ss✐✈❛t✐♦♥ ✐s ♥♦t tr✐❣❣❡r❡❞✱ ❛ ❧♦❝❛❧✐t② a[P ] ✐s ❛ tr❛♥s♣❛r❡♥t ❡✈❛❧✉❛t✐♦♥
❝♦♥t❡①t✿ ♣r♦❝❡ss P ♠❛② ❡✈♦❧✈❡ ❜② ✐ts❡❧❢ ❛♥❞ ❝♦♠♠✉♥✐❝❛t❡ ❢r❡❡❧② ✇✐t❤ ♣r♦❝❡ss❡s
♦✉ts✐❞❡ ♦❢ ❧♦❝❛❧✐t② a✳ ❆t ❛♥② t✐♠❡✱ ♣❛ss✐✈❛t✐♦♥ ♠❛② ❜❡ tr✐❣❣❡r❡❞ ❛♥❞ t❤❡ ♣r♦❝❡ss
a[P ] ❜❡❝♦♠❡s ❛ ❝♦♥❝r❡t✐♦♥ 〈P 〉0✳ P❛ss✐✈❛t✐♦♥ ♠❛② t❤✉s ♦❝❝✉r ❛s ❛♥ ✐♥t❡r♥❛❧ τ
st❡♣ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ r❡❝❡✐✈❡r ♦♥ a r❡❛❞② t♦ r❡❝❡✐✈❡ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ❧♦❝❛❧✐t②✳
❲❡ ❡①t❡♥❞ ❧♦❝❛❧✐t✐❡s t♦ ❛❧❧ ❛❣❡♥ts✿ ✐❢ F = (X)P ✱ t❤❡♥ a[F ]
∆
= (X)a[P ]❀ ✐❢
C = νx̃.〈Q〉R✱ t❤❡♥ a[C]
∆
= νx̃.〈Q〉a[R]✳ ❲❡ ❛❧s♦ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ t❤❡
▲❚❙✿
P
α
−→ A
a[P ]
α
−→ a[A]
▲❚❙✲▲♦❝ a[P ]
a
−→ 〈P 〉0 ▲❚❙✲P❛ss✐✈
❚❤❡ r❡❞✉❝t✐♦♥ r❡❧❛t✐♦♥ −→ ✐s ❞❡✜♥❡❞ ❛s ≡
τ
−→≡✳ ❚❤❡ str✉❝t✉r❛❧ ❝♦♥❣r✉❡♥❝❡
r❡❧❛t✐♦♥ ≡ ✐s t❤❡ s♠❛❧❧❡st ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t ✈❡r✐✜❡s t❤❡ r✉❧❡s ✐♥ ❋✐❣✉r❡ ✸✳
◆♦t❡ t❤❛t r✉❧❡ ▲❚❙✲▲♦❝ ✐♠♣❧✐❡s t❤❛t t❤❡ s❝♦♣❡ ♦❢ r❡str✐❝t❡❞ ♥❛♠❡s ♠❛② ❝r♦ss
❧♦❝❛❧✐t② ❜♦✉♥❞❛r✐❡s✳ ❙❝♦♣❡ ❡①tr✉s✐♦♥ ♦✉ts✐❞❡ ❧♦❝❛❧✐t✐❡s ✐s ♣❡r❢♦r♠❡❞ ✏❜② ♥❡❡❞✑
✇❤❡♥ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡✳ ❚❤❡ r❡❞✉❝t✐♦♥ s❡♠❛♥t✐❝s✱ ❤♦✇❡✈❡r✱ ❞♦❡s
♥♦t ❛❧❧♦✇ t❤❡ r❡str✐❝t✐♦♥ ❛♥❞ ❧♦❝❛❧✐t② ♦♣❡r❛t♦rs t♦ ❝♦♠♠✉t❡ ❢r❡❡❧② ❜② str✉❝t✉r❛❧
❝♦♥❣r✉❡♥❝❡✳ ■❢ ✐t ❞✐❞✱ t❤❡r❡ ✇♦✉❧❞ ❜❡ str✉❝t✉r❛❧❧② ❝♦♥❣r✉❡♥t ♣r♦❝❡ss❡s ✇✐t❤
❞✐✛❡r❡♥t ❜❡❤❛✈✐♦r✳ ❋♦r ✐♥st❛♥❝❡✱ ❧❡t Q = a[νn.P ] | a(X)(X | X)✳ ■t r❡❞✉❝❡s
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✶✼
t♦ (νn.P ) | (νn.P ) ❜② tr✐❣❣❡r✐♥❣ t❤❡ ♣❛ss✐✈❛t✐♦♥✳ ■❢ ✇❡ ❛❧❧♦✇ t❤❡ str✉❝t✉r❛❧
❡①tr✉s✐♦♥ ♦❢ νn ❛❝r♦ss ❧♦❝❛❧✐t② a✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ Q ≡ νn.(a[P ] | a(X)(X | X))✱
✇❤✐❝❤ ❡✈♦❧✈❡s t♦ νn.(P | P )✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♥❛♠❡ n ✐s s❤❛r❡❞ ❜② t❤❡ t✇♦
✐♥st❛♥❝❡s ♦❢ P ✱ ✇❤❡r❡❛s ❡❛❝❤ ✐♥st❛♥❝❡ ♦❢ P ❤❛s ✐ts ♦✇♥ ♥❛♠❡ n ✐♥ t❤❡ ✜rst
❝❛s❡✿ t❤❡ t✇♦ ♦❜t❛✐♥❡❞ ♣r♦❝❡ss❡s ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t r❡❞✉❝t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱
❧❡t P = n.0 | n.n.R✿
❼ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ (νn.(n.0 | n.n.R)) | (νn.(n.0 | n.n.R))✱ ✇❤✐❝❤
❡✈♦❧✈❡s ✐♥ (νn.n.R) | (νn.n.R)✳ ◆♦ ❢✉rt❤❡r r❡❞✉❝t✐♦♥ ✐s ♣♦ss✐❜❧❡✳
❼ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❣❡t νn.(n.0 | n.0 | n.n.R | n.n.R)✱ ✇❤✐❝❤ ♠❛② ❡✈♦❧✈❡
✐♥ νn.(R | n.n.R)✳ ❆❧❧ t❤❡ r❡❞✉❝t✐♦♥s ♦❢ R ❛r❡ ♣♦ss✐❜❧❡✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❍❖πP ❝♦♥t❡①ts C✱ ❡✈♦❧✉t✐♦♥ ❝♦♥t❡①ts G✱ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①ts E✳
C ::= ✷ | C | P | P | C | νx.C | a〈C〉P | a〈P 〉C | a(X)C | l.C | !C | a[C]
G ::= ✷ | νx.G | G | P | P | G | a[G] | !G
E ::= ✷ | νx.E | E | P | P | E | a[E]
❍❖πP ❝♦♥t❡①ts s✐♠♣❧② ❡①t❡♥❞ t❤❡ ❍❖π ♦♥❡s ✇✐t❤ t❤❡ ❧♦❝❛❧✐t② ❝♦♥str✉❝t✳
✸✳✷ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡
❆s ✐♥ ❍❖π✱ ♦✉r ❣♦❛❧ ✐s t♦ ✜♥❞ ❛ s✐♠♣❧❡ ❜✐s✐♠✉❧❛t✐♦♥✲❜❛s❡❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str♦♥❣ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ❢♦r ❍❖πP ✐s
✐❞❡♥t✐❝❛❧ t♦ ❉❡✜♥✐t✐♦♥ ✸ ❛❢t❡r ❛❞❛♣t✐♥❣ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡✳ ❲❡ ♥♦t❡
P ∼b Q t♦ ✐♥❞✐❝❛t❡ t❤❛t ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✳
❉❡✜♥✐t✐♦♥ ✶✷✳ ❋♦r ❛❧❧ ✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ n✱ ✇❡ ❞❡✜♥❡ t❤❡ str♦♥❣
♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡s P ↓µ✱ ✇✐t❤ µ = n | n✱ ❛s ❢♦❧❧♦✇s✿
❼ ❲❡ ❤❛✈❡ P ↓a ✐✛ P = G{a〈Q〉R} ♦r P = G{a[Q]}✱ ✇✐t❤ a /∈ ❜♥(G)✳
❼ ❲❡ ❤❛✈❡ P ↓a ✐✛ P = G{a(X)Q} ✇✐t❤ a /∈ ❜♥(G)✳
❼ ❲❡ ❤❛✈❡ P ↓m ✐✛ P = G{m.Q} ✇✐t❤ m /∈ ❜♥(G)✳
❼ ❲❡ ❤❛✈❡ P ↓m ✐✛ P = G{m.Q} ✇✐t❤ m /∈ ❜♥(G)✳
❇♦✉♥❞ ♥❛♠❡s ♦❢ ❛ ❝♦♥t❡①t ❜♥(C) ❛r❡ ✜rst✲♦r❞❡r ❛♥❞ ❤✐❣❤❡r✲♦r❞❡r r❡str✐❝t❡❞
♥❛♠❡s ✐♥ C ♦❢ ✇❤♦s❡ s❝♦♣❡ ❡♥❝♦♠♣❛ss❡s t❤❡ ❤♦❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ♥❛♠❡ x ∈
❢♥(P ) ∩ ❜♥(C) ✐s ❢r❡❡ ✐♥ P ❛♥❞ ❜❡❝♦♠❡s ❜♦✉♥❞ ✐♥ C{P}✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ❢♦r ❍❖πP ✐♥
t❤❡ str♦♥❣ ❝❛s❡✳ ❲❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ B ❣✐✈❡♥ ❜② ❙❛♥✲
❣✐♦r❣✐ ❢♦r ❍❖π ✭❞❡✜♥✐t✐♦♥ ✻✮ ✐s ♥♦t s♦✉♥❞ ✐♥ ♦✉r ❝❛❧❝✉❧✉s ❜❡❝❛✉s❡ ♦❢ ♣❛ss✐✈❛t✐♦♥✳
❇✐s✐♠✉❧❛t✐♦♥ B r❡❧❛t❡s t❤❡ ♣r♦❝❡ss❡s
P0 = a〈0〉!m.0 Q0 = a〈m.0〉!m.0
❘❘ ♥➦ ✻✻✻✹
✶✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❡♠✐tt❡❞ ♣r♦❝❡ss❡s 0 ❛♥❞ m.0 ❛r❡ s❤❛❞♦✇❡❞ ❜② t❤❡
♣r♦❝❡ss !m.0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t ❢♦r ❛❧❧ F ✱ ✇❡ ❤❛✈❡ F •
〈0〉!m.0 B F • 〈m.0〉!m.0✱ ✐✳❡✳ ❢♦r ❛❧❧ R✱ ✇❡ ❤❛✈❡ P ′ = R{0/X} |!m.0 B
R{m.0/X} |!m.0 = Q′✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❦✐♥❞s ♦❢ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❢r♦♠ P ′✿
❼ ❚r❛♥s✐t✐♦♥s ❢r♦♠ R ❛❧♦♥❡✿ t❤❡② ❛r❡ ♠❛t❝❤❡❞ ❜② t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥s ♦❢ R
✐♥ Q′
❼ ❙②♥❝❤r♦♥✐s❛t✐♦♥s ❜❡t✇❡❡♥ !m.0 ❛♥❞ R ♦r
m
−→✲tr❛♥s✐t✐♦♥s ❢r♦♠ !m.0✿ t❤❡②
❛r❡ ♠❛t❝❤❡❞ ❜② t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥s ✐♥ Q′
❼ ❙②♥❝❤r♦♥✐s❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝♦♣✐❡s ♦❢ t❤❡ ♠❡ss❛❣❡ m.0 ❛♥❞ R ♦r
m
−→✲
tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ♠❡ss❛❣❡✿ t❤❡② ❛r❡ ♠❛t❝❤❡❞ ❜② s②♥❝❤r♦♥✐③❛t✐♦♥s ❜❡✲
t✇❡❡♥ !m.0 ❛♥❞ R ♦r
m
−→✲tr❛♥s✐t✐♦♥s ❢r♦♠ !m.0 ✐♥ Q′✳
❈♦♥✈❡rs❡❧② t❤❡ tr❛♥s✐t✐♦♥s ♦❢ Q′ ❛r❡ ♠❛t❝❤❡❞ ❜② P ′✳
❘❡♠❛r❦ ✷✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ♣r♦✈❡♥ ❢♦r♠❛❧❧② ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡❧❛t✐♦♥
{(Pσ |!m.0, P{0̃/X̃} |!m.0), ❢✈(P ) ⊆ X̃}✱ ✇❤❡r❡ σ st❛♥❞s ❢♦r ❛ s✉❜st✐t✉t✐♦♥
✇❤✐❝❤ r❡♣❧❛❝❡s s♦♠❡ ♣r♦❝❡ss ✈❛r✐❛❜❧❡s ✇✐t❤ m.0 ❛♥❞ t❤❡ ♦t❤❡rs ✇✐t❤ 0✱ ❛♥❞ s❤♦✇✲
✐♥❣ t❤❛t t❤✐s r❡❧❛t✐♦♥ ✐s ❛♥ ❡❛r❧② str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ✻✳
❍♦✇❡✈❡r P0 ❛♥❞ Q0 ❛r❡ ♥♦t ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t ✐♥ ❍❖πP✳ ❚❤❡ ❝♦♥t❡①t C =
b[✷] | a(X)X | b(X)0 ❞✐st✐♥❣✉✐s❤❡s t❤❡♠✳ ❲❡ ❤❛✈❡ C{P0} −→ b[!m.0] |
0 | b(X)0 = P ′ ❜② ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ a✳ ❚❤✐s r❡❞✉❝t✐♦♥ ✐s ♠❛t❝❤❡❞ ❜②
C{Q0} −→ b[!m.0] | m.0 | b(X)0 = Q
′✳ ❇② tr✐❣❣❡r✐♥❣ t❤❡ ♣❛ss✐✈❛t✐♦♥ ♦♥ b✱ ✇❡
❤❛✈❡ P ′ −→ 0 ❛♥❞ Q′ −→ m.0✳ ❚❤❡ t✇♦ r❡s✉❧t✐♥❣ ♣r♦❝❡ss❡s ❛r❡ ♥♦t ❜❛r❜❡❞
❜✐s✐♠✐❧❛r✳
■♥ ❛ ♠❡ss❛❣❡ s❡♥❞✐♥❣ νx̃.〈R〉S✱ t❤❡ ❡♠✐tt❡❞ ♣r♦❝❡ss R ♠❛② ❜❡ s❡♥t ♦✉ts✐❞❡ ❛
♣❛ss✐✈❛t✐♦♥ ✉♥✐t ✇❤✐❧❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ S st❛②s ✐♥ t❤✐s ✉♥✐t✳ ■❢ t❤❡ ♣❛ss✐✈❛t✐♦♥ ✐s
tr✐❣❣❡r❡❞✱ t❤❡ ♣r♦❝❡ss S ♠❛② ❜❡ ♣✉t ✐♥ ❛ ❞✐✛❡r❡♥t ❝♦♥t❡①t✱ ♦r ♠❛② ❜❡ ❞❡str♦②❡❞
✭❛s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✮✳ ❍❡♥❝❡ t❤❡ ♣❛ss✐✈❛t✐♦♥ ♠❛② s❡♣❛r❛t❡ t❤❡
♣r♦❝❡ss❡s R ❛♥❞ S ❛♥❞ ♣✉t t❤❡♠ ✐♥ t♦t❛❧❧② ❞✐✛❡r❡♥t ❝♦♥t❡①ts✱ ✇❤✐❝❤ ✐s ♥♦t
♣♦ss✐❜❧❡ ✐♥ ❛ ❝❛❧❝✉❧✉s ✇✐t❤♦✉t ♣❛ss✐✈❛t✐♦♥✿ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜✐s✐♠✉❧❛t✐♦♥ ❤❛s
t♦ ❜❡ ♠♦❞✐✜❡❞ t♦ t❛❦❡ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✳
❚❤❡ ❡❛s✐❡st ✇❛② t♦ ❛❞❛♣t t❤❡ ❜✐s✐♠✉❧❛t✐♦♥ ❞❡✜♥✐t✐♦♥ ✐s t♦ ❝❤❡❝❦ ✐♥ t❤❡ ❝♦♥✲
❝r❡t✐♦♥ ❝❛s❡ t❤❛t ♣r♦❝❡ss❡s ❛r❡ st✐❧❧ ❜✐s✐♠✐❧❛r ✇❤❡♥ t❤❡② ❛r❡ ♣✉t ✐♥ ❛ ❧♦❝❛❧✐t②✳ ■t
♠❡❛♥s t❤❛t ✇❡ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✐♥ t❤❡ ❡❛r❧② ❝❛s❡✮✿ ✐❢ P
a
−→ C✱ ❢♦r ❛❧❧
❛❜str❛❝t✐♦♥ F ✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ F • a[C] R F • a[C ′]✳ ❖♥❡
♦❢ t❤❡ ♣♦ss✐❜❧❡ ❡✈♦❧✉t✐♦♥s ♦❢ F • a[C] ✐s tr✐❣❣❡r✐♥❣ ♦❢ t❤❡ ♣❛ss✐✈❛t✐♦♥ ❛♥❞ s❡♥❞✲
✐♥❣ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ❧♦❝❛❧✐t② ✭✐✳❡✳ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥✮ ✐♥ ❛♥ ❛r❜✐tr❛r② ❝♦♥t❡①t✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✱ ✇❡ ❤❛✈❡
F • E{C} R F • E{C ′}✳ ❆❝t✉❛❧❧② t❤✐s ♥❡✇ ❝♦♥❞✐t✐♦♥ ✐s ❡♥♦✉❣❤ t♦ ❤❛✈❡ ❛ s♦✉♥❞
❜✐s✐♠✉❧❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥
❜❡❝♦♠❡s✿
❉❡✜♥✐t✐♦♥ ✶✸✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t
s✐♠✉❧❛t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s ❢♥(P ) = ❢♥(Q) ❛♥❞✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✶✾
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t
Q
a
−→ G ❛♥❞ F • C R G • C✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥s F ✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t
Q
a
−→ D ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡ F • E{C} R
F • E{D}✳
❆ r❡❧❛t✐♦♥ R ✐s ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❡❛r❧②
str♦♥❣ ❝♦♥t❡①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❡❛r❧② str♦♥❣❧②
❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ ♥♦t❡❞ P ∼ Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉✲
❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ❢♦r ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s ✐♥ ❍♦♠❡r ❬✽❪
❛♥❞ t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s ❬✶✻❪ ✭❡①❝❡♣t t❤❛t ✐♥ ❑❡❧❧✱ ❝♦♥t❡①ts ❛r❡ ❛❧s♦ ❛❞❞❡❞ ✐♥ t❤❡
❛❜str❛❝t✐♦♥ ❝❛s❡✮✳
❘❡♠❛r❦ ✸✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♥(P ) = ❢♥(Q) ❤❛s ❜❡❡♥ ❛❞❞❡❞
❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❛③② s❝♦♣❡ ❡①tr✉s✐♦♥✿ t✇♦ ❜✐s✐♠✐❧❛r ♣r♦❝❡ss❡s ✇✐t❤ ❞✐✛❡r❡♥t ❢r❡❡
♥❛♠❡s ♠❛② ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❜❡❝❛✉s❡ ♦❢ t❤✐s ♠❡❝❤❛♥✐s♠✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ♣r♦❝❡ss
P ❜✐s✐♠✐❧❛r t♦ 0 ❜✉t ✇✐t❤ ❛ ❢r❡❡ ♥❛♠❡ y ✭❡✳❣✳ νx.x.y.0✮ ♠❛② ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠
0 ❜② ❛ ❝♦♥t❡①t C = a[νy.b〈✷〉R] | b(X)a(Y )(Y | Y )✳ ❚❤❡ ♣r♦❝❡ss C{P} ♠❛② r❡✲
❞✉❝❡ t♦ νy.(R | R)✱ ✇❤✐❧❡ t❤❡ ♣r♦❝❡ss C{0} ❡✈♦❧✈❡s t♦✇❛r❞ (νy.R) | (νy.R)✳ ❲✐t❤
❛♥ ❛♣♣r♦♣r✐❛t❡ R✱ t❤❡ t✇♦ ♣r♦❝❡ss❡s ❤❛✈❡ ❞✐✛❡r❡♥t tr❛♥s✐t✐♦♥s✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥
t❤❡ ❞✐s❝✉ss✐♦♥ ♦♥ ❝♦♠♠✉t❛t✐♦♥ ♦❢ ♥❛♠❡ r❡str✐❝t✐♦♥ ❛♥❞ ❧♦❝❛❧✐t✐❡s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳
❙❡❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♣r♦♦❢ ✐♥ ❆♣♣❡♥❞✐① ❈ ❢♦r ❢✉❧❧ ❞❡t❛✐❧s✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❛t❡ ✈❡rs✐♦♥ ♦❢ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s✿
❉❡✜♥✐t✐♦♥ ✶✹✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ❧❛t❡ str♦♥❣ ❝♦♥t❡①t s✐♠✉✲
❧❛t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s ❢♥(P ) = ❢♥(Q) ❛♥❞✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t Q
a
−→ G ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥✲
❝r❡t✐♦♥s C✱ ✇❡ ❤❛✈❡ F • C R G • C✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t Q
a
−→ D ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞
❛❜str❛❝t✐♦♥s F ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡ F • E{C} R F • E{D}✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❧❛t❡ str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❧❛t❡ str♦♥❣
❝♦♥t①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ❧❛t❡ str♦♥❣❧② ❝♦♥t❡①t
❜✐s✐♠✐❧❛r✱ ♥♦t❡❞ P ∼l Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛ ❧❛t❡ str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ R
s✉❝❤ t❤❛t P R Q✳
❇♦t❤ ❡❛r❧② ❛♥❞ ❧❛t❡ str♦♥❣ ❜✐s✐♠✐❧❛r✐t✐❡s ❛r❡ s♦✉♥❞ ✇✐t❤ r❡s♣❡❝t t♦ ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡✳ ❚❤✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❆♣♣❡♥❞✐① ❆✳
❘❘ ♥➦ ✻✻✻✹
✷✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❚❤❡♦r❡♠ ✷✳ ❋♦r ❛❧❧ P,Q✱ ✐❢ P ∼ Q✱ ♦r P ∼l Q✱ t❤❡♥ P ∼b Q✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❡❝❤♥✐q✉❡s✱ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❑❡❧❧✲
❝❛❧❝✉❧✉s ❛♥❞ ❢♦r ❍♦♠❡r r❡s♣❡❝t✐✈❡❧②✱ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t ❝♦♥t❡①t
❜✐s✐♠✉❧❛t✐♦♥ ✐s s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ✐♥ t❤❡ str♦♥❣ ❝❛s❡✳ ❲❡ ❛❧s♦ ❡①♣❧❛✐♥ ✇❤②
t❤❡s❡ t❡❝❤♥✐q✉❡s ❢❛✐❧ ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡✱ ✇❤✐❝❤ r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳
✸✳✸ ❑❡❧❧✲❝❛❧❝✉❧✉s s♦✉♥❞♥❡ss ♣r♦♦❢
❆s ✐♥ ❍❖π✱ t❤❡ s♦✉♥❞♥❡ss ♣r♦♦❢ ✉s❡❞ ❢♦r t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s r❡❧✐❡s ♦♥ t❤❡ s✉❜st✐t✉✲
t✐♦♥ ❧❡♠♠❛ ✭▲❡♠♠❛ ✶✮✳ ❍♦✇❡✈❡r ❙❛♥❣✐♦r❣✐✬s ♠❡t❤♦❞ t♦ ♣r♦✈❡ ✐t ✭❞✐st✐♥❣✉✐s❤✐♥❣
❜❡t✇❡❡♥ ❡✈❛❧✉❛t✐♦♥ ❛♥❞ ♦t❤❡r ❝♦♥t❡①ts✮ ❞♦❡s ♥♦t ✇♦r❦ ✐♥ ❍❖πP✳ ❯♥❧✐❦❡ ❍❖π✱
❛♥ ❡①❡❝✉t✐♦♥ ❝♦♥t❡①t ✐♥ ❍❖πP ♠❛② ❜❡❝♦♠❡ ❛ ♥♦♥✲❡①❡❝✉t✐♦♥ ❝♦♥t❡①t ✭❛ ❧♦❝❛❧✐t②
♠❛② ❜❡❝♦♠❡ ❛ ♠❡ss❛❣❡ ♦✉t♣✉t ♣r❡✈❡♥t✐♥❣ ✐♥t❡r♥❛❧ r❡❞✉❝t✐♦♥s✮✳
■♥ ❝♦♥❝r❡t❡ t❡r♠s✱ t♦ s❤♦✇ t❤❡ ✜rst st❡♣ ♦❢ ❙❛♥❣✐♦r❣✐✬s ♠❡t❤♦❞ ✐♥ t❤❡ ❧♦❝❛❧✐t②
❝❛s❡✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ✐❢ P ∼ Q✱ t❤❡♥ a[P ] ∼ a[Q]✳ ❲❡ ✇♦✉❧❞ ❤❛✈❡
t♦ ❜✉✐❧❞ ❛ r❡❧❛t✐♦♥ R s✉❝❤ t❤❛t ✭✇✐t❤ P ∼ Q✮✿
a[P ]
τ

R
____ a[Q]
τ

a〈P 〉0
a

R
___ a〈Q〉0
a

〈P 〉0
R
___ 〈Q〉0
❛♥❞ s✉❝❤ t❤❛tR ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ❢♦r ❛❧❧ ❛❜str❛❝t✐♦♥s (X)R✱ ✇❡ ✇♦✉❧❞
❤❛✈❡ R{P/X} R R{Q/X}✳ ❚♦ ♣r♦✈❡ ❛ s✉❜✲❝❛s❡ ♦❢ t❤❡ s✉❜st✐t✉t✐♦♥ ❧❡♠♠❛✱ ✇❡
✇♦✉❧❞ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥ R= {(R{P/X}, R{Q/X}), P ∼ Q} ❛♥❞
s❤♦✇ t❤❛t ✐t ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✳ ❇✉t t❤✐s ✇♦✉❧❞ ❜❡ t❤❡ s❛♠❡ ❛s ♣r♦✈✐♥❣ t❤❡ s✉❜✲
st✐t✉t✐♦♥ ❧❡♠♠❛ ❞✐r❡❝t❧②✳ ❍❡♥❝❡ ❙❛♥❣✐♦r❣✐✬s ♣r♦♦❢ ♠❡t❤♦❞ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ t♦
❍❖πP✳
❚❤❡ ♠❡t❤♦❞ ✉s❡❞ ❢♦r t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳ ❲❡ ❞❡✜♥❡ ❛
r❡❧❛t✐♦♥ R = {(C{P{R̃/Ỹ }}, C{P{S̃/Ỹ }}), ❢✈(P ) = Ỹ , R̃ ∼ S̃}✱ ❛♥❞ ✇❡ s❤♦✇
t❤❛t ✐ts r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ✐s ❛♥ ❡❛r❧② ♦r ❧❛t❡ ❜✐s✐♠✉❧❛t✐♦♥✳ ❲❡
s✉♣♣♦s❡ ♥♦✇ t❤❛t ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ ❡❛r❧② ❞❡✜♥✐t✐♦♥✱ ❜✉t t❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡
✇♦r❦ ✇✐t❤ t❤❡ ❧❛t❡ ♦♥❡ ❛s ✇❡❧❧✳
❲❡ ✜rst ❡①♣❧❛✐♥ ✇❤② ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ✐♥st❡❛❞
♦❢ t❤❡ r❡❧❛t✐♦♥ ✐ts❡❧❢✳ ❚♦ s❤♦✇ t❤❛t R ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✱ ✇❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥
♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ P{R̃/Ỹ }
α
−→ P ′ ✭✐♥ t❤❡ ❝❛s❡ C = ✷✮✳ ❈♦♥s✐❞❡r
t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥ P = Q | T ✱ ❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t P ❡✈♦❧✈❡s
❜② ❛ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❲❡ ✇❛♥t t♦ ❝❧♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✷✶
QR | TR
τ

R
QS | TS
FR • CR
❦♥♦✇✐♥❣ t❤❛t QR
a
−→ FR ❛♥❞ TR
a
−→ CR ❢♦r s♦♠❡ a ✭❢♦r ❛❧❧ ♣r♦❝❡ss❡s P, R̃✱ ✇❡
✇r✐t❡ PR ❢♦r P{R̃/Ỹ }✳ ❲❡ ❤❛✈❡ QR R QS s♦ ❜② ❛♣♣❧②✐♥❣ CR t♦ FR ✭✇❡ ✇♦r❦
✇✐t❤ ❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ t❤❡ ❝♦♥❝r❡t✐♦♥ ❜❡❢♦r❡ ❣❡tt✐♥❣
❛ ♠❛t❝❤✐♥❣ ❛❜str❛❝t✐♦♥✮✱ ✇❡ ❤❛✈❡ ❜② ✐♥❞✉❝t✐♦♥✿
QR
a

R
QS
a




FR
R
___ FS
✇✐t❤ FR • CR R FS • CR✳
❲❡ ❤❛✈❡ TR R TS ✱ s♦ ❜② ❛♣♣❧②✐♥❣ CR t♦ FS ✇❡ ❤❛✈❡✿
TR
a

R
TS
a




CR
R
___ CS
✇✐t❤ FS • CR R FS • CS ✳ ❋r♦♠ t❤❡s❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✿
QR | TR
τ

R
QS | TS
τ




FR • CR
R
___ FS • CR
R
___ FS • CS
❆s ❛ r❡s✉❧t✱ ✇❡ ❤❛✈❡✿
PR
τ

R
PS




P ′R
R
2
___ P ′S
✇❤✐❧❡ ✇❡ ♥❡❡❞ P ′R R P
′
S ✳
▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t R ♣r♦❣r❡ss❡s t♦✇❛r❞s ✐ts r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐✲
t✐✈❡ ❝❧♦s✉r❡ R∗✱ ✐✳❡✳ ✐❢ (P,Q) ∈ R ❛♥❞ P
a
−→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t
Q
a
−→ Q′ ❛♥❞ (P ′, Q′) ∈ R∗ ✭s❡❡ ❛♣♣❡♥❞✐① ❉ ❢♦r ❞❡t❛✐❧s✮✳
P
a

R
Q
a




P ′
R
∗
___ Q′
❘❘ ♥➦ ✻✻✻✹
✷✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
■♥ t❤❡ str♦♥❣ ❝❛s❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t R∗ ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✳ ❙✉♣♣♦s❡
t❤❛t P R∗ Q ❛♥❞ P
a
−→ P ′✳ ❚❤❡r❡ ❡①✐sts P1, . . . , Pn s✉❝❤ t❤❛t P R P1 R
. . . Pn R Q✳ ❲❡ ✇❛♥t t♦ ❝❧♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✿
P
a

R
P1 Pn
R
Q
P ′
❙✐♥❝❡ R ♣r♦❣r❡ss t♦✇❛r❞s R∗✱ ✇❡ ❜✉✐❧❞ P ′1 . . . P
′
n, Q
′ s✉❝❤ t❤❛t P ′ R∗ P ′1 R
∗
. . . P ′n R
∗ Q′✳
P
a

R
P1
a




Pn
a




R
Q
a




P ′
R
∗
___ P ′1 P
′
n
R
∗
___ Q′
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τ
−→ P13✿ t❤❡ ❞✐❛❣r❛♠ P,Q, P ′ ✇❡ ✇❛♥t t♦
❝❧♦s❡ ♠❛② ❜❡ s♠❛❧❧❡r t❤❛♥ P12, P22, P13✳ ❚❤❡ s❝❤❡♠❡ ♠❛② t❤❡♥ r❡❝✉rs✐✈❡❧② ❛♥❞
✐♥✜♥✐t❡❧② r❡♣❡❛t ✐ts❡❧❢✳ ❑♥♦✇✐♥❣ t❤❛t R ♣r♦❣r❡ss t♦✇❛r❞s R∗ ❞♦❡s ♥♦t ❛❧❧♦✇ t♦
♣r♦✈❡ t❤❛t R∗ ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥ ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s s✐♠✐❧❛r t♦ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✉♣✲t♦ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡ ❬✶✹❪✳ ❍❡♥❝❡ ✇❡ ❝❛♥♥♦t s❤♦✇
t❤❛t t❤❡ ❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡ ✇✐t❤ t❤✐s t❡❝❤♥✐q✉❡✳
❘❡♠❛r❦ ✹✳ ❲❡ ❤❛✈❡ t❤❡ s❛♠❡ r❡s✉❧ts ✇✐t❤ t❤❡ ❧❛t❡ ❜✐s✐♠✉❧❛t✐♦♥✿ ✇❡ ❝❛♥ ♣r♦✈❡
t❤❛t t❤❡ ❧❛t❡ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ✐♥ t❤❡ str♦♥❣ ❝❛s❡✱ ❜✉t t❤❡ ✇❡❛❦ ♦♥❡
r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳
❘❡♠❛r❦ ✺✳ ❖♥ t❤❡ ❝♦♥tr❛r② t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❜② ❙❛♥❣✐♦r❣✐ ♠❛② ❡❛s✐❧② ❜❡ ❛❞❛♣t❡❞
✐♥ t❤❡ ✇❡❛❦ ❝❛s❡ ❢♦r ❍❖π ✇✐t❤♦✉t ♣❛ss✐✈❛t✐♦♥✳ ❚r❛♥s✐t✐✈✐t② ✐ss✉❡s ❛r❡ ❞❡❛❧t ✇✐t❤
❜② ✉s✐♥❣ ✉♣✲t♦ t❡❝❤♥✐q✉❡s ♠✐①✐♥❣ str♦♥❣ ❛♥❞ ✇❡❛❦ ❜✐s✐♠✐❧❛r✐t✐❡s✳ ❙❡❡ ❬✶✸❪ ❢♦r
❢✉rt❤❡r ❞❡t❛✐❧s✳
✸✳✹ ❍♦✇❡✬s ♠❡t❤♦❞ ❛♥❞ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥s
❍♦✇❡✬s ♠❡t❤♦❞ ❬✶✱ ✼❪ ✐s ❛ s②st❡♠❛t✐❝ ♣r♦♦❢ t❡❝❤♥✐q✉❡ t♦ s❤♦✇ t❤❛t ❛ ❝❛♥❞✐❞❛t❡
r❡❧❛t✐♦♥ R ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳ ■t ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❍♦♠❡r t♦ s❤♦✇ ✜rst t❤❛t
❧❛t❡ ❜✐s✐♠✐❧❛r✐t② ✐s s♦✉♥❞ ❬✽❪✱ ❛♥❞ ❤❛s ❜❡❡♥ ❛❞❛♣t❡❞ t♦ s❤♦✇ t❤❛t ✐♥♣✉t ❡❛r❧②
❜✐s✐♠✐❧❛r✐t② ✐s s♦✉♥❞ ❬✻❪✳ ❲❡ ✐♥tr♦❞✉❝❡ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥s ❧❛t❡r❀ ✇❡ ✜rst
❡①♣❧❛✐♥ ❍♦✇❡✬s t❡❝❤♥✐q✉❡ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ❧❛t❡ ❜✐s✐♠✉❧❛t✐♦♥s✳
❘❘ ♥➦ ✻✻✻✹
✷✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
■♥st❡❛❞ ♦❢ s❤♦✇✐♥❣ t❤❛t R ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ❞✐r❡❝t❧②✱ ❍♦✇❡✬s ♠❡t❤♦❞ ❜✉✐❧❞s
❛ r❡❧❛t✐♦♥ R• ✭t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ ♦❢ R✮ ✇❤✐❝❤ ✐s ✐♠♠❡❞✐❛t❡❧② ❛ ❝♦♥❣r✉❡♥❝❡ ❛♥❞
✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡ t♦ ❜✐s✐♠✉❧❛t✐♦♥ ❜② ❝♦♥str✉❝t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ✇❤✐❝❤
r❡❧❛t❡ R ❛♥❞ R• ❛❧❧♦✇ t♦ ❝♦♥❝❧✉❞❡ t❤❛t R ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ r❡❧✐❡s ♦♥ ❛✉①✐❧✐❛r② r❡❧❛t✐♦♥s✱ t❤❡ ♦♣❡♥
❡①t❡♥s✐♦♥ ♦❢ R ♥♦t❡❞ R◦ ❛♥❞ t❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t ♦❢ R✱ ♥♦t❡❞
∧
R✳ ❚❤❡
♦♣❡♥ ❡①t❡♥s✐♦♥ ❡①t❡♥❞s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ R t♦ ♦♣❡♥ ♣r♦❝❡ss❡s✱ ✐✳❡✳
t♦ ♣r♦❝❡ss❡s ✇✐t❤ ❢r❡❡ ♣r♦❝❡ss ✈❛r✐❛❜❧❡s X✿
❉❡✜♥✐t✐♦♥ ✶✺✳ ▲❡t P ❛♥❞ Q ❜❡ t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s✳ ❲❡ ❤❛✈❡ P R◦ Q ✐✛
Pσ R Qσ ❢♦r ❛❧❧ s✉❜st✐t✉t✐♦♥s t❤❛t ❝❧♦s❡ P ❛♥❞ Q✳
❚❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t ♦❢ ❛ r❡❧❛t✐♦♥ ✐s ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❢♦r ❍❖πP
❜② t❤❡ r✉❧❡s ❣✐✈❡♥ ✜❣✉r❡ ✹✳ ❚❤❡s❡ r✉❧❡s ❢♦r♠❛❧✐③❡ t❤❡ ❢❛❝t t❤❛t t✇♦ ♣r♦❝❡ss❡s
❛r❡ r❡❧❛t❡❞ ❜②
∧
R ✐✛ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ s②♥t❛❝t✐❝ s❤❛♣❡ ❛♥❞ ✐❢ t❤❡✐r ✐♠♠❡❞✐❛t❡
s✉❜✲♣r♦❝❡ss❡s ❛r❡ r❡❧❛t❡❞ ❜② R✳
❉❡✜♥✐t✐♦♥ ✶✻✳ ❚❤❡ ❍♦✇❡✬s ❝❧♦s✉r❡ R• ♦❢ ❛ r❡❧❛t✐♦♥ R ✐s ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✿
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P R• R
❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥s
∧
R• ❛♥❞ R◦ ❣✐✈❡s t♦ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ ❝♦♥✲
❣r✉❡♥❝❡ ♣r♦♣❡rt✐❡s ❜✉t ❛❧❧♦✇s ❛❧s♦ s♦♠❡ tr❛♥s✐t✐✈✐t②✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ♣r♦♣❡rt✐❡s✿
▲❡♠♠❛ ✷✳ ■❢ R ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ t❤❡♥ R• ✐s r❡✢❡①✐✈❡ ❛♥❞✿
P
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❙✉❜st
❇② r✉❧❡ ❈♦♥❣ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳ ❘✉❧❡ ❖♣❡♥
r✐❣❤t ❛❧❧♦✇s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦♥ t❤❡ r✐❣❤t✱ ❛♥❞ r✉❧❡ ❙✉❜st ❛❧❧♦✇s s✉❜st✐t✉t✐♦♥s
t♦ t❛❦❡ ♣❧❛❝❡ ✐♥s✐❞❡ t✇♦ ♣r♦❝❡ss❡s r❡❧❛t❡❞ ❜② t❤❡ ❍♦✇❡ ❝❧♦s✉r❡✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s
❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦r ❢♦❧❧♦✇ ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ❢r♦♠
t❤❡ ❢❛❝t t❤❛t R ✭❛♥❞ t❤❡♥ R◦✮ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳
■♥ ♦✉r ❝❛s❡ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ❛ ❜✐s✐♠✉❧❛t✐♦♥ B ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳ ❋♦❧✲
❧♦✇✐♥❣ t❤❡ ❍♦✇❡✬s ♠❡t❤♦❞ s❝❤❡♠❡ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t B•=B◦✳ ❙✐♥❝❡ B• ✐s ❛
❝♦♥❣r✉❡♥❝❡ ❛♥❞ B◦ ❡q✉❛❧s B ♦♥ ❝❧♦s❡❞ t❡r♠s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t B ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳
❲✐t❤ ❖♣❡♥✱ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ B◦⊆B•✳ ❚❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ ❡s✲
t❛❜❧✐s❤❡❞ ❜② ♣r♦✈✐♥❣ ❛ ♠♦❞✐✜❡❞ s✐♠✉❧❛t✐♦♥ ♣r♦♣❡rt② ❢♦r B•✳ Pr♦✈✐♥❣ t❤❛t ❛
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✷✺
❝♦♥❣r✉❡♥❝❡ ❤❛s s♦♠❡ ❜✐s✐♠✉❧❛t✐♦♥ ♣r♦♣❡rt✐❡s r❛✐s❡s s♦♠❡ tr❛♥s✐t✐✈✐t② ✐ss✉❡s ❛s
♣♦✐♥t❡❞ ♦✉t ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s t❡❝❤♥✐q✉❡✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ✐♥
t❤❡ ✇❡❛❦ ❝❛s❡✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ✐ss✉❡✱ t❤❡ ♠♦❞✐✜❡❞ ❜✐s✐♠✉❧❛t✐♦♥ ♣r♦♣❡rt② ❤❛s
t♦ ❢❡❛t✉r❡ s♦♠❡ tr❛♥s✐t✐✈✐t②✳ ■t ✐s ❡❛s② ❢♦r ❧❛t❡ ❜✐s✐♠✉❧❛t✐♦♥✿ ✇❡ ❡①t❡♥❞ ∼•l t♦
❛❜str❛❝t✐♦♥s ❜② F ∼•l F
′ ✐✛ ❢♦r ❛❧❧ C✱ ✇❡ ❤❛✈❡ F • C ∼•l F
′ • C✳ ❲❡ ❤❛✈❡ t❤❡♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿
▲❡♠♠❛ ✸✳ ■❢ P ∼•l Q✱ t❤❡♥✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ ∼•l Q
′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ F ∼•l F
′
❼ ❋♦r ❛❧❧ P
a
−→ C✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ F, F ′
s✉❝❤ t❤❛t F ∼•l F
′ ❛♥❞ ❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡ F • E{C} ∼•l
F ′ • E{C ′}✳
❚❤❡ tr❛♥s✐t✐✈✐t② ✐s ❜✉✐❧t ✐♥ t❤❡ ♦✉t♣✉t ❝❧❛✉s❡ ♦❢ t❤✐s ❜✐s✐♠✉❧❛t✐♦♥✲❧✐❦❡ ♣r♦♣✲
❡rt②✿ F ❛♥❞ C ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ F ′ ❛♥❞ C ′✳ ❲✐t❤ t❤✐s ❧❡♠♠❛ ❛♥❞ ♣r♦♣❡rt✐❡s
♦❢ ❍♦✇❡✬s ❝❧♦s✉r❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ∼l ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳
❋♦r ❧❛t❡ ❜✐s✐♠✐❧❛r✐t✐❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❜✐s✐♠✉❧❛t✐♦♥✲❧✐❦❡ ♣r♦♣❡rt✐❡s
❢❡❛t✉r✐♥❣ s♦♠❡ tr❛♥s✐t✐✈✐t② ❢♦r ❍♦✇❡✬s ❝❧♦s✉r❡✿ ✇❡ ❝❛♥ ✇♦r❦ ✇✐t❤ ❛❜str❛❝t✐♦♥s
❛♥❞ ❝♦♥❝r❡t✐♦♥s ✐♥❞❡♣❡♥❞❡♥t❧②✳ ■t ✐s ♥♦t ❝❛s❡ ❢♦r ❡❛r❧② ❜✐s✐♠✐❧❛r✐t✐❡s✳ ❍♦✇❡✈❡r
t❤❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ✇♦r❦ ✇✐t❤ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥s ❬✻❪✱ ✇❤✐❝❤ ❛r❡
❜✐s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛♥ ❡❛r❧② ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ✐♥♣✉t ❝❧❛✉s❡ ❛♥❞ ❛ ❧❛t❡ ❝♦♥❞✐t✐♦♥
✐♥ t❤❡ ♦✉t♣✉t ♦♥❡✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s✿
❉❡✜♥✐t✐♦♥ ✶✼✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛♥ ✐♥♣✉t✲❡❛r❧② str♦♥❣ s✐♠✲
✉❧❛t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s ❢♥(P ) = ❢♥(Q) ❛♥❞✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C ❛♥❞ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts
F✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t Q
a
−→ G ❛♥❞ F{F} • C R F{G} • C✳
❼ ❋♦r ❛❧❧ P
a
−→ C✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t Q
a
−→ D ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞
❛❜str❛❝t✐♦♥s F ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡ F • E{C} R F • E{D}✳
❆ r❡❧❛t✐♦♥ R ✐s ❛♥ ✐♥♣✉t✲❡❛r❧② str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ✐♥♣✉t✲
❡❛r❧② str♦♥❣ s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ✐♥♣✉t✲❡❛r❧② str♦♥❣❧②
❜✐s✐♠✐❧❛r✱ ♥♦t❡❞ P ∼ie Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ✐♥♣✉t✲❡❛r❧② str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥ R
s✉❝❤ t❤❛t P R Q✳
❊✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ ✐♥ t❤❡ ♠❡ss❛❣❡ ✐♥♣✉t ❝❧❛✉s❡ ❢♦r t❡❝❤✲
♥✐❝❛❧ r❡❛s♦♥s✳ ❈♦♥❝r❡t✐♦♥s r❡♠❛✐♥ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ❛❜str❛❝t✐♦♥s✱ s♦ ✇❡ ❡①t❡♥❞
∼•ie t♦ ❝♦♥❝r❡t✐♦♥s✿
P ∼•ie P
′ Q ∼•ie Q
′ 〈P ′〉Q′ ∼◦ie C
〈P 〉Q ∼•ie C
C ∼•ie D νx.D ∼
◦
ie C
′
νx.C ∼•ie C
′
❘❘ ♥➦ ✻✻✻✹
✷✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
✇✐t❤ C ∼◦ie C
′ ✐✛ ❢♦r ❛❧❧ F ✱ F • C ∼◦ie F • C
′✳ ❲❡ ❡①t❡♥❞ ∼•ie ❜② ❛❞❞✐♥❣ t❤❡ r✉❧❡
✷ ∼•ie ✷✱ ❛♥❞ ✇❡ s❤♦✇ t❤✐s ❜✐s✐♠✉❧❛t✐♦♥✲❧✐❦❡ ♣r♦♣❡rt② ❢♦r ✐♥♣✉t✲❡❛r❧② ❍♦✇❡✬s
❝❧♦s✉r❡✿
▲❡♠♠❛ ✹✳ ▲❡t (∼ie)
•
c ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ∼
•
ie t♦ ❝❧♦s❡❞ t❡r♠s✳ ■❢ P (∼ie)
•
c Q
t❤❡♥ ✿
❼ ■❢ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ (∼ie)
•
c Q
′✳
❼ ■❢ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥ C (∼ie)
•
c C
′ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts
E ∼•ie E
′✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E{F} • C (∼ie)
•
c E
′{F ′} •
C ′
❼ ■❢ P
a
−→ C✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥
❝♦♥t❡①ts E, E′ s✉❝❤ t❤❛t E ∼•ie E
′✱ ✇❡ ❤❛✈❡ E{C} (∼ie)
•
c E
′{C ′}✳
❚❤❡ ♣r♦♣❡rt② ❢❡❛t✉r❡s tr❛♥s✐t✐✈✐t② ✐♥ t❤❡ ✐♥♣✉t ❝❧❛✉s❡✳ ❯s✐♥❣ t❤✐s ❧❡♠♠❛ ❛♥❞
♣r♦♣❡rt✐❡s ♦❢ ❍♦✇❡✬s ❝❧♦s✉r❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ∼•ie ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥ ❛♥❞ ❝♦✐♥✲
❝✐❞❡ ✇✐t❤ ∼ie✳ ❚❤❡ ❝♦♠♣❧❡t❡ s♦✉♥❞♥❡ss ♣r♦♦❢ ♦❢ ✐♥♣✉t✲❡❛r❧② str♦♥❣ ❜✐s✐♠✐❧❛r✐t②
✉s✐♥❣ ❍♦✇❡✬s ♠❡t❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❇✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
t♦ t❤❡ ❧❛t❡ ✇❡❛❦ ❞❡❧❛② ❜✐s✐♠✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r ✐t ❝❛♥♥♦t ❜❡ ✉s❡❞ ❢♦r ❡❛r❧② ❜✐s✐♠✲
✐❧❛r✐t✐❡s✳
❯♥t✐❧ ♥♦✇✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❡❛r❧② ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ✐s s♦✉♥❞ ✐♥ t❤❡
str♦♥❣ ❝❛s❡✱ ✉s✐♥❣ t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s ♠❡t❤♦❞✱ ❛♥❞ t❤❛t ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥
✐s s♦✉♥❞ ✐♥ t❤❡ str♦♥❣ ❛♥❞ ✇❡❛❦ ❝❛s❡s ✉s✐♥❣ ❍♦✇❡✬s ♠❡t❤♦❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ❜♦t❤ r❡❧❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡ ✐♥ t❤❡ str♦♥❣ ❝❛s❡✳
✸✳✺ ❈♦♠♣❧❡t❡♥❡ss
❊❛r❧② ❜✐s✐♠✉❧❛t✐♦♥ ❛♥❞ ✐♥♣✉t✲❡❛r❧② ❛r❡ s♦✉♥❞ ✐♥ t❤❡ str♦♥❣ ❝❛s❡✳ ❲❡ ♣r♦✈❡ t❤❛t
t❤❡② ❛r❡ ❛❧s♦ ❝♦♠♣❧❡t❡✳ ■t ♠❡❛♥s t❤❛t t❤❡ t✇♦ r❡❧❛t✐♦♥s ❝♦✐♥❝✐❞❡✱ ❛♥❞ t❤❛t ✇❡
❤❛✈❡ ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ str♦♥❣ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✳
❚❤❡♦r❡♠ ✸✳ ❋♦r ❛❧❧ P,Q✱ ✐❢ P ∼b Q t❤❡♥ P ∼ Q ❛♥❞ P ∼ie Q✳
❚❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❲❡ s❦❡t❝❤ t❤❡ ♣r♦♦❢ ❤❡r❡✳ ❚❤❡
❞❡t❛✐❧❡❞ ♣r♦♦❢ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❢♦r ❜♦t❤ r❡❧❛t✐♦♥s✱ ∼ ❛♥❞ ∼ie✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❆♣♣❡♥❞✐① ❈✳ ❲❡ ❞❡✜♥❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ r❡❧❛t✐♦♥s ∼k,∼ie,k✱ ✇✐t❤ k ❛♥ ✐♥t❡❣❡r✱
✇❤✐❝❤ ❞✐✛❡r❡♥t✐❛t❡ s❡✈❡r❛❧ ❧❡✈❡❧s ♦❢ ❜✐s✐♠✉❧❛t✐♦♥s ❜② st❛t✐♥❣ t❤❛t ♣r♦❝❡ss❡s ❤❛✈❡
t♦ ❜❡ ❜✐s✐♠✐❧❛r ♦♥❧② ❞✉r✐♥❣ t❤❡ ✜rst k st❡♣s✱ ❛♥❞ s✉❝❤ t❤❛t ∼=
⋂
k ∼k ❛♥❞
∼ie=
⋂
k ∼ie,k✿
❼ ❚❤❡ r❡❧❛t✐♦♥s ∼0,∼ie,0 r❡❧❛t❡ t❤❡ ♣r♦❝❡ss❡s ✇✐t❤ t❤❡ s❛♠❡ ❢r❡❡ ♥❛♠❡s✱ ✐❡✳
∼0=∼ie,0= {(P,Q), ❢♥(P ) = ❢♥(Q)}
❼ ❲❡ ❤❛✈❡ P ∼k Q ✐✛
✕ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ ∼k−1 Q′✱
❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛❧❧ Q
l
−→ Q′✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✷✼
✕ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥ C✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t
Q
a
−→ G ❛♥❞ F • C ∼k−1 G • C✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛❧❧ Q
a
−→ F ✳
✕ ❋♦r ❛❧❧ P
a
−→ C✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥ F ✱ t❤❡r❡ ❡①✐sts D s✉❝❤
t❤❛t Q
a
−→ D ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✱ ✇❡ ❤❛✈❡ F •
E{C} ∼k−1 F • E{D}✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛❧❧ Q
a
−→ C✳
❼ ❲❡ ❤❛✈❡ P ∼ie,k Q ✐✛
✕ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ ∼ie,k−1 Q′✱
❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛❧❧ Q
l
−→ Q′✳
✕ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts
E✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t Q
a
−→ G ❛♥❞ E{F} • C ∼ie,k−1 E{G} • C✱
❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛❧❧ Q
a
−→ F ✳
✕ ❋♦r ❛❧❧ P
a
−→ C✱ t❤❡r❡ ❡①✐sts D s✉❝❤ t❤❛t Q
a
−→ D ❛♥❞ ❢♦r ❛❧❧
❝❧♦s❡❞ ❛❜str❛❝t✐♦♥s F ❛♥❞ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡
F • E{C} ∼ie,k−1 F • E{D}✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛❧❧ Q
a
−→ C✳
❇② ✐♥❞✉❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ ❢♦r s♦♠❡ k ✇❡ ❤❛✈❡ P ≁k Q ♦r P ≁ie,k Q✱
t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t❡①t Ck s✉❝❤ t❤❛t Ck{P} ≁b Ck{Q}✳ ■❢ P ≁ Q ✭r❡s♣
P ≁ie Q✮✱ t❤❡♥ t❤❡r❡ ❡①✐sts k s✉❝❤ t❤❛t P ≁k Q ✭r❡s♣ P ≁ie,k Q✮✱ ❤❡♥❝❡ t❤❡r❡
❡①✐sts ❛ ❝♦♥t❡①t C s✉❝❤ t❤❛t C{P} ≁b C{Q}✳ ❈♦♥s❡q✉❡♥t❧② P ❛♥❞ Q ❛r❡ ♥♦t
str♦♥❣❧② ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✳
✸✳✻ ❙✉♠♠❛r②
❚❤❡ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r② ♦❢ ❍❖πP ✐s s❡✈❡r❡❧② ❧❛❝❦✐♥❣✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡ ♦❢ ❍❖π✳
■♥ t❤❡ str♦♥❣ ❝❛s❡✱ ❡❛r❧② ♦r ✐♥♣✉t✲❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t② ❝❤❛r❛❝t❡r✐③❡s
str♦♥❣ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✳ ■♥ t❤❡ ✇❡❛❦ ❝❛s❡✱ ♦♥❧② s♦✉♥❞ r❡❧❛t✐♦♥s ✭✐♥♣✉t✲❡❛r❧②
♦r ❧❛t❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s✮ ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✳ ❈♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥s ❛r❡ ♠♦r❡
❝♦♠♣❧❡① t❤❛♥ ✐♥ ❍❖π s✐♥❝❡ t❤❡② ❢❡❛t✉r❡ ❛❞❞✐t✐♦♥❛❧ q✉❛♥t✐✜❝❛t✐♦♥s ♦♥ ❝♦♥t❡①ts✳
❙✐♠♣❧✐✜❝❛t✐♦♥s ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s s✐♠✐❧❛r t♦ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ②❡t t♦ ❜❡
❢♦✉♥❞✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤✐s ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐s ❞✉❡ t♦ t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣❛ss✐✈❛t✐♦♥ ❛♥❞ ♥❛♠❡ r❡str✐❝t✐♦♥✳ ❲❡ r❡♠♦✈❡ ♥❛♠❡ r❡str✐❝✲
t✐♦♥ νx.P ❢r♦♠ ❍❖πP ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐♥ t❤✐s ❝❛❧❝✉❧✉s ✇✐t❤ ♣❛ss✐✈❛t✐♦♥ ❜✉t
✇✐t❤♦✉t r❡str✐❝t✐♦♥✱ ❝❛❧❧❡❞ ❍❖P✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ s✐♠♣❧❡r ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥
❛♥❞ ❛ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t ❝♦✉♥t❡r✲❡①❛♠♣❧❡s t❤❛t s❤♦✇ t❤❛t
t❤✐s ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ✇♦r❦ ❢♦r ❍❖πP✳
✹ ❍❖P✿ ❘❡♠♦✈✐♥❣ r❡str✐❝t✐♦♥ ❢r♦♠ ❍❖πP
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❜❡❤❛✈✐♦r❛❧ t❤❡♦r② ♦❢ t❤❡ ❝❛❧❝✉❧✉s ❍❖P ✐s
s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❍❖π✿ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡ s✐♠♣❧❡ ❝♦♥t❡①t ❛♥❞ ♥♦r♠❛❧
❜✐s✐♠✐❧❛r✐t✐❡s ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡✳
❘❘ ♥➦ ✻✻✻✹
✷✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
P | (Q | R) ≡ (P | Q) | R ❈♦♥❣✲P❛r✲❆ss♦❝
P | Q ≡ Q | P ❈♦♥❣✲P❛r✲❈♦♠♠✉t P | 0 ≡ P ❈♦♥❣✲P❛r✲❩❡r♦
!P ≡ P |!P ❈♦♥❣✲❘❡♣❧✐❝ P + Q ≡ Q + P ❈♦♥❣✲❙✉♠✲❈♦♠♠✉t
P + (Q + R) ≡ (P + Q) + R ❈♦♥❣✲❙✉♠✲❆ss♦❝
P + 0 ≡ P ❈♦♥❣✲❙✉♠✲❩❡r♦
P ≡ Q
C{P} ≡ C{Q}
❈♦♥❣✲❈♦♥t❡①t
❋✐❣✉r❡ ✺✿ ❙tr✉❝t✉r❛❧ ❝♦♥❣r✉❡♥❝❡
✹✳✶ ❙②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s
❚❤❡ s②♥t❛① ♦❢ t❤❡ ▲✐❣❤t ❍✐❣❤❡r✲❖r❞❡r π✲❝❛❧❝✉❧✉s ✇✐t❤ P❛ss✐✈❛t✐♦♥ ✭❍❖P✮ ✐s
❣✐✈❡♥ ❜❡❧♦✇✳ ❲✐t❤♦✉t r❡str✐❝t✐♦♥✱ ✐t ✐s ♥♦ ❧♦♥❣❡r ♣♦ss✐❜❧❡ t♦ ❝♦♠♣♦s✐t✐♦♥❛❧❧②
❡♥❝♦❞❡ ❝❤♦✐❝❡ ✭✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ ❛ s✐♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡✮✱ s♦ ✇❡ ❛❞❞ t❤✐s ♦♣❡r❛t♦r t♦ t❤❡ ❝❛❧❝✉❧✉s✳
P ::= 0 | X | P | P | l.P | a(X)P | a〈P 〉P | a[P ] | !P | P + P
❚❤❡ ▲❚❙ s❡♠❛♥t✐❝s ❜❡❝♦♠❡s s✐♠♣❧❡r s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ✇♦rr② ❛❜♦✉t
s❝♦♣❡ ❡①tr✉s✐♦♥✿ ❝♦♥❝r❡t✐♦♥s ❛r❡ ♥♦✇ s✐♠♣❧② ✇r✐tt❡♥ 〈R〉S✳ Ps❡✉❞♦✲❛♣♣❧✐❝❛t✐♦♥
• ❜❡t✇❡❡♥ ❛♥ ❛❜str❛❝t✐♦♥ F = (X)P ❛♥❞ ❛ ❝♦♥❝r❡t✐♦♥ C = 〈R〉Q ❜❡❝♦♠❡s✿
(X)P • 〈R〉Q
∆
= P{R/X} | Q
❍♦✇❡✈❡r ✇❡ ❤❛✈❡ t♦ ❣✐✈❡ r✉❧❡s ❢♦r t❤❡ ❛❞❞❡❞ ❝❤♦✐❝❡ ♦♣❡r❛t♦r✳ ❘✉❧❡s ♦❢ t❤❡ ▲❚❙
❛r❡ ❣✐✈❡♥ ❋✐❣✉r❡ ✻✱ ❡①❝❡♣t s②♠♠❡tr✐❝ r✉❧❡s ❢♦r ▲❚❙✲P❛r✱ ▲❚❙✲❋❖✱ ▲❚❙✲❍❖
❛♥❞ ▲❚❙✲❙✉♠✳ ❚❤❡ str✉❝t✉r❛❧ ❝♦♥❣r✉❡♥❝❡ r✉❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❋✐❣✉r❡ ✺✳
✹✳✷ ❇❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ❛♥❞ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥s
❲❡ ✜rst ♠♦❞✐❢② t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡✱ s✐♥❝❡ ♥❛♠❡ r❡str✐❝t✐♦♥ ♠❛② ♥♦ ❧♦♥❣❡r
❤✐❞❡ ♦❜s❡r✈❛❜❧❡s✳ ❲❡ ❛❧s♦ ❛❞❞ r❡♣❧✐❝❛t✐♦♥ ❛♥❞ ❝❤♦✐❝❡ t♦ ❡✈♦❧✉t✐♦♥ ❝♦♥t❡①ts✳ ❚❤❡
s②♥t❛① ♦❢ ❍❖P ❡✈♦❧✉t✐♦♥ ❝♦♥t❡①ts ✐s✿
G ::= ✷ | G | P | P | G | a[G] | !G | G + P | P + G
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ str♦♥❣ ♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡ ❜❡❝♦♠❡s✿
❉❡✜♥✐t✐♦♥ ✶✽✳ ❋♦r ❛❧❧ ✜rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ n✱ ✇❡ ❞❡✜♥❡ t❤❡ str♦♥❣
♦❜s❡r✈❛❜✐❧✐t② ♣r❡❞✐❝❛t❡s P ↓µ✱ ✇✐t❤ µ = n | n✱ ❛s ❢♦❧❧♦✇s✿
❼ ❲❡ ❤❛✈❡ P ↓a ✐✛ P = G{a〈Q〉R} ♦r P = G{a[Q]}✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✷✾
l.P
l
−→ P ▲❚❙✲Pr❡❢✐① a(X)P
a
−→ (X)P ▲❚❙✲❆❜str
a〈Q〉P
a
−→ 〈Q〉P ▲❚❙✲❈♦♥❝r
P
α
−→ A
P | Q
α
−→ A | Q
▲❚❙✲P❛r
P
α
−→ A
P + Q
α
−→ A
▲❚❙✲❙✉♠
P
α
−→ A
!P
a
−→ A |!P
▲❚❙✲❘❡♣❧✐❝
P
a
−→ F P
a
−→ C
!P
τ
−→ F • C |!P
▲❚❙✲❘❡♣❧✐❝✲❍❖
P
m
−→ P1 P
m
−→ P2
!P
τ
−→ P1 | P2 |!P
▲❚❙✲❘❡♣❧✐❝✲❋❖
P
m
−→ P ′ Q
m
−→ Q′
P | Q
τ
−→ P ′ | Q′
▲❚❙✲❋❖
P
a
−→ F Q
a
−→ C
P | Q
τ
−→ F • C
▲❚❙✲❍❖
P
α
−→ A
a[P ]
α
−→ a[A]
▲❚❙✲▲♦❝ a[P ]
a
−→ 〈P 〉0 ▲❚❙✲P❛ss✐✈
❋✐❣✉r❡ ✻✿ ❍❖P✿ ▲❛❜❡❧❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠
❘❘ ♥➦ ✻✻✻✹
✸✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ ❲❡ ❤❛✈❡ P ↓a ✐✛ P = G{a(X)Q}✳
❼ ❲❡ ❤❛✈❡ P ↓m ✐✛ P = G{m.Q}✳
❼ ❲❡ ❤❛✈❡ P ↓m ✐✛ P = G{m.Q}✳
❊✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E ✐♥ ❍❖P ❤❛✈❡ t❤❡ s❛♠❡ ❢♦r♠ ❛s t❤♦s❡ ✐♥ ❍❖πP✳ ❚❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ str♦♥❣ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥❝❡ ✐s s✐♠✐❧❛r t♦ ❉❡✜♥✐t✐♦♥ ✸✳ ❲❡ ❝♦♥t✐♥✉❡
t♦ ✇r✐t❡ P ∼b Q t♦ ❞❡♥♦t❡ t❤❛t ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣ ❜❛r❜❡❞ ❝♦♥❣r✉❡♥t✳
❲❡ ♥♦✇ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❜✐s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ❜❛r❜❡❞ ❝♦♥✲
❣r✉❡♥❝❡✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✐♥ t❤❡ ❝♦♥❝r❡t✐♦♥ ❝❛s❡ ♣❛ss✐✈❛t✐♦♥ ♠❛②
♣✉t t❤❡ ♠❡ss❛❣❡ ❛♥❞ ✐ts ❝♦♥t✐♥✉❛t✐♦♥ ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✳ ❍♦✇❡✈❡r s✐♥❝❡ ♥❛♠❡
r❡str✐❝t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✱ t❤❡② ♠❛② ♥♦t s❤❛r❡ ♣r✐✈❛t❡ ❝❤❛♥♥❡❧s✳ ■♥st❡❛❞ ♦❢
❦❡❡♣✐♥❣ ♠❡ss❛❣❡ ❛♥❞ ❝♦♥t✐♥✉❛t✐♦♥ t♦❣❡t❤❡r✱ ✇❡ ❝❛♥ ♥♦✇ st✉❞② t❤❡♠ s❡♣❛r❛t❡❧②
❛♥❞ st✐❧❧ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❜✐s✐♠✐❧❛r✐t②✳ ❲❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐s✐♠✉❧❛t✐♦♥✱
s✐♠✐❧❛r t♦ t❤❡ ❤✐❣❤❡r✲♦r❞❡r ❜✐s✐♠✉❧❛t✐♦♥ ❣✐✈❡♥ ❜② ❚❤♦♠s❡♥ ❢♦r P❧❛✐♥ ❈❍❖❈❙
❬✶✼❪✳ ❋♦r ❛♥ ❛❜str❛❝t✐♦♥ F = (X)P ❛♥❞ ❛ ♣r♦❝❡ss R✱ ✇❡ ✇r✐t❡ F ◦ R ❢♦r
P{R/X}✳
❉❡✜♥✐t✐♦♥ ✶✾✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛♥ ❡❛r❧② str♦♥❣ ❍❖ s✐♠✉✲
❧❛t✐♦♥ ✐✛ P R Q ✐♠♣❧✐❡s✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′
❛♥❞ F ◦ R R F ′ ◦ R✳
❼ ❋♦r ❛❧❧ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t Q
a
−→ 〈R′〉S′✱ R R R′✱
S R S′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛♥ ❡❛r❧② str♦♥❣ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❡❛r❧② str♦♥❣
❝♦♥t❡①t s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❡❛r❧② ❍❖ ❜✐s✐♠✲
✐❧❛r✱ ♥♦t❡❞ P
.
∼ Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡❛r❧② str♦♥❣ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t
P R Q✳
❲❡ ♥♦t✐❝❡ t❤❛t t❤✐s ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❡❛s✐❡r t♦ ✉s❡ t❤❛♥ t❤❡ ❝♦♥t❡①t s✐♠✉❧❛✲
t✐♦♥ ❢♦r ❍❖πP s✐♥❝❡ ❛ t❡st ♦♥ ❛❧❧ ♣r♦❝❡ss❡s ✐s ♣❡r❢♦r♠❡❞ ♦♥❧② ✐♥ t❤❡ ❛❜str❛❝t✐♦♥
❝❛s❡✳ ❚❤✐s ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜❛r❜❡❞ ❜✐s✐♠✉❧❛t✐♦♥✳ ❋✐rst✱
t❤❡ r❡❧❛t✐♦♥ ✐s s♦✉♥❞✿
❚❤❡♦r❡♠ ✹✳ ❚❤❡ ❡❛r❧② str♦♥❣ ❍❖ ❜✐s✐♠✐❧❛r✐t②
.
∼ ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳
❋♦r t❤❡ ♣r♦♦❢✱ ✇❡ ✉s❡ t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s t❡❝❤♥✐q✉❡ ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✳ ❙❡❡
❆♣♣❡♥❞✐① ❉ ❢♦r ❞❡t❛✐❧s✳
❚❤❡ ❡❛r❧② str♦♥❣ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛❧s♦ ❝♦♠♣❧❡t❡✿
❚❤❡♦r❡♠ ✺✳ ❋♦r ❛❧❧ P,Q✱ ✐❢ P ∼b Q t❤❡♥ P
.
∼ Q✳
❲❡ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❛s ❢♦r ❍❖πP✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐①
❊✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛❧s♦ ✉s❡ t❤❡ ❧❛t❡ ❝♦✉♥t❡r♣❛rt ♦❢ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥✱ ❣✐✈❡♥
❜❡❧♦✇✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✸✶
❉❡✜♥✐t✐♦♥ ✷✵✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ❧❛t❡ str♦♥❣ ❍❖ s✐♠✉❧❛t✐♦♥
✐✛ P R Q ✐♠♣❧✐❡s✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞
♣r♦❝❡ss❡s R✱ F ◦ R R F ′ ◦ R✳
❼ ❋♦r ❛❧❧ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t Q
a
−→ 〈R′〉S′ ❛♥❞ R R R′
❛♥❞ S R S′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❧❛t❡ str♦♥❣ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❧❛t❡ str♦♥❣
❍❖ s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ str♦♥❣❧② ❧❛t❡ ❍❖ ❜✐s✐♠✐❧❛r✱
♥♦t❡❞ P
.
∼l Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛ ❧❛t❡ str♦♥❣ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❲❡ s❤♦✇ ❧❛t❡r t❤❛t ❡❛r❧② ❛♥❞ ❧❛t❡ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥s ❝♦✐♥❝✐❞❡✳ ❈♦♥s❡q✉❡♥t❧②
t❤❡ ✭s✐♠♣❧❡r✮ ❧❛t❡ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❧s♦ s✉✐t❛❜❧❡ t♦ ♣r♦✈❡ ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢
♣r♦❝❡ss❡s✳
❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ ✇❡❛❦ ❜✐s✐♠✉❧❛t✐♦♥s✳ ❲❡
❞❡✜♥❡ ✇❡❛❦ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿
❉❡✜♥✐t✐♦♥ ✷✶✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛♥ ❡❛r❧② ✇❡❛❦ ❍❖ s✐♠✉❧❛t✐♦♥
✐✛ P R Q ✐♠♣❧✐❡s✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤ t❤❛t
Q
a
=⇒ F ′✱ F ′ ◦ R
τ
=⇒ Q′✱ ❛♥❞ F ◦ R R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′′, S′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R R R′✱ ❛♥❞ S R S′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛♥ ❡❛r❧② ✇❡❛❦ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❡❛r❧② ✇❡❛❦
❍❖ s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ✇❡❛❦❧② ❡❛r❧② ❍❖ ❜✐s✐♠✐❧❛r✱
♥♦t❡❞ P
.
≈ Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡❛r❧② ✇❡❛❦ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❉❡✜♥✐t✐♦♥ ✷✷✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ❧❛t❡ ✇❡❛❦ ❍❖ s✐♠✉❧❛t✐♦♥
✐✛ P R Q ✐♠♣❧✐❡s✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
=⇒ F ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞
♣r♦❝❡ss❡s R✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t F ′ ◦ R
τ
=⇒ Q′ ❛♥❞ F ◦ R R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′′, S′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R R R′✱ ❛♥❞ S R S′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ❧❛t❡ ✇❡❛❦ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ❧❛t❡ ✇❡❛❦ ❝♦♥t❡①t
s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ✇❡❛❦❧② ❧❛t❡ ❍❖ ❜✐s✐♠✐❧❛r✱ ♥♦t❡❞
P
.
≈ Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛ ❧❛t❡ ✇❡❛❦ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❘❘ ♥➦ ✻✻✻✹
✸✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❆s ✐♥ t❤❡ str♦♥❣ ❝❛s❡✱ ✇❡ ❤❛✈❡✿
❚❤❡♦r❡♠ ✻✳ ❚❤❡ ❡❛r❧② ❛♥❞ ❧❛t❡ ✇❡❛❦ ❍❖ ❜✐s✐♠✐❧❛r✐t✐❡s ❛r❡ s♦✉♥❞✳
❚❤❡ ❍♦✇❡✬s ♠❡t❤♦❞ ✐s ✉s❡❞ ❢♦r ❜♦t❤ ♣r♦♦❢s✳ ❲❡ ♦♥❧② ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r t❤❡
❡❛r❧② ✈❡rs✐♦♥ ✐♥ ❆♣♣❡♥❞✐① ❉✳✷❀ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❢♦r t❤❡ ❧❛t❡ ✈❡rs✐♦♥✳ ■♥ t❤✐s
♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ ✐♥♣✉t✲❡❛r❧② ❛♥❞ ❡❛r❧② ❞❡✜♥✐t✐♦♥s ❛r❡ t❤❡ s❛♠❡✱ ❛♥❞ s✐♥❝❡
❍♦✇❡✬s ♠❡t❤♦❞ ✇♦r❦s ✇✐t❤ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥✱ ✐t ✇♦r❦s ✇✐t❤ t❤✐s ♦♥❡✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ♥♦♥✲❞❡❧❛②✱ ❤♦✇❡✈❡r ❍♦✇❡✬s ♠❡t❤♦❞ st✐❧❧ ✇♦r❦s ❜❡❝❛✉s❡ ♦❢ t❤❡
s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ❝♦♥❝r❡t✐♦♥ ❝❛s❡✳
❲❡ ❛❧s♦ ❤❛✈❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❡❛r❧② ✈❡rs✐♦♥ ♦♥ ✐♠❛❣❡✲✜♥✐t❡ ♣r♦❝❡ss❡s✿
❉❡✜♥✐t✐♦♥ ✷✸✳ ❆ ♣r♦❝❡ss P ✐s ✐♠❛❣❡ ✜♥✐t❡ ✐✛✿
❼ ❋♦r ❛❧❧ ✜rst✲♦r❞❡r ❧❛❜❡❧ l✱ t❤❡ s❡t {Pi|P
l
=⇒ Pi} ✐s ✜♥✐t❡✳
❼ ❋♦r ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ a✱ t❤❡ s❡t {Fi|P
a
=⇒ Fi} ✐s ✜♥✐t❡ ❛♥❞ ❢♦r ❛❧❧ Fi
✐♥ t❤✐s s❡t ❛♥❞ ❛❧❧ ♣r♦❝❡ss R✱ t❤❡ s❡t {Pi|Fi ◦ R
τ
=⇒ Pi} ✐s ❛❧s♦ ✜♥✐t❡✳
❼ ❋♦r ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ a✱ t❤❡ s❡t {Ci|P
a
=⇒ Ci} ✐s ✜♥✐t❡ ❛♥❞ ❢♦r ❛❧❧
Ci = 〈Ri〉Si ✐♥ t❤✐s s❡t✱ t❤❡ s❡t {S
′
i|Si
τ
=⇒ S′i} ✐s ❛❧s♦ ✜♥✐t❡✳
❚❤❡♦r❡♠ ✼✳ ❚❤❡ ❡❛r❧② ✇❡❛❦ ❍❖ ❜✐s✐♠✐❧❛r✐t② ✐s ❝♦♠♣❧❡t❡ ♦♥ ✐♠❛❣❡✲✜♥✐t❡ ♣r♦✲
❝❡ss❡s✳
❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❊✳ ❚❤❡ r❡str✐❝t✐♦♥ t♦
✐♠❛❣❡✲✜♥✐t❡ ♣r♦❝❡ss❡s ✐s ❝❧❛ss✐❝❛❧ ✐♥ ♣r♦❝❡ss ❝❛❧❝✉❧✐ ✭❡✳❣✳ ✐♥ t❤❡ π✲❝❛❧❝✉❧✉s ❬✶✺❪✮✳
❖t❤❡r✇✐s❡✱ t❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ str♦♥❣ ❝❛s❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✲
✐♥❣✱ ✇❡ s❤♦✇ t❤❛t ❧❛t❡ ❛♥❞ ❡❛r❧② ✈❡rs✐♦♥ ❝♦✐♥❝✐❞❡✱ ❤❡♥❝❡ t❤❡ ❧❛t❡ ✇❡❛❦ ❝♦♥t❡①t
❜✐s✐♠✉❧❛t✐♦♥ ✐s ❛❧s♦ ❝♦♠♣❧❡t❡ ♦♥ ✐♠❛❣❡✲✜♥✐t❡ ♣r♦❝❡ss❡s✳
❚❤❡ ❍❖ ❜✐s✐♠✉❧❛t✐♦♥s ❞❡✜♥✐t✐♦♥s ❛r❡ s✐♠♣❧❡r t❤❛♥ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥s ✐♥
❍❖πP s✐♥❝❡ t❤❡② ❞♦ ♥♦t ❢❡❛t✉r❡s ❛♥② ❛❞❞✐t✐♦♥❛❧ ❝♦♥t❡①ts ❛♥❞ r❡q✉✐r❡ t❡sts ✐♥
t❤❡ ❛❜str❛❝t✐♦♥ ❝❛s❡ ♦♥❧②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤✐s r❡♠❛✐♥✐♥❣
✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r②✳
✹✳✸ ◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❡st✐♥❣ ♦♥❡ ♣r♦❝❡ss ✐s ❡♥♦✉❣❤ ✐♥ t❤❡ ❛❜str❛❝t✐♦♥
❝❛s❡ ❛♥❞ ✇❡ ❞❡✜♥❡ ❛ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❜✐s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ✉♥✐✈❡rs❛❧
q✉❛♥t✐✜❝❛t✐♦♥✱ s✐♠✐❧❛r t♦ ❙❛♥❣✐♦r❣✐✬s ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥✳
■♥ ❍❖π✱ t❡st✐♥❣ ❛❜str❛❝t✐♦♥s (X)P ❛♥❞ (X)Q ✇✐t❤ ❛ tr✐❣❣❡r m.0 ✭✇❤❡r❡ m
❞♦❡s ♥♦t ♦❝❝✉r ✐♥ P,Q✮ ✐s ❡♥♦✉❣❤ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✿ ✐❢ P{m.0/X}
❛♥❞ Q{m.0/X} ❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ t❤❡♥ ❢♦r ❛❧❧ R✱ P{R/X} ❛♥❞ Q{R/X}
❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✳ ❲❡ ✜rst s❤♦✇ t❤❛t t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ❍❖P✳
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡ss❡s✿
P1 =!a[X] |!a〈0〉0 Q1 = P1 | X
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✸✸
❲❡ ❤❛✈❡ P1{m.0/X}
.
∼ Q1{m.0/X}✱ ❜✉t P1{m.n.0/X} ❛♥❞ Q1{m.n.0/X}
✭✇❤❡r❡ m,n ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✮ ❛r❡ ♥♦t str♦♥❣ ❍❖ ❜✐s✐♠✐❧❛r✱ ✐✳❡✳ ✇❡ ❤❛✈❡
❢♦✉♥❞ ❛ ♣r♦❝❡ss R s✉❝❤ t❤❛t P{R/X} ❛♥❞ Q{R/X} ❛r❡ ♥♦t str♦♥❣ ❍❖ ❜✐s✐♠✐✲
❧❛r✳
❲❡ ✜rst ❣✐✈❡ t❤❡ ✐❞❡❛ ✇❤② Pm = P1{m.0/X} ❛♥❞ Qm = Q1{m.0/X} =
m.0 | Pm ❛r❡ ❍❖ ❜✐s✐♠✐❧❛r✳ ❆❧❧ tr❛♥s✐t✐♦♥s ❢r♦♠ Pm ❛r❡ ❡❛s✐❧② ♠❛t❝❤❡❞ ❜②
Qm✱ ❛♥❞ r❡❝✐♣r♦❝❛❧❧② ❢♦r Qm✱ ❡①❝❡♣t ❢♦r tr❛♥s✐t✐♦♥ Qm
m
−→≡ Pm✳ ■t ❝❛♥ ♦♥❧②
❜❡ ♠❛t❝❤❡❞ ❜② Pm
m
−→ a[0] | Pm = P
′
m✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t Pm ❛♥❞ P
′
m ❛r❡
❍❖ ❜✐s✐♠✐❧❛r✳ ❲❡ ❥✉st ❤❛✈❡ t♦ ❝❤❡❝❦ ♣❛ss✐✈❛t✐♦♥ ♦♥ a✱ ✐✳❡✳ tr❛♥s✐t✐♦♥ P ′m
a
−→
〈0〉Pm✳ ■t ✐s ❝❧❡❛r❧② ♠❛t❝❤❡❞ ❜② ♠❡ss❛❣❡ s❡♥❞✐♥❣ ♦♥ a ✐♥ Pm✱ ✐✳❡✳ Pm
a
−→ 〈0〉Pm✳
❈♦♥s❡q✉❡♥t❧② Pm ❛♥❞ Qm ❛r❡ ❡❛r❧② str♦♥❣ ❍❖ ❜✐s✐♠✐❧❛r✳
❍♦✇❡✈❡r Pm,n = P1{m.n.0/X} ❛♥❞ Qm,n = Q1{m.n.0/X} ❛r❡ ♥♦t str♦♥❣
❍❖ ❜✐s✐♠✐❧❛r✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ tr❛♥s✐t✐♦♥ Qm,n
m
−→ n.0 | Pm,n = Q
′
m,n✱ ✇❤✐❝❤
❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② ❛ tr❛♥s✐t✐♦♥ Pm,n
m
−→ a[n.0] | Pm,n = P
′
m,n✳ P❛ss✐✈❛✲
t✐♦♥ ♦❢ a ✐♥ P ′m,n✱ ✐✳❡✳ tr❛♥s✐t✐♦♥ P
′
m,n
a
−→ 〈n.0〉Pm,n✱ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
Q′m,n
a
−→ 〈m.n.0〉Q′m,n ♦r Q
′
m,n
a
−→ 〈0〉Q′m,n✳ ❙✐♥❝❡ n.0 6
.
∼ m.n.0 ❛♥❞ n.0 6
.
∼ 0✱
P ′m,n ❛♥❞ Q
′
m,n ✭❛♥❞ ❝♦♥s❡q✉❡♥t❧② Pm,n ❛♥❞ Qm,n✮ ❛r❡ ♥♦t str♦♥❣ ❍❖ ❜✐s✐♠✐❧❛r✳
■♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ ❛ ♣r♦❝❡ss m.0 ✐s ♥♦t ❡♥♦✉❣❤ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥
♣r♦❝❡ss ✈❛r✐❛❜❧❡s ✐♥s✐❞❡ ❛♥❞ ♦✉ts✐❞❡ ❛ ❧♦❝❛❧✐t②✿ ❛
m
−→ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ♣r♦❝❡ss
m.0 ✐♥ ❛ ❧♦❝❛❧✐t② ❝❛♥ ❜❡ ♠❛t❝❤❡❞ ❜② ❛
m
−→ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ m.0 ♦✉ts✐❞❡ ❛♥②
❧♦❝❛❧✐t②✳ ❚❤✐s ❞✐st✐♥❝t✐♦♥✱ ❤♦✇❡✈❡r✱ ❜❡❝♦♠❡s ♣♦ss✐❜❧❡ ✇✐t❤ ❛ ♣r♦❝❡ss m.n.0✳
❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ P{m.n.0/X} ❍❖ ❜✐s✐♠✐❧❛r t♦ Q{m.n.0/X}✱ ✇✐t❤ m,n ♥♦t
♦❝❝✉rr✐♥❣ ✐♥ P,Q✳ ❆
m
−→ tr❛♥s✐t✐♦♥ ✐♥ P ✐s ♠❛t❝❤❡❞ ❜② ❛
m
−→ tr❛♥s✐t✐♦♥ ✐♥
Q✿ t❤❡ t✇♦ r❡s✉❧t✐♥❣ ♣r♦❝❡ss❡s P ′, Q′ ♠❛② ♥♦✇ ♣❡r❢♦r♠ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡
n
−→
tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ♣r♦❝❡ss n.0 ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✳ ■❢ t❤❡ ♣r♦❝❡ss n.0 ✐s ✐♥ ❛
❧♦❝❛❧✐t② a ✐♥ P ′✱ t❤❡♥ ✐t ❝❛♥ ❜❡ s❡♥❞ ✐♥ ❛ ♠❡ss❛❣❡ ♦♥ a ❛❢t❡r ❛ ♣❛ss✐✈❛t✐♦♥✳ ❚❤❡
♣r♦❝❡ss Q′ ❤❛s t♦ ♠❛t❝❤ ✇✐t❤ ❛ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ♦♥ a❀ s✐♥❝❡ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡
♠❡ss❛❣❡s ❛r❡ ♣❛✐r✇✐s❡ ❍❖ ❜✐s✐♠✐❧❛r✱ t❤❡ ♠❡ss❛❣❡ ❢r♦♠ Q′ ❤❛s t♦ ❝♦♥t❛✐♥ n.0✳
❈♦♥s❡q✉❡♥t❧② t❤❡ ♦♥❧② ♦❝❝✉rr❡♥❝❡ ♦❢ n.0 ✇❛s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t ✐♥ Q′ ❛♥❞
♠❛② ❜❡ s❡♥t ✐♥ ❛ ♠❡ss❛❣❡ ♦♥ a✿ ✐t ✐s ♣♦ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n.0 ✐s ✐♥ ❛ ❧♦❝❛❧✐t② a✳
❚♦ s✉♠♠❛r✐③❡✱ ✇❤❡♥ ❛ ♣r♦❝❡ss m.n.0 ✐♥ ❛ ❧♦❝❛❧✐t② ♣❡r❢♦r♠s ❛
m
−→ tr❛♥s✐t✐♦♥✱
✐t ❤❛s t♦ ❜❡ ♠❛t❝❤❡❞ ❜② ❛ ♣r♦❝❡ss m.n.0 ✐♥ ❛ ❧♦❝❛❧✐t② ✇✐t❤ t❤❡ s❛♠❡ ♥❛♠❡✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✐❢ ❛ ♣r♦❝❡ss m.n.0 ✐♥ P ♣❡r❢♦r♠s ❛
m
−→ tr❛♥s✐t✐♦♥ ❛♥❞ ✐s ♠❛t❝❤❡❞ ❜② ❛
♣r♦❝❡ss m.n.0 ✐♥ Q✱ t❤❡♥ t❤❡ ❧♦❝❛❧✐t② ❤✐❡r❛r❝❤✐❡s ❛r♦✉♥❞ m.n.0 ✐♥ P ❛♥❞ Q ❛r❡
t❤❡ s❛♠❡✳ ❚❤✐s r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡♠♠❛✿
▲❡♠♠❛ ✺ ✭❉❡❝♦♠♣♦s✐t✐♦♥✮✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆
{X} ❛♥❞ m,n t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ■❢ P{m.n.0/X}
.
∼l
Q{m.n.0/X} ❛♥❞ P{m.n.0/X}
m
−→ P ′{m.n.0/X}{n.0/Xi} = Pn✱ t❤❡♥ t❤❡r❡
❡①✐sts Q′ s✉❝❤ t❤❛t Q{m.n.0/X}
m
−→ Q′{m.n.0/X}{n.0/Xj} = Qn ❛♥❞ Pn
.
∼l
Qn ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜✐s✐♠✉❧❛t✐♦♥✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❛s❡s✿
❘❘ ♥➦ ✻✻✻✹
✸✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ ❚❤❡r❡ ❡①✐sts P1, Q1 s✉❝❤ t❤❛t Pn = n.0 | P1✱ Qn = n.0 | Q1 ✇✐t❤ P1
.
∼l Q1✳
❼ ❚❤❡r❡ ❡①✐sts a1, . . . ak✱ P1 . . . Pk+1✱ Q1 . . . Qk+1 s✉❝❤ t❤❛t
Pn = a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1
❛♥❞
Qn = a1[. . . ak−1[ak[n.0 | Qk+1] | Qk] | Qk−1 . . .] | Q1
❛♥❞ ❢♦r ❛❧❧ 1 ≤ j ≤ k + 1✱ Pj
.
∼l Qj✳
❚❤❡ ❧❡♠♠❛ ❣✐✈❡s s❡✈❡r❛❧ r❡s✉❧ts ♦♥ t✇♦ ♠❛t❝❤✐♥❣ tr❛♥s✐t✐♦♥s P{m.n.0/X}
m
−→
Pn ❛♥❞ Q{m.n.0/X}
m
−→ Qn✿
❼ ❚❤❡ r❡s✉❧t✐♥❣ n.0 ✐s ♦♥❧② ✉♥❞❡r ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❧♦❝❛❧✐t✐❡s ✭❛♥❞
♥♦t ✉♥❞❡r r❡♣❧✐❝❛t✐♦♥ ♦r ❝❤♦✐❝❡ ♦♣❡r❛t♦rs✮ ✐♥ Pn, Qn✳
❼ ■❢ n.0 ✐s ♥♦t ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ✐♥ Pn✱ ✐t ✐s ♥♦t ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ✐♥ Qn ❛♥❞
t❤❡ ♣r♦❝❡ss❡s ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ n.0 ✐♥ Pn, Qn ❛r❡ ❜✐s✐♠✐❧❛r✳
❼ ■❢ n.0 ✐s ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ❤✐❡r❛r❝❤② a1, . . . ak ✐♥ Pn✱ t❤❡♥ ✐t ✐s ✉♥❞❡r t❤❡
s❛♠❡ ❧♦❝❛❧✐t② ❤✐❡r❛r❝❤② ✐♥ Qn✱ ❛♥❞ t❤❡ ❧♦❝❛❧✐t② ♣r♦❝❡ss ❜♦❞✐❡s P1, . . . Pk+1✱
Q1, . . . Qk+1 ❛r❡ ♣❛✐r✇✐s❡ ❜✐s✐♠✐❧❛r✳
❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❤❛✈❡ P{n.0/X} = a[b[n.0 | P3] | P2] | P1✱ t❤❡♥ ✇❡ ❤❛✈❡
Q{n.0/X} = a[b[n.0 | Q3] | Q2] | Q1 ✇✐t❤ P1
.
∼l Q1✱ P2
.
∼l Q2✱ P3
.
∼l Q3✳ ❚❤❡
♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❋✳
❋r♦♠ t❤✐s ❧❡♠♠❛✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❡st✐♥❣ ❛❜str❛❝t✐♦♥s ✇✐t❤ m.n.0 ✐s
❡♥♦✉❣❤✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✽✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ■❢ P{m.n.0/X}
.
∼l Q{m.n.0/X}✱ t❤❡♥
❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ ✇❡ ❤❛✈❡ P{R/X}
.
∼l Q{R/X}
Pr♦♦❢✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ ❝♦♠♣❧❡t❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❆♣♣❡♥❞✐① ❋✳ ❲❡ ❞❡✜♥❡
R= {(P{R/X}, Q{R/X}), P{m.n.0/X}
.
∼l Q{m.n.0/X},m, n ♥♦t ✐♥ P,Q}
❛♥❞ s❤♦✇ t❤❛t R ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ❝❛s❡ ❛♥❛❧②s✐s ♦♥
t❤❡ tr❛♥s✐t✐♦♥ ♣❡r❢♦r♠❡❞ ❜② P{R/X}✳ ❲❡ ❜r✐❡✢② ❣✐✈❡ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡
✇❤❡♥ ❛ ❝♦♣② ♦❢ R ✭❛t ♣♦s✐t✐♦♥ Xi ✐♥ P ✮ ♣❡r❢♦r♠s ❛ tr❛♥s✐t✐♦♥ R
l
−→ R′ ✭✇❡ ❤❛✈❡
P{R/X}
l
−→ P ′{R/X}{R′/Xi}✮✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥
❢r♦♠ Q{R/X} ✇❤✐❝❤ st❛②s ✐♥ t❤❡ r❡❧❛t✐♦♥ R✳
■♥ t❤✐s ❝❛s❡✱ Xi ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ s♦ ✇❡ ❤❛✈❡ P{m.n.0/X}
m
−→
P ′{m.n.0/X}{n.0/Xi}✳ ❇② ❜✐s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥
Q{m.n.0/X}
m
−→ Q′{m.n.0/X}{n.0/Xj} s✉❝❤ t❤❛t P ′{m.n.0/X}{n.0/Xi}
.
∼l
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✸✺
Q′{m.n.0/X}{n.0/Xj}✳ ❈♦♥s❡q✉❡♥t❧② Xj ✐s ❛❧s♦ ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ s♦
✇❡ ❤❛✈❡ Q{R/X}
l
−→ Q′{R/X}{R′/Xj}✳
❚❤❡ ▲❡♠♠❛ ✺ ❛❧❧♦✇s ✉s t♦ ❞❡❝♦♠♣♦s❡ P ′ ❛♥❞ Q′ ✐♥ ❧♦❝❛❧✐t✐❡s ❛♥❞ ♣❛r❛❧✲
❧❡❧ ❝♦♠♣♦s✐t✐♦♥s✱ ✇✐t❤ ♣❛✐r✇✐s❡ ❜✐s✐♠✐❧❛r ♣r♦❝❡ss❡s✳ ❋r♦♠ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥
❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t
.
∼l ✐s ❛ ❝♦♥❣r✉❡♥❝❡✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{R′/Xi}
.
∼l
Q′{m.n.0/X}{R′/Xj}✱ s♦ ✇❡ ❤❛✈❡ P ′{R/X}{R′/Xi} R Q′{R/X}{R′/Xj}✱
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❚❤❡ t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ❜✐s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ✉♥✐✈❡rs❛❧ q✉❛♥✲
t✐✜❝❛t✐♦♥✱ s✐♠✐❧❛r t♦ t❤❡ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ♦❢ ❙❛♥❣✐♦r❣✐✿
❉❡✜♥✐t✐♦♥ ✷✹✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ♥♦r♠❛❧ s✐♠✉❧❛t✐♦♥ ✐✛
P R Q ✐♠♣❧✐❡s✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ ❢♦r t✇♦ ♥❛♠❡s m,n
✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ ♣r♦❝❡ss❡s P,Q✱ ✇❡ ❤❛✈❡ F ◦ m.n.0 R F ′ ◦ R✳
❼ ❋♦r ❛❧❧ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t Q
a
−→ 〈R′〉S′✱ R R R′ ❛♥❞
S R S′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ♥♦r♠❛❧ s✐♠✉❧❛t✐♦♥s✳
❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✱ ♥♦t❡❞ P
.
∼n Q✱ ✐✛ t❤❡r❡
❡①✐sts ❛ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❆s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✽✱ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ❝♦✐♥❝✐❞❡s ✇✐t❤ ❧❛t❡ ❛♥❞
❡❛r❧② ❜✐s✐♠✉❧❛t✐♦♥s✳
❈♦r♦❧❧❛r② ✶✳
.
∼n=
.
∼=
.
∼l
Pr♦♦❢✳ ❚❤❡ ✐♥❝❧✉s✐♦♥s
.
∼l⊆
.
∼⊆
.
∼n ❛r❡ ❡❛s② ❜② ❞❡✜♥✐t✐♦♥✳ ❚❤❡ ✐♥❝❧✉s✐♦♥
.
∼n⊆
.
∼l
✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✽✳
❚❤❡s❡ r❡s✉❧ts ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ✇❡❛❦ ❝❛s❡✿
❚❤❡♦r❡♠ ✾✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ■❢ P{m.n.0/X}
.
≈l Q{m.n.0/X}✱ t❤❡♥
❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ ✇❡ ❤❛✈❡ P{R/X}
.
≈l Q{R/X}
❚❤❡ ♣r♦♦❢✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❋✳✷✱ ✐s s✐♠✐❧❛r t♦ t❤❡ str♦♥❣
❝❛s❡ ♦♥❡✱ ❡①❝❡♣t ❢♦r s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s t♦ ▲❡♠♠❛ ✺✳ ❲❡ ❞❡✜♥❡ ✇❡❛❦ ♥♦r♠❛❧
❜✐s✐♠✐❧❛r✐t② ❛s ❢♦❧❧♦✇s✿
❉❡✜♥✐t✐♦♥ ✷✺✳ ❆ r❡❧❛t✐♦♥ R ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✐s ❛ ✇❡❛❦ ♥♦r♠❛❧ s✐♠✉❧❛t✐♦♥
✐✛ P R Q ✐♠♣❧✐❡s✿
❼ ❋♦r ❛❧❧ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ R Q′✳
❘❘ ♥➦ ✻✻✻✹
✸✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ ❋♦r ❛❧❧ P
a
−→ F ✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
=⇒ F ′ ❛♥❞ ❢♦r t✇♦ ♥❛♠❡s
m,n ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ ♣r♦❝❡ss❡s P,Q✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t F ′ ◦
m.n.0
τ
=⇒ Q′ ❛♥❞ F ◦ m.n.0 R Q′✳
❼ ❋♦r ❛❧❧ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′′, S′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R R R′ ❛♥❞ S R S′✳
❆ r❡❧❛t✐♦♥ R ✐s ❛ ✇❡❛❦ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✐✛ R ❛♥❞ R−1 ❛r❡ ✇❡❛❦ ♥♦r♠❛❧
s✐♠✉❧❛t✐♦♥s✳ ❚✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P ❛♥❞ Q ❛r❡ ✇❡❛❦❧② ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✱ ♥♦t❡❞
P
.
≈n Q✱ ✐✛ t❤❡r❡ ❡①✐sts ❛ ✇❡❛❦ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ R s✉❝❤ t❤❛t P R Q✳
❆s ✐♥ t❤❡ str♦♥❣ ❝❛s❡✱ ✇❡ ❤❛✈❡
❈♦r♦❧❧❛r② ✷✳
.
≈n=
.
≈=
.
≈l
❍❡♥❝❡ ✐♥ ❍❖P✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ s✉✐t❛❜❧❡ ❜✐s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ✉♥✐✈❡rs❛❧
q✉❛♥t✐✜❝❛t✐♦♥✳ ❲❡ s❤♦✇ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t ❛❞❞✐♥❣ ❜❛❝❦ r❡str✐❝t✐♦♥ t♦ t❤❡
❝❛❧❝✉❧✉s ❢♦✐❧s t❤✐s ❛♣♣r♦❛❝❤✳
✺ ❆❜str❛❝t✐♦♥s ❡q✉✐✈❛❧❡♥❝❡ ✐♥ ❍❖πP
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❝♦✉♥t❡r✲❡①❛♠♣❧❡s t♦ s❤♦✇ t❤❛t ❛ s✐♠♣❧✐✜❝❛t✐♦♥ s✐♠✐❧❛r
t♦ t❤❡ ♦♥❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✸ ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ❍❖πP✳ ❲❡ ♣r♦✈❡ t❤❛t t❡st✐♥❣ ❧❛r❣❡
s✉❜✲❝❧❛ss❡s ♦❢ ♣r♦❝❡ss❡s ✭❛❜str❛❝t✐♦♥✲❢r❡❡ ❛♥❞ ✜♥✐t❡ ♣r♦❝❡ss❡s✮ ✐s ♥♦t ❡♥♦✉❣❤ t♦
❣✉❛r❛♥t❡❡ ❜✐s✐♠✐❧❛r✐t② ♦❢ ❛❜str❛❝t✐♦♥✳
✺✳✶ ❆❜str❛❝t✐♦♥✲❢r❡❡ ♣r♦❝❡ss❡s
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♦♠✐t t❤❡ tr❛✐❧✐♥❣ ♥✉❧❧ ♣r♦❝❡ss❡s t♦ ✐♠♣r♦✈❡ r❡❛❞❛❜✐❧✐t②❀ m
✐♥ ❛♥ ❛❣❡♥t ❞❡✜♥✐t✐♦♥ st❛♥❞s ❢♦r m.0✳ ❲❡ ❛❧s♦ ✇r✐t❡ νab.P ❢♦r νa.νb.P ✳ ▲❡t
0m
∆
= νx.x.m✳ Pr♦❝❡ss 0m ✐s ❜✐s✐♠✐❧❛r t♦ 0 ❡①❝❡♣t ✐t ❤❛s ❛ ❢r❡❡ ♥❛♠❡ m✳ ❲❡
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜str❛❝t✐♦♥s✿
(X)P
∆
= (X)νnb.(b[X | νm.a〈0m〉(m | n | m.m.p)] | n.b(Y )(Y | Y ))
(X)Q
∆
= (X)νmnb.(b[X | a〈0〉(m | n | m.m.p)] | n.b(Y )(Y | Y ))
❚❤❡ t✇♦ ❛❜str❛❝t✐♦♥s ❞✐✛❡r ✐♥ t❤❡ ♣r♦❝❡ss ❡♠✐tt❡❞ ♦♥ a ❛♥❞ ✐♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢
♥❛♠❡ r❡str✐❝t✐♦♥ ♦♥ m ✭✐♥s✐❞❡ ♦r ♦✉ts✐❞❡ ❤✐❞❞❡♥ ❧♦❝❛❧✐t② b✮✳ ❆♥ ❛❜str❛❝t✐♦♥✲❢r❡❡
♣r♦❝❡ss ✐s ❛ ♣r♦❝❡ss ❜✉✐❧t ✇✐t❤ t❤❡ r❡❣✉❧❛r ❍❖πP s②♥t❛① ♠✐♥✉s ♠❡ss❛❣❡ ✐♥♣✉t
a(X)P ✳
❲❡ r❡♠✐♥❞ t❤❛t ∼ ✐s t❤❡ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t② ✭❉❡✜♥✐t✐♦♥ ✶✸✮✳
▲❡♠♠❛ ✻✳ ▲❡t R ❜❡ ❛♥ ❛❜str❛❝t✐♦♥✲❢r❡❡ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡ P{R/X} ∼ Q{R/X}✳
❙✐♥❝❡ R ✐s ❛❜str❛❝t✐♦♥✲❢r❡❡✱ ✐t ❝❛♥♥♦t r❡❝❡✐✈❡ t❤❡ ♠❡ss❛❣❡ ❡♠✐tt❡❞ ❜② P ♦r
Q ♦♥ a✳ P❛ss✐✈❛t✐♦♥ ♦❢ ❤✐❞❞❡♥ ❧♦❝❛❧✐t② b ❛♥❞ tr❛♥s✐t✐♦♥s ❢r♦♠ R ✐♥ P{R/X} ❛r❡
t❤✉s ❡❛s✐❧② ♠❛t❝❤❡❞ ❜② t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥s ✐♥ Q{R/X}✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✸✼
▲❡t Pm,R = νnb.(b[R | m | n | m.m.p] | n.b(Y )(Y | Y ))✱ F ❜❡ ❛♥ ❛❜str❛❝t✐♦♥✱
❛♥❞ E ❜❡ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t s✉❝❤ t❤❛t m /∈ ❢♥(E, F )✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t
P{R/X}
a
−→ νm.〈0m〉Pm,R ✐s ♠❛t❝❤❡❞ ❜② Q{R/X}
a
−→ 〈0〉νm.Pm,R✱ ✐✳❡✳ t❤❛t
✇❡ ❤❛✈❡ νm.(F ◦ 0m | E{Pm,R}) ∼ F ◦ 0 | E{νm.Pm,R}✳ ❙✐♥❝❡ m /∈ ❢♥(E, F )✱
t❤❡r❡ ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ F, E ❛♥❞ Pm,R✱ ❛♥❞ t❤❡ ✐♥❡rt ♣r♦❝❡ss 0m ❞♦ ♥♦t
✐♥t❡r❢❡r❡ ❡✐t❤❡r✳ ❍❡♥❝❡ t❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❢r♦♠ νm.(F ◦ 0m | E{Pm,R})
❛r❡ ♦♥❧② ❢r♦♠ F, E✱ ❛♥❞ ✐♥t❡r♥❛❧ ❛❝t✐♦♥s ✐♥ Pm,R✱ ❛♥❞ ❛r❡ ♠❛t❝❤❡❞ ❜② t❤❡ s❛♠❡
tr❛♥s✐t✐♦♥s ✐♥ F ◦ 0 | E{νm.Pm,R}✳
❆❜str❛❝t✐♦♥s (X)P ❛♥❞ (X)Q ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦rs ✇✐t❤ ❛♥ ❛r❣✉✲
♠❡♥t ✇❤✐❝❤ ♠❛② r❡❝❡✐✈❡ ♦♥ a✱ ❧✐❦❡ a(Z)q✱ ✇❤❡r❡ q ✐s ❛ ✜rst✲♦r❞❡r ♥❛♠❡ s✉❝❤ t❤❛t
p 6= q✳ ❇② ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ a✱ ✇❡ ❤❛✈❡ Q{a(Z)q/X}
τ
−→ νmnb.(b[q | m | n |
m.m.p] | n.b(Y )(Y | Y )) = Q1✳ ❙✐♥❝❡ Q1 ♠❛② ♣❡r❢♦r♠ ❛
q
−→ tr❛♥s✐t✐♦♥✱ ✐t ❝❛♥
♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② P{a(Z)q/X}
τ
−→ νnb.(b[νm.(q | m | n | m.m.p)] | n.b(Y )(Y |
Y )) = P1✳ ◆♦t✐❝❡ t❤❛t ✐♥ P1✱ t❤❡ r❡str✐❝t✐♦♥ ♦♥ m r❡♠❛✐♥s ✐♥s✐❞❡ ❤✐❞❞❡♥ ❧♦❝❛❧✐t②
b✳
❆❢t❡r s②♥❝❤r♦♥✐s❛t✐♦♥ ♦♥ n ❛♥❞ ♣❛ss✐✈❛t✐♦♥ ♦♥ b✱ ✇❡ ❤❛✈❡ Q1(
τ
−→)2νmnb.(q |
q | m | m | m.m.p | m.m.p) = Q2 ✭♣r♦❝❡ss ✐♥s✐❞❡ b ✐♥ Q1 ✐s ❞✉♣❧✐❝❛t❡❞✮✳ ❆❢t❡r
❞♦✉❜❧❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ♦♥ m✱ ✇❡ ❤❛✈❡ Q2(
τ
−→)2νmnb.(q | q | p | m.m.p) = Q3✱
❛♥❞ Q3 ♠❛② ♣❡r❢♦r♠ ❛
p
−→ tr❛♥s✐t✐♦♥✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s ❝❛♥♥♦t ❜❡ ♠❛t❝❤❡❞ ❜②
P1✳ P❡r❢♦r♠✐♥❣ t❤❡ ❞✉♣❧✐❝❛t✐♦♥✱ ✇❡ ❤❛✈❡ P1(
τ
−→)2νnb.(νm.(q | m | m.m.p) |
νm.(q | m | m.m.p)) = P2✳ ❊❛❝❤ ❝♦♣✐❡❞ s✉❜✲♣r♦❝❡ss q | m | m.m.p ♦❢ P2 ❤❛s
✐ts ♦✇♥ ♣r✐✈❛t❡ ❝♦♣② ♦❢ m✱ ❛♥❞ ✇❡ ❝❛♥ ♥♦ ❧♦♥❣❡r ♣❡r❢♦r♠ ❛♥② tr❛♥s✐t✐♦♥ t♦ ❤❛✈❡
t❤❡ ♦❜s❡r✈❛❜❧❡ p✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s Q1(
τ
−→)4
p
−→ ❝❛♥♥♦t
❜❡ ♠❛t❝❤❡❞ ❜② P1✱ ❝♦♥s❡q✉❡♥t❧② Q1 ❛♥❞ P1 ✭❛♥❞ t❤❡r❡❢♦r❡ Q{a(Z)q/X} ❛♥❞
P{a(Z)q/X}✮ ❛r❡ ♥♦t ❜✐s✐♠✐❧❛r✳
❚❤✐s ❝♦✉♥t❡r✲❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❡st✐♥❣ ❛❜str❛❝t✐♦♥s ✇✐t❤ ❛❜str❛❝t✐♦♥✲❢r❡❡
♣r♦❝❡ss❡s ✭s✉❝❤ ❛s m.n.0✮ ✐s ♥♦t ❡♥♦✉❣❤ t♦ ♣♦t❡♥t✐❛❧❧② ❞✐st✐♥❣✉✐s❤ t❤❡♠✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ t♦ t❡st ❛❜str❛❝t✐♦♥s ✇✐t❤ ♣r♦❝❡ss❡s ✇❤✐❝❤ ♣❡r❢♦r♠s s♦♠❡ ❦✐♥❞
♦❢ ♠❡ss❛❣❡ ✐♥♣✉t✳ ◆♦t✐❝❡ t❤❛t t❤✐s ❝♦✉♥t❡r✲❡①❛♠♣❧❡ r❡❧✐❡s ♦♥ ❤♦✇ s❝♦♣❡ ❡①tr✉✲
s✐♦♥ ✐s ❤❛♥❞❧❡❞❀ ✐t r❡♠✐♥❞s t❤❡ ♦♥❡ ❣✐✈❡♥ t♦ ❡①♣❧❛✐♥ ✇❤② r❡str✐❝t✐♦♥ ❛♥❞ ❧♦❝❛❧✐t②
♦♣❡r❛t♦rs ❞♦ ♥♦t ✏str✉❝t✉r❛❧❧②✑ ❝♦♠♠✉t❡ ✭❙❡❝t✐♦♥ ✸✳✶✮✳ ❖t❤❡r s❝♦♣❡ ❡①tr✉s✐♦♥
s❡♠❛♥t✐❝s ✭❢♦r ✐♥st❛♥❝❡✱ ♥❛♠❡ r❡str✐❝t✐♦♥ ✐s ✉s❡❞ ❛s ❢r❡s❤ ♥❛♠❡ ❣❡♥❡r❛t♦r✱ ❛♥❞
✐s ❛❧✇❛②s ❡①tr✉❞❡❞ ♦✉ts✐❞❡ ❧♦❝❛❧✐t✐❡s✮ ♠❛❦❡ t❤✐s ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ❢❛✐❧✳ ■♥ t❤❡
♥❡①t s✉❜✲s❡❝t✐♦♥ ✇❡ ❣✐✈❡ ♦t❤❡r ❝♦✉♥t❡r✲❡①❛♠♣❧❡s ✇❤✐❝❤ ❞♦ ♥♦t r❡❧② ♦♥ s❝♦♣❡
❡①tr✉s✐♦♥✳
✺✳✷ ❋✐♥✐t❡ Pr♦❝❡ss❡s
❲❡ ❞❡✜♥❡ ✜♥✐t❡ ♣r♦❝❡ss❡s ❛s ❢♦❧❧♦✇s✿
❉❡✜♥✐t✐♦♥ ✷✻✳ ❆ ✜♥✐t❡ ♣r♦❝❡ss ✐s ❛ ❍❖πP ♣r♦❝❡ss ❜✉✐❧t ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠✲
♠❛r✿
PF ::= 0 | PF | PF | l.PF | νx.PF | a〈P 〉PF | a(X)PF | a[PF ]
❘❘ ♥➦ ✻✻✻✹
✸✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❘♦✉❣❤❧②✱ ✜♥✐t❡ ♣r♦❝❡ss❡s ❝❛♥♥♦t ✐♥✐t✐❛t❡ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s✳
◆♦t✐❝❡ t❤❛t ✐♥ ❛ ♠❡ss❛❣❡ ♦✉t♣✉t✱ t❤❡ ♠❡ss❛❣❡ ❞♦❡s ♥♦t ♠❛tt❡r ❛♥❞ ❝❛♥ ❜❡ ❛
r❡❣✉❧❛r ♣r♦❝❡ss✳ ❲❡ ❞♦ ♥♦t ❛❧❧♦✇ ♣r♦❝❡ss ✈❛r✐❛❜❧❡ X ✐♥ t❤❡ s②♥t❛①✱ ❤❡♥❝❡ ✜♥✐t❡
♣r♦❝❡ss ❡♥❝♦♠♣❛ss ♦♥❧② ♠❡ss❛❣❡ ✐♥♣✉ts a(X)PF ✇❤❡r❡ ❡✐t❤❡r X /∈ ❢✈(PF ) ♦r
✇❤❡r❡ X ❛♣♣❡❛rs ✐♥ ❡♠✐tt❡❞ ♠❡ss❛❣❡s ♦♥❧② ✭s✐♥❝❡ ❡♠✐tt❡❞ ♣r♦❝❡ss❡s ✐♥ ❛ ♠❡ss❛❣❡
♦✉t♣✉t ♠❛② ❜❡ ❛♥② ♣r♦❝❡ss✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♣r♦❝❡ss❡s r❡❝❡✐✈❡❞ ♦♥ ✐♥♣✉t ❝❛♥
♦♥❧② ❜❡ ♣❛ss❡❞ ❛r♦✉♥❞ ❜✉t ♥❡✈❡r ❛❝t✐✈❛t❡❞✳ ❲✐t❤ ✉♥r❡str✐❝t❡❞ ♠❡ss❛❣❡ ✐♥♣✉t✱
✇❡ ♠❛② ❡♥❝♦❞❡ r❡♣❧✐❝❛t✐♦♥ ✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✮ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈❡ ✐♥✜♥✐t❡
s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s✳
❲❡ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ t♦ ❛❧❧ ❛❣❡♥ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❛ ❝♦♥❝r❡t✐♦♥
νx̃.〈R〉S ✐s ✜♥✐t❡ ✐✛ S ✐s ✜♥✐t❡✳ ❆♥ ❛❜str❛❝t✐♦♥ (X)P ✐s ✜♥✐t❡ ✐✛ P ✐s ✜♥✐t❡✳ ❲❡
✇r✐t❡ AF t❤❡ s❡t ♦❢ ✜♥✐t❡ ❛❣❡♥ts✳ ❲❡ ❣✐✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ✜♥✐t❡ ❛❣❡♥ts✿
▲❡♠♠❛ ✼✳ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ❛❜str❛❝t✐♦♥✳ ❋♦r ❛❧❧ ❍❖πP ♣r♦❝❡ss❡s P ✱ t❤❡ ♣r♦❝❡ss
F ◦ P ✐s ✜♥✐t❡✳
▲❡t PF ❜❡ ❛ ✜♥✐t❡ ♣r♦❝❡ss✿
❼ ■❢ PF
α
−→ A ❢♦r s♦♠❡ α✱ t❤❡♥ A ✐s ✜♥✐t❡✳
❼ ❚❤❡ s❡t {α|∃A,PF
α
−→ A} ✐s ✜♥✐t❡✳
❼ ❋♦r ❛❧❧ ❛❝t✐♦♥ α✱ t❤❡ s❡t {A|PF
α
−→ A} ✐s ✜♥✐t❡✳
❼ ❚❤❡r❡ ✐s ♥♦ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (Pi) s✉❝❤ t❤❛t P0 = PF ❛♥❞ ❢♦r
❛❧❧ i✱ Pi
l
−→ Pi+1 ♦r Pi
a
−→ νx̃.〈R〉Pi+1 ♦r Pi
a
−→ F ✇✐t❤ F ◦ P = Pi+1 ❢♦r
s♦♠❡ P ✳
❚❤❡ ✜rst ♣r♦♣❡rt✐❡s ❛r❡ ❡❛s② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ PF ♦r F ✳ ❚❤❡ ❧❛st ♦♥❡ ♠❡❛♥s
t❤❛t t❤❡r❡ ✐s ♥♦ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s st❛rt❡❞ ❜② PF ✳ ❚♦ ♣r♦✈❡ t❤✐s✱
✇❡ ❞❡✜♥❡ t❤❡ s✐③❡ ♦❢ ❛ ♣r♦❝❡ss✱ ✇❤✐❝❤ str✐❝t❧② ❞❡❝r❡❛s❡s ❛t ❡❛❝❤ tr❛♥s✐t✐♦♥ st❡♣✳
❉❡t❛✐❧s ❛♥❞ ♣r♦♦❢s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ●✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉s❡ t❤❡ ❞❡♣t❤ ♦❢ ❛ ✜♥✐t❡ ♣r♦❝❡ss PF ✱ ❞❡✜♥❡❞ ❛s t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ❧♦♥❣❡st s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s ✐♥✐t✐❛t❡❞ ❜② PF ✳
❉❡✜♥✐t✐♦♥ ✷✼✳ ❲❡ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧② t❤❡ ❞❡♣t❤ ♦❢ ❛ ✜♥✐t❡ ❛❣❡♥t AF ✱ ✇r✐tt❡♥
d(AF )✱ ❛s✿
❼ d(PF ) = 0 ✐❢ t❤❡r❡ ✐s ♥♦ tr❛♥s✐t✐♦♥ ❢r♦♠ PF ✳
❼ d(PF ) = 1 + max {d(A)|∃α, PF
α
−→ A} ♦t❤❡r✇✐s❡✳
❼ ❋♦r ❛❧❧ ✜♥✐t❡ ❝♦♥❝r❡t✐♦♥s νx̃.〈P 〉PF ✱ ✇❡ ❤❛✈❡ d(νx̃.〈P 〉PF ) = d(PF )✳
❼ ❋♦r ❛❧❧ ✜♥✐t❡ ❛❜str❛❝t✐♦♥s (X)PF ✱ ✇❡ ❤❛✈❡ d((X)PF ) = d(PF )✳
Pr♦♣❡rt✐❡s ♦❢ ▲❡♠♠❛ ✼ ❣✉❛r❛♥t❡❡ t❤❛t d(AF ) ❡①✐sts ❢♦r ❛❧❧ AF ✳ ❲❡ ♠❛②
t❤✐♥❦ t❤❛t t❤❡ ❞❡♣t❤ ♦❢ ❛♥ ❛❜str❛❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣r♦❝❡ss✳ ■t ✐s
♥♦t t❤❡ ❝❛s❡ s✐♥❝❡ ♣r♦❝❡ss ✈❛r✐❛❜❧❡ ♠❛② ♦❝❝✉rs ✐♥ ♣r♦❝❡ss❡s ❡♠✐tt❡❞ ✐♥ ❛ ♠❡ss❛❣❡
♦✉t♣✉t✱ ❛♥❞ t❤❡ ❞❡♣t❤ ♦❢ ❛ ❝♦♥❝r❡t✐♦♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♦♥❧②✳
❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✸✾
▲❡♠♠❛ ✽✳ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ❛❜str❛❝t✐♦♥✳ ❋♦r ❛❧❧ ❍❖πP ♣r♦❝❡ss❡s P ✱ ✇❡ ❤❛✈❡
d(F ◦ P ) = d(F )
❲❡ ♥♦✇ ✉s❡ ❞❡♣t❤ t♦ ♣r♦✈❡ t❤❛t ✉s✐♥❣ ✜♥✐t❡ ♣r♦❝❡ss❡s t♦ t❡st ❜✐s✐♠✐❧❛r✐t② ♦❢
❛❜str❛❝t✐♦♥s ✐s ♥♦t s✉✣❝✐❡♥t✳
✺✳✸ ❈♦✉♥t❡r✲❡①❛♠♣❧❡s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡s t♦ s❤♦✇ t❤❛t t❡st✐♥❣ ✜♥✐t❡ ♣r♦❝❡ss❡s
✐s ♥♦t ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ ❜✐s✐♠✐❧❛r✐t② ♦❢ ❛❜str❛❝t✐♦♥s✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ❞❡✜♥❡
✐♥❞✉❝t✐✈❡❧② t✇♦ ❢❛♠✐❧✐❡s ♦❢ ❍❖πP ❛❜str❛❝t✐♦♥s (Fn), (Gn)✱ s✉❝❤ t❤❛t ❢♦r ❛♥②
✜♥✐t❡ ♣r♦❝❡ss PF s✉❝❤ t❤❛t d(PF ) = n✱ t❤❡ ♣r♦❝❡ss❡s Fn ◦ PF ❛♥❞ Gn ◦ PF
❛r❡ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✱ ❜✉t Fn ◦ Qn+1 ❛♥❞ Gn ◦ Qn+1 ✭✇❤❡r❡ Qn+1 ✐s ❛ ♣r♦❝❡ss
mn+1. . . . m1.0 ✇✐t❤ n + 1 ✜rst✲♦r❞❡r ♥❛♠❡s✮ ❛r❡ ♥♦t ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✳
❋♦r a ❛ ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡ ❛♥❞ F = (X)P ❛♥ ❛❜str❛❝t✐♦♥✱ ✇❡ ✇r✐t❡ a.F ❢♦r
a(X)P ✳ ▲❡t ∼ ❜❡ ❍❖πP ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t②✳ ❲❡ ❞❡✜♥❡✿
F0
∆
= (X0)X0, G0
∆
= (X0)(X0 | X0)
❛♥❞ ❢♦r n > 0✱ ✇❡ ❞❡✜♥❡
Fn
∆
= (Xn)νan.(an[Xn] | an.Fn−1) + Rn
Gn
∆
= (Xn)νan.(an[Xn] | an.Gn−1) + Sn
✇✐t❤ Rn = νan.τ.Gn−1 ◦ Xn ❛♥❞ Sn = νan.τ.Fn−1 ◦ Xn✳ ◆♦t✐❝❡ t❤❛t Rn
♠✐♠✐❝s ♣❛ss✐✈❛t✐♦♥ ♦❢ ❧♦❝❛❧✐t② an ✐♥ Gn✱ ❛♥❞ Sn ♠✐♠✐❝s ♣❛ss✐✈❛t✐♦♥ ♦❢ an ✐♥ Fn✳
❚❤❡② ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ t♦ ♠❛t❝❤ s♦♠❡ ♣❛rt✐❝✉❧❛r tr❛♥s✐t✐♦♥s✳
▲❡t (mk) ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❢r❡s❤ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥
❛♥② Fn ♥♦r Gn✳ ▲❡t Q1 = m1.0 ❛♥❞ Qk+1 = mk+1.Qk ❢♦r ❛❧❧ k > 1✳ ❆❜str❛❝t✐♦♥s
Fn ❛♥❞ Gn ❛r❡ ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ Fn ◦ PF ∼ Gn ◦ PF ❢♦r ❛❧❧ PF s✉❝❤
t❤❛t d(PF ) ≤ n✱ ❜✉t Fn ◦ Qn+1 ✐s ♥♦t ❜✐s✐♠✐❧❛r t♦ Gn ◦ Qn+1✳ ❚♦ ❤❛✈❡ ❛♥
✐♥t✉✐t✐♦♥ ❛s t♦ ✇❤② Fn ◦ Qn+1 ❛♥❞ Gn ◦ Qn+1 ❛r❡ ♥♦t ❜✐s✐♠✐❧❛r✱ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠ Fn ◦ Qn+1✿ ❛♥
mn+1
−−−−→ tr❛♥s✐t✐♦♥✱ ❢♦❧❧♦✇❡❞
❜② ❛ ♣❛ss✐✈❛t✐♦♥ ♦❢ ❧♦❝❛❧✐t② an❀ ✇❡ ♦❜t❛✐♥ Fn ◦ Qn+1
mn+1
−−−−→ νan.(an[Qn] |
an.Fn−1)
τ
−→∼ Fn−1 ◦ Qn✳ ❆s t❤✐s s❡q✉❡♥❝❡ ♠✉st ❜❡ ♠❛t❝❤❡❞ ❜② Gn ◦ Qn+1✱ ✇❡
♦❜t❛✐♥ Fn−1 ◦ Qn ❛♥❞ Gn−1 ◦ Qn✳ ❆❢t❡r r❡♣❡❛t✐♥❣ t❤✐s s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s
n − 1 t✐♠❡s✱ ✇❡ ♦❜t❛✐♥ F0 ◦ Q1 = m1.0 ❛♥❞ G0 ◦ Q1 = m1.0 | m1.0✱ ✇❤✐❝❤ ❛r❡
❝❧❡❛r❧② ♥♦t ❜✐s✐♠✐❧❛r✳ ❈♦♥s❡q✉❡♥t❧② Fn ◦ Qn+1 ✐s ♥♦t ❜✐s✐♠✐❧❛r t♦ Gn ◦ Qn+1✳
■❢ ✇❡ ❞♦ t❤❡ s❛♠❡ ✇✐t❤ Fn ◦ Qn ❛♥❞ Gn ◦ Qn✱ ✇❡ ♦❜t❛✐♥ ♣r♦❝❡ss❡s ❜✐s✐♠✐❧❛r
t♦ 0 ❛♥❞ 0 | 0✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ ❡✈♦❧✉t✐♦♥ ✐s t♦ tr✐❣❣❡r ♣❛ss✐✈❛t✐♦♥ ♦❢ an
❞✐r❡❝t❧②✱ ✇✐t❤♦✉t ❛♥② tr❛♥s✐t✐♦♥ ❢r♦♠ Qn ❜❡❢♦r❡❤❛♥❞✿ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡
Fn ◦ Qn
τ
−→ νan.(Fn−1 ◦ Qn)✳ Pr♦❝❡ss Gn ◦ Qn ♠❛t❝❤❡s t❤✐s tr❛♥s✐t✐♦♥ ✇✐t❤
t❤❡ τ ✲❛❝t✐♦♥ ♦❢ ✐ts s✉❜✲♣r♦❝❡ss Sn✿ ✇❡ ❤❛✈❡ Gn ◦ Qn
τ
−→ νan.(Fn−1 ◦ Qn)✳ ❚❤❡
t✇♦ r❡s✉❧t✐♥❣ ♣r♦❝❡ss❡s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❆❧❧ t❤❡ ♦t❤❡r ❡✈♦❧✉t✐♦♥s ♦❢ Fn ◦ Qn ❛r❡
❛❧s♦ ♠❛t❝❤❡❞ ❜② Gn ◦ Qn✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛ ♣r♦❝❡ss PF ✇❤✐❝❤ ♣❡r❢♦r♠ ❧❡ss
t❤❛♥ n tr❛♥s✐t✐♦♥s ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ Fn ❛♥❞ Gn✳
❘❘ ♥➦ ✻✻✻✹
✹✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
▲❡♠♠❛ ✾✳ ■❢ d(PF ) ≤ n✱ t❤❡♥ Fn ◦ PF ∼ Gn ◦ PF ✳
❲❡ ♣r♦✈❡ ▲❡♠♠❛ ✾ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ r❡❧❛t✐♦♥✿
Rn
∆
= {(P{F̃k ◦ Pk/X̃}, P{G̃k ◦ Pk/X̃}),∀k, d(Pk) ≤ k ≤ n}
✐s ❛♥ ❡❛r❧② str♦♥❣ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ❝♦♠♣❧❡t❡ ♣r♦♦❢ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❆♣✲
♣❡♥❞✐① ●✳ ❚❤❡ r❡❧❛t✐♦♥ ✐s ❛ ❜✐t ❝♦♠♣❧❡① s✐♥❝❡ ❛ ♣r♦❝❡ss PF ♠❛② ❡✈♦❧✈❡ t♦✇❛r❞ ❛
❝♦♥❝r❡t✐♦♥❀ ❝♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❛ s✉rr♦✉♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t ✭❤❡r❡
P ✮✱ ✇❤✐❝❤ ♠❛② ❞✉♣❧✐❝❛t❡ Fn ◦ PF ❛♥❞ Gn ◦ PF ✳
❚♦ s✉♠♠❛r✐③❡✱ t❡st✐♥❣ ❛ ✜♥✐t❡ ♣r♦❝❡ss PF ✇✐t❤ ❞❡♣t❤ n ✐s ♥♦t ❡♥♦✉❣❤✱ s✐♥❝❡
✇❡ ❤❛✈❡ Fn ◦ PF ∼ Gn ◦ PF ✱ ❜✉t Fn ◦ Qn+1 ≁ Gn ◦ Qn+1✳ ❚❡st✐♥❣ ❛
✜♥✐t❡ s❡t P ♦❢ ✜♥✐t❡ ♣r♦❝❡ss❡s ✐s ♥♦t ❡♥♦✉❣❤ ❡✐t❤❡r✳ ❙✐♥❝❡ P ✐s ✜♥✐t❡✱ t❤❡ s❡t
{d(PF )|PF ∈ P} ✐s ✜♥✐t❡ ❛♥❞ ❤❛s ❛ ❣r❡❛t❡st ❡❧❡♠❡♥t d✳ ❋♦r ❛❧❧ PF ∈ P✱ ✇❡ ❤❛✈❡
Fd ◦ PF ∼ Gd ◦ PF ❜✉t Fd ◦ Qd+1 ≁ Fd ◦ Qd+1✳ ❙✐♠✐❧❛r❧②✱ t❡st✐♥❣ ❛♥ ✐♥✜♥✐t❡
s❡t ♦❢ ✜♥✐t❡ ♣r♦❝❡ss❡s ✇✐t❤ ❞❡♣t❤s ❜♦✉♥❞❡❞ ❜② d ✐s ♥♦t ❡♥♦✉❣❤✳
▼♦st ❝❛s❡s ❛r❡ ❛❧r❡❛❞② ❝♦✈❡r❡❞ ❜② t❤❡ ❛❜str❛❝t✐♦♥✲❢r❡❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡✱ ❡①✲
❝❡♣t ❢♦r t❤❡ ❛❜str❛❝t✐♦♥s✳ ❇❡s✐❞❡s✱ t❤❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡s ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ❞♦
♥♦t r❡❧② ♦♥ s❝♦♣❡ ❡①tr✉s✐♦♥ ✏❜② ♥❡❡❞✑ ❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
t❤❡② ♠❛② ❜❡ st✐❧❧ ✈❛❧✐❞ ✇✐t❤ ♦t❤❡r ✇❛②s t♦ ❤❛♥❞❧❡ s❝♦♣❡ ❡①tr✉s✐♦♥✳ ❲❡ ❝♦♥❥❡❝t✉r❡
t❤❛t ✇❡ ❝❛♥♥♦t ❞❡✜♥❡ ❛ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② ✐♥ ❍❖πP✱ ✐✳❡✳ t❤❛t ✇❡ ❝❛♥♥♦t ❞❡✲
✜♥❡ ❛ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ str♦♥❣ ❜✐s✐♠✐❧❛r✐t② ✇✐t❤ ❢❡✇❡r t❡sts t❤❛♥ ❡❛r❧② str♦♥❣
❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t②✳
✻ ❘❡❧❛t❡❞ ✇♦r❦
❚❤❡ s②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ ❍❖P ✐s ✐♥s♣✐r❡❞ ❢r♦♠ t❤❡ ♦♥❡ ♦❢ ❍❖π✱ r❡♠♦✈✐♥❣
r❡str✐❝t✐♦♥ ❛♥❞ ❛❞❞✐♥❣ ♣❛ss✐✈❛t✐♦♥✳ ❙❛♥❣✐♦r❣✐ st✉❞✐❡s ❜❡❤❛✈✐♦r❛❧ ❡q✉✐✈❛❧❡♥❝❡s
❢♦r ❍❖π ✐♥ ❬✶✸❪✳ ❍❡ ❞❡✜♥❡s ❝♦♥t❡①t ❛♥❞ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t✐❡s ❛s s✉❜st✐t✉t❡s ❢♦r
❜❛r❜❡❞ ❜✐s✐♠✐❧❛r✐t②✳ ■♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ❛♥❞ ✐♥♣✉t ❝❛s❡s✱ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t②
❝♦♥s✐❞❡rs t❤❡ ♣♦ss✐❜❧❡ ❡♥✈✐r♦♥♠❡♥ts ✇❤✐❝❤ ♠❛② ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ t❤❡ t❡st❡❞
♣r♦❝❡ss❡s✳ ◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✐♠♣r♦✈❡s ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥✿ ✐♥ t❤❡ ♠❡ss❛❣❡
s❡♥❞✐♥❣ ❛♥❞ ✐♥♣✉t ❝❛s❡s✱ ♥♦r♠❛❧ ❜✐s✐♠✐❧❛r✐t② t❡sts ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ♦♥❧② ♦♥❡
♣r♦❝❡ss✳
❚❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s ❬✶✻❪ ❛♥❞ ❍♦♠❡r ❬✽❪ ❛r❡ t✇♦ ❤✐❣❤❡r✲♦r❞❡r ❝❛❧❝✉❧✐ ✇✐t❤ ♣❛s✲
s✐✈❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❜✐s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞✳ ❚❤❡ t✇♦ ❝❛❧❝✉❧✐ s❤❛r❡ s♦♠❡
❝♦♠♠♦♥ ❝♦♥❝❡♣ts✱ ❧✐❦❡ ❤✐❡r❛r❝❤✐❝❛❧ ❧♦❝❛❧✐t✐❡s✱ ❧♦❝❛❧ ♥❛♠❡s✱ ❛♥❞ ♦❜❥❡❝t✐✈❡ ♣❛ss✐✈❡
❛♥❞ ❛❝t✐✈❡ ♣r♦❝❡ss ♠♦❜✐❧✐t②✳ ❚❤❡ ❝❛❧❝✉❧✐ ❞✐✛❡r ✐♥ ❤♦✇ t❤❡② ❤❛♥❞❧❡ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥✳
■♥ t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s✱ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♠❛② ✉s❡ ❥♦✐♥ ♣❛tt❡r♥s ❛♥❞ ❛r❡ ♦♥❧②
❧♦❝❛❧✿ ♣r♦❝❡ss❡s ♠❛② ❝♦♠♠✉♥✐❝❛t❡ ♦♥❧② ✐❢ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ ❧♦❝❛❧✐t② ♦r ✐♥
❞✐r❡❝t ♣❛r❡♥t✲❝❤✐❧❞ ❧♦❝❛❧✐t✐❡s✳ ■♥ t❤❡ str♦♥❣ ❝❛s❡✱ ❛ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❡❛r❧②
❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞✳ ■♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ✭r❡s♣✳ ✐♥♣✉t✮
❝❛s❡s ✭✇❤✐❝❤ ❡♥❝♦♠♣❛ss ♣❛ss✐✈❛t✐♦♥✮✱ t❤✐s ❜✐s✐♠✉❧❛t✐♦♥ ❝♦♥s✐❞❡rs ❛❧❧ t❤❡ ❝♦♥t❡①ts
✇❤✐❝❤ ♠❛② r❡❝❡✐✈❡ ✭r❡s♣✳ s❡♥❞✮ ❛ ♠❡ss❛❣❡ ♦r ❛ ❦❡❧❧ ♦♥ t❤❡ s❛♠❡ ❝❤❛♥♥❡❧✳ ❚❤❡
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✹✶
❝♦♠♣❧❡♠❡♥t❛r② ❛❝t✐♦♥ ♠❛② ❜❡ ♣❡r❢♦r♠❡❞ ❡✐t❤❡r ❛t t❤❡ s❛♠❡ ❧❡✈❡❧✱ ❢r♦♠ ❛ s✉❜✲
❧♦❝❛❧✐t②✱ ♦r ❢r♦♠ ❛ ♣❛r❡♥t ❧♦❝❛❧✐t②✳ ❈♦♥s❡q✉❡♥t❧② ♥❡❛r❧② ❛❧❧ ❝♦♥t❡①ts ❛r❡ t❡st❡❞
✐♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ❛♥❞ ✐♥♣✉t ❝❛s❡s✳
■♥ ❍♦♠❡r✱ ❛ ♣r♦❝❡ss ♠❛② s❡♥❞ ❛ ♠❡ss❛❣❡ t♦ ❛ ♥❡st❡❞ s✉❜✲❧♦❝❛❧✐t② ♦r ✐t ♠❛②
♣❛ss✐✈❛t❡ ✐t✱ ❜✉t t❤❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ ♥♦t ❛❧❧♦✇❡❞ ✐♥ t❤❡ ♦t❤❡r ✇❛②✿ ❛ ♣r♦❝❡ss
✐♥ ❛ s✉❜✲❧♦❝❛❧✐t② ❝❛♥♥♦t s❡♥❞ ❛ ♠❡ss❛❣❡ t♦ ❛ ♣r♦❝❡ss ✐♥ ❛ ♣❛r❡♥t ♦♥❡✳ P❛ss✐✈❡
♣r♦❝❡ss❡s ❣♦ ❞♦✇♥ ✐♥ t❤❡ ❧♦❝❛❧✐t② ❤✐❡r❛r❝❤② ✭❜② ♠❡ss❛❣❡ s❡♥❞✐♥❣✮✱ ❛♥❞ ❛❝t✐✈❡
♣r♦❝❡ss❡s ❣♦ ✉♣ ✭❜② ♣❛ss✐✈❛t✐♦♥✮✳ ■♥ ❬✻❪✱ t❤❡ ❛✉t❤♦rs ❞❡✜♥❡ ❛♥ ✐♥♣✉t ❡❛r❧② ❝♦♥t❡①t
❜✐s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ✐s s♦✉♥❞ ✐♥ t❤❡ ✇❡❛❦ ❝❛s❡ ❛♥❞ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ✐♥ t❤❡
str♦♥❣ ❝❛s❡✳ ❆♥ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✐❧❛r✐t② ✐s ❧❛t❡ ✐♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ❝❛s❡ ❛♥❞
❡❛r❧② ✐♥ t❤❡ ♠❡ss❛❣❡ ✐♥♣✉t ❝❛s❡✳ ❆s ✐♥ ❍❖π ♦r ♦t❤❡r ❝❛❧❝✉❧✐✱ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t②
❢♦r ❍♦♠❡r t❡sts ❡✈❡r② ♣♦ss✐❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝♦♥t❡①t ✐♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣
❛♥❞ ✐♥♣✉t ❝❛s❡s✱ ❜✉t ✐t ❛❧s♦ ❢❡❛t✉r❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ ❝♦♥t❡①ts ✐♥
t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ❝❛s❡✳
❚❤❡ ❙❡❛❧ ❝❛❧❝✉❧✉s ❬✶✽❪ ❬✺❪ ❢❡❛t✉r❡s ❛ ❢♦r♠ ♦❢ ♣r♦❝❡ss ♠♦❜✐❧✐t② s✐♠✐❧❛r t♦ ♣❛s✲
s✐✈❛t✐♦♥✿ ❧♦❝❛❧✐t✐❡s ♠❛② ❜❡ st♦♣♣❡❞✱ ❞✉♣❧✐❝❛t❡❞✱ ❛♥❞ ♠♦✈❡❞ ✉♣ ❛♥❞ ❞♦✇♥ ✐♥ t❤❡
❧♦❝❛❧✐t② ❤✐❡r❛r❝❤②✳ ▼♦❜✐❧✐t② ✐s ❧❡ss ✢❡①✐❜❧❡ t❤❛♥ ✐♥ ❍♦♠❡r ♦r ❑❡❧❧ s✐♥❝❡ ❛ ♣r♦❝❡ss
✐♥s✐❞❡ ❛ ❧♦❝❛❧✐t② ❝❛♥♥♦t ❜❡ ❞✐ss♦❝✐❛t❡❞ ❢r♦♠ ✐ts ❧♦❝❛❧✐t② ❜♦✉♥❞❛r②✳ ❚❤❡ ❛✉t❤♦rs
❞❡✜♥❡ ❛ ❜✐s✐♠✐❧❛r✐t② ✐♥ ❬✹❪ ❝❛❧❧❡❞ ❍♦❡ ❜✐s✐♠✐❧❛r✐t② ❢♦r t❤❡ ❙❡❛❧ ❝❛❧❝✉❧✉s ✇❤✐❝❤ ✐s
s✐♠✐❧❛r t♦ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ❢♦r ❍❖π ✐♥ t❤❡ ♠❡ss❛❣❡ s❡♥❞✐♥❣ ❝❛s❡✳ ❍♦✇❡✈❡r
t❤✐s ❍♦❡ ❜✐s✐♠✐❧❛r✐t② ✐s s♦✉♥❞ ❜✉t ♥♦t ❝♦♠♣❧❡t❡✳
▼♦❜✐❧❡ ❆♠❜✐❡♥ts ❬✸❪ ✐s ❛❧s♦ ❛ ❤✐❣❤❡r✲♦r❞❡r ❝❛❧❝✉❧✉s ✇✐t❤ ❤✐❡r❛r❝❤✐❝❛❧ ❧♦❝❛❧✐✲
t✐❡s✳ ❯♥❧✐❦❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧✐✱ ♠♦❜✐❧✐t② ✐♥ ▼♦❜✐❧❡ ❆♠❜✐❡♥ts ✐s s✉❜❥❡❝t✐✈❡✿ ❧♦❝❛❧✐✲
t✐❡s ♠♦✈❡ ❜② t❤❡♠s❡❧✈❡s✱ ✇✐t❤♦✉t ❛♥② ❛❝❦♥♦✇❧❡❞❣♠❡♥t ❢r♦♠ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t✳
■♥ ❬✶✵❪✱ ▼❡rr♦ ❞❡✜♥❡s ❛ ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t② ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ❜❛r❜❡❞ ❝♦♥✲
❣r✉❡♥❝❡✳ ❆ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥ ❤❛s ②❡t t♦ ❜❡
❢♦✉♥❞✳
✼ ❈♦♥❝❧✉s✐♦♥
❇❡❤❛✈✐♦r❛❧ t❤❡♦r② ✐♥ ❝❛❧❝✉❧✐ ✇✐t❤ ♣❛ss✐✈❛t✐♦♥ ✭❧✐❦❡ ❍♦♠❡r ♦r t❤❡ ❑❡❧❧✲❝❛❧❝✉❧✉s✮
✐s ❧❛❝❦✐♥❣ ❝♦♠♣❛r❡❞ t♦ ❛ s✐♠♣❧❡r ❤✐❣❤❡r✲♦r❞❡r ❝❛❧❝✉❧✉s ❧✐❦❡ ❍❖π✳ ❙♦✉♥❞ ❛♥❞
❝♦♠♣❧❡t❡ ❝♦♥t❡①t ❜✐s✐♠✉❧❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ str♦♥❣ ❝❛s❡ ♦♥❧②✱
❛♥❞ t❤❡② r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ t❡sts ♦♥ ❝♦♥t❡①ts ✐♥ t❤❡ ♠❡ss❛❣❡ ♦✉t♣✉t ❝❛s❡✳ ❚❤✐s
❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❝♦♠❡s ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥❛♠❡ r❡str✐❝t✐♦♥ ❛♥❞
♣❛ss✐✈❛t✐♦♥✳
■♥ ❛ ❝❛❧❝✉❧✉s ✇✐t❤ ♣❛ss✐✈❛t✐♦♥ ❛♥❞ ✇✐t❤♦✉t ♥❛♠❡ r❡str✐❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❞❡✈❡❧✲
♦♣❡❞ ❛♥❞ ♣r❡s❡♥t❡❞ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s s✐♠✐❧❛r t♦ ❙❛♥❣✐♦r❣✐✬s ❢♦r ❍❖π✿
❼ ❲❡ ✐♥tr♦❞✉❝❡ ❛ s✐♠♣❧❡ ❤✐❣❤❡r✲♦r❞❡r ❜✐s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ❜❛r❜❡❞
❝♦♥❣r✉❡♥❝❡✳ ■♥ ❛ ♠❡ss❛❣❡ ♦✉t♣✉t✱ t❤❡ ♠❡ss❛❣❡ ❛♥❞ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❛r❡
❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧②✱ s✐♥❝❡ t❤❡② ❞♦ ♥♦t s❤❛r❡ ♣r✐✈❛t❡ ♥❛♠❡s ❛♥❞ ♣❛ss✐✈❛✲
t✐♦♥ ♠❛② ♣✉t t❤❡♠ ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts t♦ ✐♥t❡r❛❝t ✇✐t❤ t❤❡♠ ✐♥❞❡♣❡♥✲
❞❡♥t❧②✳ ❊❛r❧② ❛♥❞ ❧❛t❡ ❢♦r♠✉❧❛t✐♦♥s ❝♦✐♥❝✐❞❡✳
❘❘ ♥➦ ✻✻✻✹
✹✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛✲
t✐♦♥ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❤✐❣❤❡r✲♦r❞❡r ❜✐s✐♠✉❧❛t✐♦♥✳ ❍❖π ❝♦♠❡s ❢r♦♠ ❛♥
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■♥st❡❛❞✱ ♦✉r ♥♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥ r❡❧✐❡s ♦♥ ❛ ♠❡❛♥s ✭❛ ♣r♦❝❡ss m.n.0✮ t♦
♦❜s❡r✈❡ ❧♦❝❛❧✐t② ❤✐❡r❛r❝❤✐❡s ❛♥❞ t♦ ❞❡❝♦♠♣♦s❡ ❛❜str❛❝t✐♦♥s ✐♥ ❜✐s✐♠✐❧❛r
s✉❜✲♣r♦❝❡ss❡s✳
❍♦✇❡✈❡r ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❜❧❡ t♦ ❛❞❛♣t ♦✉r ♣r♦♦❢ t❡❝❤♥✐q✉❡ t♦ t❤❡ ❝❛❧❝✉❧✉s
✇✐t❤ r❡str✐❝t✐♦♥✳ ❆s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ t❡st✐♥❣ ❛♥② ❛❜str❛❝t✐♦♥✲❢r❡❡ ♣r♦❝❡ss❡s
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′ s✉❝❤ t❤❛t
Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ E✱ F • E{C ′n} U F • E{C
′}✳ ❚❤❡ r❡s✉❧t ❤♦❧❞s ❜②
tr❛♥s✐t✐✈✐t② ♦❢ U ✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✹✺
❋♦r ❛❧❧ n✱ ✇❡ ❤❛✈❡ Rn U ✱ s♦ ✇❡ ❤❛✈❡ U U ✱ ❛♥❞ t❤✉s U ✐s ❛ str♦♥❣ ❝♦♥t❡①t
s✐♠✉❧❛t✐♦♥✳
■♥ t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ ❞❡✜♥❡R= {(C{P{Q̃/X̃}}, C{P{R̃/X̃}}), ❢✈(P ) =
X̃, Q̃ ∼ R̃, C ❝❧♦s❡❞ ❝♦♥t❡①t} ❛♥❞ ✐ts ❝❧♦s✉r❡ U=R∗✳ ❈❛♣t✉r❡ ♦❢ ❢r❡❡ ♥❛♠❡s ♠❛②
♦❝❝✉r ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦♣❡r❛t♦r✳ ❚❤✐s ❝❛s❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇✐t❤ t❤❡
s✉❜st✐t✉t✐♦♥ ❛❧♦♥❡ ✭✇❤✐❝❤ ✐s ❝❛♣t✉r❡✲❢r❡❡ ❜② ❞❡✜♥✐t✐♦♥✮✱ ❝♦♥s❡q✉❡♥t❧② ✇❡ ❛❞❞ ❛
❝♦♥t❡①t C ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❢♦r ♣♦ss✐❜❧❡ ❝❛♣t✉r❡s✳
▲❡♠♠❛ ✶✶✳ ■❢ P U Q✱ t❤❡♥ ❢♦r ❛❧❧ ♥❛♠❡s x, a✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s T ✇❡
❤❛✈❡ νx.P U νx.Q, P | T U Q | T, a[P ] U a[Q]✱ !P U !Q✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✱ ♣r♦✈✐♥❣ t❤❛t P Rn Q ✐♠♣❧✐❡s νx.P Rn
νx.Q, P | T Rn Q | T ✱ ✳ ✳ ✳
❋♦r n = 1✱ ❧❡t P R Q ✇✐t❤ P = C{U{R̃/X̃}} ❛♥❞ Q = C{U{S̃/X̃}}✳ ❙✐♥❝❡
νx.C, C | T ✱ !C✱ ❛♥❞ a[C] ❛r❡ ❝❧♦s❡❞ ❝♦♥t❡①ts✱ ✇❡ ❤❛✈❡ νx.P R νx.Q, P | T R
Q | T, !P R !Q, a[P ] R a[Q]✳
❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ✉♣ t♦ n✳ ❲❡ s❤♦✇ t❤❛t ✐t ❤♦❧❞s ❢♦r n + 1
✐♥ t❤❡ r❡str✐❝t✐♦♥ ❝❛s❡ ✭t❤❡ ♦t❤❡r ❝❛s❡s ❛r❡ s✐♠✐❧❛r✮✳ ▲❡t P Rn+1 Q✳ ❚❤❡♥ t❤❡r❡
❡①✐sts Pn s✉❝❤ t❤❛t P Rn Pn R Q✳ ❇② ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥✱ ✇❡ ❤❛✈❡ νx.P Rn
νx.Pn✳ ❆❧s♦ ✇❡ ❤❛✈❡ νx.Pn R νx.Q✱ ❤❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ νx.P Rn+1 νx.Q✳
▲❡♠♠❛ ✶✷✳ ❋♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s P, P ′ ❛♥❞ ❢♦r ❛❧❧ ❡✈♦❧✉t✐♦♥ ❝♦♥t❡①ts G✱ ✐❢
P U P ′ t❤❡♥ G{P} U G{P ′}✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ G✱ ✉s✐♥❣ ❧❡♠♠❛ ✶✶✳
❋♦r ❛❧❧ ♣r♦❝❡ss P s✉❝❤ t❤❛t ❢✈(P ) ⊆ X̃ ❛♥❞ ❢♦r ❛❧❧ s❡t R̃ ♦❢ ❝❧♦s❡❞ ♣r♦❝❡ss❡s
✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts t❤❛♥ X̃✱ ✇❡ ✇r✐t❡ P eR ❢♦r P{R̃/X̃}✳
▲❡♠♠❛ ✶✸✳ ❋♦r ❛❧❧ P eR, PeS s✉❝❤ t❤❛t P eR R PeS✱ ✐❢ P eR
a
−→ F ✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞
♣r♦❝❡ss❡s T s✉❝❤ t❤❛t ❢♥(T )∩ ❜♥(F ) = ∅✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t PeS
a
−→ F ′ ❛♥❞
F ◦ T U F ′ ◦ T ✳
Pr♦♦❢✳ ❆ ❝♦♠♠♦♥ s✉❜❝❛s❡ ✐s ✇❤❡♥ P = X ✭t❤❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ R✮✳ ■♥
t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ R
a
−→ (F ) ✇✐t❤ R ∼ S✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜✐s✐♠✉❧❛t✐♦♥✱ t❤❡r❡
❡①✐sts F ′ s✉❝❤ t❤❛t S
a
−→ F ′ ❛♥❞ F • 〈T 〉0 ∼ F ′ • 〈T 〉0✱ ✐✳❡✳ F ◦ T ∼ F ′ ◦ T ✳
❙✐♥❝❡ ∼⊆U ✱ ✇❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s✉♣♣♦s❡ P 6= X✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡
❞❡r✐✈❛t✐♦♥ P eR
a
−→ F ✿
❼ ▲❚❙✲❆❜str ❙✐♥❝❡ P 6= X✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ❝♦♠❡s ❢r♦♠ P ✱ s♦ P = a(Y )Q✳
❍❡♥❝❡ ✇❡ ❤❛✈❡ P eR = a(Y )Q eR
a
−→ (Y )Q eR ❛♥❞ PeS = a(Y )QeS
a
−→ (Y )QeS ❜②
▲❚❙✲❆❜str✳ ❙✐♥❝❡ R̃ ❛♥❞ S̃ ❛r❡ ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ Q eR{T/Y } = Q{T/Y } eR R
Q{T/Y }eS = QeS{T/Y }✱ s♦ ✇❡ ❤❛✈❡ Q eR{T/Y } U QeS{T/Y } ❢♦r ❛❧❧ T ✳
❘❘ ♥➦ ✻✻✻✹
✹✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ ▲❚❙✲P❛r ❲❡ ♠✉st ❤❛✈❡ P eR = U eR | V eR
a
−→ F | V eR ✇✐t❤ U eR
a
−→ F ✳ ▲❡t
T ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡ U eR R UeS ✱ s♦ ❜② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts
F ′ s✉❝❤ t❤❛t UeS
a
−→ F ′ ❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲P❛r ✇❡ ❤❛✈❡
PeS
a
−→ F ′ | VeS ✱ ❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ F ◦ T | V eR U F
′ ◦ T | V eR ❛♥❞
F ′ ◦ T | V eR U F
′ ◦ T | VeS ✱ s♦ ❜② tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ (F | V eR) ◦ T = F ◦
T | V eR U F
′ ◦ T | VeS = (F
′ | VeS) ◦ T ✳
❼ ▲❚❙✲❘❡str❲❡ ♠✉st ❤❛✈❡ P eR = νx.U eR
a
−→ νx.F ✇✐t❤ a 6= x ❛♥❞ U eR
a
−→ F ✳
▲❡t T ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss s✉❝❤ t❤❛t x /∈ ❢♥(T )✳ ❲❡ ❤❛✈❡ U eR R UeS s♦ ❜②
✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t UeS
a
−→ F ′ ❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇②
▲❚❙✲❘❡str ✇❡ ❤❛✈❡ PeS
a
−→ νx.F ′✱ ❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ νx.F ◦ T U
νx.F ′ ◦ T ✱ ✐✳❡✳ (νx.F ) ◦ T U (νx.F ′) ◦ T ✱ s✐♥❝❡ x /∈ ❢♥(T )✳
❼ ▲❚❙✲▲♦❝ ❲❡ ♠✉st ❤❛✈❡ P eR = b[U eR]
a
−→ b[F ] ✇✐t❤ U eR
a
−→ F ✳ ▲❡t T
❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡ U eR R UeS s♦ ❜② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts
F ′ s✉❝❤ t❤❛t UeS
a
−→ F ′ ❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡
PeS
a
−→ b[F ′]✱ ❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ b[F ◦ T ] U b[F ′ ◦ T ]✱ ✐✳❡✳ ✇❡ ❤❛✈❡
(b[F ]) ◦ T U (b[F ′]) ◦ T ❛s r❡q✉✐r❡❞✳
❼ ▲❚❙✲❘❡♣❧✐❝❲❡ ♠✉st ❤❛✈❡ P eR =!U eR
a
−→ F |!U eR ✇✐t❤ U eR
a
−→ F ✳ ▲❡t T ❜❡ ❛
❝❧♦s❡❞ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡ U eR R UeS s♦ ❜② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts F
′ s✉❝❤ t❤❛t
UeS
a
−→ F ′ ❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❤❛✈❡ PeS
a
−→ F ′ |!UeS ✱
❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ F ◦ T |!U eR U F
′ ◦ T |!U eR U F
′ ◦ T |!UeS ✱ ❤❡♥❝❡
❜② tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ (F |!U eR) ◦ T U (F
′ |!UeS) ◦ T ❛s r❡q✉✐r❡❞✳
▲❡♠♠❛ ✶✹ ✭❙✉❜st✐t✉t✐♦♥ ❧❡♠♠❛✮✳ ▲❡t P ❜❡ ❛ ♣r♦❝❡ss s✉❝❤ t❤❛t ❢✈(P ) ⊂ X̃✱
❛♥❞ ❧❡t Q̃ ❛♥❞ R̃ t✇♦ s❡ts ♦❢ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥t
t❤❛♥ X̃✱ ❛♥❞ s✉❝❤ t❤❛t Q̃ ∼ R̃✳ ❚❤❡♥ P{Q̃/X̃} ∼ P{R̃/X̃}✳
Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡ tr❛♥s✐t✐✈❡ ❛♥❞ r❡✢❡①✐✈❡ ❝❧♦s✉r❡ U ♦❢ R ✭❞❡✜♥❡❞ ♣r❡✲
✈✐♦✉s❧②✮ ✐s ❛ str♦♥❣ s✐♠✉❧❛t✐♦♥✳ ❆s U ✐s s②♠♠❡tr✐❝❛❧✱ ✐t ✇✐❧❧ ✐♠♣❧② t❤❛t U ✐s ❛
str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✵✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t R U ✳
▲❡t C{P eQ}, C{P eR} ∈R✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ C✳
⋆ ❈❛s❡ C = ✷ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ P eQ
α
−→ A eQ✳ ❆
❝♦♠♠♦♥ s✉❜❝❛s❡ ✐s t❤❡ ❝❛s❡ P = X✱ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ❝♦♠❡s ❢r♦♠ Q✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = Q,P eR = R ✇✐t❤ Q ∼ R✳ ❙✐♥❝❡ ∼⊆R⊆U ✱ ✇❡ ❤❛✈❡ Q U R✳
❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥s✐❞❡r P 6= X ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✳
▲❚❙✲Pr❡❢✐①✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = l.S eQ✳ ❙♦ P eR = l.S eR ❛♥❞ P eR
l
−→ S eR✳
❲❡ ❤❛✈❡ S eQ R S eR✱ s♦ ✇❡ ❤❛✈❡ S eQ U S eR ❛s r❡q✉✐r❡❞✳
▲❚❙✲❆❜str✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = a(Y )S eQ✱ ❛♥❞ A eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥
F eQ = (Y )S eQ✳ ❚❤❡♥ P eR = a(Y )S eR✳ ▲❡t C ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❲❡ ❤❛✈❡
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✹✼
P eR
a
−→ F eR✳ ❙✐♥❝❡ C ✐s ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ F eQ • C = (F • C) eQ R (F • C) eR = F eR •
C✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ F eQ • C U F eR • C ❛s r❡q✉✐r❡❞✳
▲❚❙✲❈♦♥❝r✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = a〈S eQ〉T eQ✱ ❛♥❞ P eQ −→ 〈S eQ〉T eQ = C eQ✳
❍❡♥❝❡ P eR = a〈S eR〉T eR✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳ ❲❡ ❤❛✈❡ P eR −→ C eR✳
▲❡t E ❜❡ ❛ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✳ ❙✐♥❝❡ F ❛♥❞ E ❛r❡ ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ F •
E{C eQ} = (F • E{C}) eQ R (F • E{C}) eR = F • E{C eR}✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡
F • E{C eQ} U F • E{C eR} ❛s r❡q✉✐r❡❞✳
▲❚❙✲❋❖✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = S eQ | T eQ ✇✐t❤ S eQ
m
−→ U eQ✱ T eQ
m
−→ V eQ✱ ❛♥❞
P eQ
τ
−→ U eQ | V eQ✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′
eR
s✉❝❤ t❤❛t S eR
m
−→ U ′
eR
❛♥❞ U eQ U U
′
eR
✱ ❛♥❞
t❤❡r❡ ❡①✐sts V ′
eR
s✉❝❤ t❤❛t T eR
m
−→ V ′
eR
❛♥❞ V eQ U V
′
eR
✳ ❇② ▲❚❙✲❋❖ ✇❡ ❤❛✈❡
S eR | T eR
τ
−→ U ′
eR
| V ′
eR
✳ ❇② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ U eQ | V eQ U U
′
eR
| V eQ U U
′
eR
| V ′
eR
✱ s♦
❜② tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ U eQ | V eQ U U
′
eR
| V ′
eR
✱ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡♣❧✐❝✲❋❖✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲❍❖✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = S eQ | T eQ ✇✐t❤ S eQ
a
−→ F eQ✱ T eQ
a
−→ C eQ✳ ❙♦
P eQ
τ
−→ F eQ • C eQ✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts F ′
eR
s✉❝❤ t❤❛t S eR
a
−→ F ′
eR
❛♥❞ F eQ • C eQ U F
′
eR
• C eQ✱
❛♥❞ t❤❡r❡ ❡①✐sts C ′
eR
s✉❝❤ t❤❛t T eR
a
−→ C ′
eR
❛♥❞ F ′
eR
• C eQ U F
′
eR
• C ′
eR
✳ ❇② ▲❚❙✲❍❖
✇❡ ❤❛✈❡ S eR | T eR
τ
−→ F ′
eR
• C ′
eR
✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ F eQ • C eQ U F
′
eR
• C eQ U F
′
eR
•
C ′
eR
✱ s♦ ❜② tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ F eQ • C eQ U F
′
eR
• C ′
eR
✱ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡♣❧✐❝✲❍❖✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲P❛ss✐✈✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = a[S eQ] ❛♥❞ A eQ = 〈S eQ〉0✳ ▲❡t F
❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳ ❲❡ ❤❛✈❡ P eR = a[S eR] ❛♥❞ P eR
a
−→ 〈S eR〉0✳ ❋♦r ❛❧❧
❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✱ ✇❡ ❤❛✈❡ F ◦ S eQ | E{0} R F ◦ S eR | E{0}✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡
F ◦ S eQ | E{0} U F ◦ S eR | E{0} ❛s r❡q✉✐r❡❞✳
▲❚❙✲P❛r✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = S eQ | T eQ✱ A eQ = B eQ | T eQ ✇✐t❤ S eQ
α
−→ B eQ✳
❲❡ ❤❛✈❡ t♦ ❞✐s❝✉ss ♦♥ t❤❡ s❤❛♣❡ ♦❢ B eQ✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss U ✿ t❤❡♥ S eQ
l
−→ U ✳ ❙♦ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′ s✉❝❤
t❤❛t S eR
l
−→ U ′ ❛♥❞ U U U ′✳ ❇② r✉❧❡ ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ P eR
l
−→ U ′ | T eR✱
❛♥❞ ❜② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ U | T eQ U U
′ | T eQ✳ ❆s T eQ U T eR✱ ✇❡ ❤❛✈❡
U ′ | T eQ U U
′ | T eR ❜② ❧❡♠♠❛ ✶✶ ❛❣❛✐♥✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ P eR
l
−→ U ′ | T eR ❛♥❞
❜② tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡ U | T eQ U U
′ | T eR ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡♥ S eQ
a
−→ F ✳ ▲❡t C = νỹ.〈V 〉W ❜❡ ❛ ❝❧♦s❡❞
❝♦♥❝r❡t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✸✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t S eR
a
−→ F ′ ❛♥❞ F ◦ V U
F ′ ◦ V ✳ ❇② ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ P eR
a
−→ F ′ | T eR✳ ❇② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡
❘❘ ♥➦ ✻✻✻✹
✹✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
(F | T eQ) • C = νỹ.(F ◦ V | T eQ | W ) U νỹ.(F
′ ◦ V | T eQ | W ) ❛♥❞ s✐♥❝❡
T eQ R T eR✱ ✇❡ ❤❛✈❡ νỹ.(F
′ ◦ V | T eQ | W ) U νỹ.(F
′ ◦ V | T eR | W ) = (F
′ |
T eR) • C✳ ❍❡♥❝❡ ❜② tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡ (F | T eQ) • C U (F
′ | T eR) • C
❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts C ′ s✉❝❤ t❤❛t S eR
a
−→ C ′ ❛♥❞ F • E{C | T eQ} U F • E{C
′ | T eQ} ❢♦r ❛❧❧
❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E ✭✉s✐♥❣ ♣r♦❣r❡ss ❞❡✜♥✐t✐♦♥ ✇✐t❤ ❝♦♥t❡①t E{✷ | T eQ}✮✳
❙✐♥❝❡ T eQ U T eR✱ ❜② ❧❡♠♠❛ ✶✷✱ ✇❡ ❤❛✈❡ F • E{C
′ | T eQ} U F • E{C
′ | T eR}✳
❇② tr❛♥s✐t✐✈✐t②✱ ✇❡ ❤❛✈❡ F • E{C | T eQ} U F • E{C
′ | T eR}✱ ❛♥❞ ❜②
▲❚❙✲P❛r ✇❡ ❤❛✈❡ P eR
a
−→ C ′ | T eR ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡str✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = νx.S eQ, A eQ = νx.B eQ ✇✐t❤ S eQ
α
−→ B eQ✳
❲❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss T ✿ ❤❡♥❝❡ ✇❡ ❤❛✈❡ S eQ
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′
s✉❝❤ t❤❛t S eR
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡ P eR
l
−→ νx.T ′
❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ νx.T U νx.T ′ ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡♥ S eQ
a
−→ F ✳ ▲❡t C = νỹ.〈V 〉W ❜❡ ❛ ❝❧♦s❡❞
❝♦♥❝r❡t✐♦♥ s✉❝❤ t❤❛t x /∈ ❢♥(V )✳ ❇② ❧❡♠♠❛ ✶✸✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t
S eR
a
−→ F ′ ❛♥❞ F ◦ V U F ′ ◦ V ✳ ❇② ▲❚❙✲❘❡str✱ ✇❡ ❤❛✈❡ P eR
a
−→ νx.F ′✳
❇② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ (νx.F ) • C = νỹ.(νx.(F ◦ V ) | W ) U νỹ.(νx.(F ′ ◦
V ) | W ) = (νx.F ′) • C ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡♥ S eQ
a
−→ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t S eR
a
−→ C ′ ❛♥❞ F • E{νx.C} U
F • E{νx.C ′} ❢♦r ❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E ✭✉s✐♥❣ ♣r♦❣r❡ss ❞❡✜♥✐t✐♦♥ ✇✐t❤
E{νx.✷}✮✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ P eR
a
−→ νx.C ′ ❜② ▲❚❙✲❘❡str✱ ❤❡♥❝❡ t❤❡
r❡s✉❧t ❤♦❧❞s✳
▲❚❙✲▲♦❝✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ = a[S eQ] ✇✐t❤ S eQ
α
−→ B eQ✳ ❲❡ ❤❛✈❡ t❤r❡❡
❝❛s❡s t♦ ❝♦♥s✐❞❡r✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ S eQ
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′ s✉❝❤
t❤❛t S eR
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ P eR
l
−→ a[T ′] ❛♥❞ ❜②
❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ a[T ] U a[T ′] ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ S eQ
b
−→ F ✳ ▲❡t C = νx̃.〈V 〉W ❜❡ ❛
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✸✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t S eR
b
−→ F ′ ❛♥❞
F ◦ V U F ′ ◦ V ✳ ❇② ▲❚❙✲▲♦❝✱ ✇❡ ❤❛✈❡ P eR
b
−→ a[F ′]✳ ❇② ❧❡♠♠❛ ✶✶✱ ✇❡
❤❛✈❡ (a[F ]) • C = νỹ.(a[F ◦ V ] | W ) U νỹ.(a[F ′ ◦ V ] | W ) = (a[F ′]) • C
❛s r❡q✉✐r❡❞✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✹✾
❼ B eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡♥ S eQ
b
−→ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t S eR
b
−→ C ′ ❛♥❞ F • E{a[C]} U
F • E{a[C ′]} ❢♦r ❛❧❧ E ✭✉s✐♥❣ ♣r♦❣r❡ss ❞❡✜♥✐t✐♦♥ ✇✐t❤ ❝♦♥t❡①t E{a[✷]}✮✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ P eR
b
−→ a[C ′] ❜② ▲❚❙✲▲♦❝✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
▲❚❙✲❘❡♣❧✐❝✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ P eQ =!S eQ ✇✐t❤ S eQ
α
−→ B eQ✳ ❲❡ ❤❛✈❡ t❤r❡❡
❝❛s❡s t♦ ❝♦♥s✐❞❡r✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ S eQ
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′ s✉❝❤
t❤❛t S eR
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❤❛✈❡ P eR
l
−→ T ′ |!S eR✳ ❇②
❧❡♠♠❛ ✶✶ ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ U ✇❡ ❤❛✈❡ T |!S eQ U T
′ |!S eR ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ S eQ
a
−→ F ✳ ▲❡t C = νx̃.〈V 〉W ❜❡ ❛
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✸✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t S eR
a
−→ F ′ ❛♥❞
F ◦ V U F ′ ◦ V ✳ ❇② ▲❚❙✲❘❡♣❧✐❝✱ ✇❡ ❤❛✈❡ P eR
a
−→ F ′ |!S eR✳ ❇② ❧❡♠♠❛
✶✶ ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡ F |!S eQ • C = νỹ.(F ◦ V |!S eQ | W ) U
νỹ.(F ′ ◦ V |!S eR | W ) = (F
′ |!S eR) • C ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡♥ S eQ
b
−→ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳ ❇②
✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t S eR
b
−→ C ′ ❛♥❞ F • E{C |!S eQ} U F •
E{C ′ |!S eQ} ❢♦r ❛❧❧ E ✭✉s✐♥❣ ♣r♦❣r❡ss ❞❡✜♥✐t✐♦♥ ✇✐t❤ ❝♦♥t❡①ts E{✷ |!S eQ}✮✳
❙✐♥❝❡ S eQ U S eR✱ ❜② ❧❡♠♠❛ ✶✷✱ ✇❡ ❤❛✈❡ F • E{C
′ |!S eQ} U F • E{C
′ |!S eR}✳
❇② tr❛♥s✐t✐✈✐t②✱ ✇❡ ❤❛✈❡ F • E{C |!S eQ} U F • E{C
′ |!S eR}✱ ❛♥❞ ❜② ▲❚❙✲
❘❡♣❧✐❝ ✇❡ ❤❛✈❡ P eR
a
−→ C ′ |!S eR ❛s r❡q✉✐r❡❞✳
⋆ ❈❛s❡ C = C′ | S ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ♠❛② ❝♦♠❡ ❢r♦♠ t❤❡ r✉❧❡s
▲❚❙✲P❛r✱ ▲❚❙✲❍❖✱ ▲❚❙✲❋❖ ♦r t❤❡✐r s②♠♠❡tr✐❝✳ ❲❡ ♦♠✐t t❤❡ s②♠♠❡tr✐❝
❝❛s❡s✱ s✐♥❝❡ t❤❡② ❛r❡ s✐♠✐❧❛r ✭❢♦r ▲❚❙✲❍❖ ❛♥❞ ▲❚❙✲❋❖✮ ♦r ❡❛s✐❡r ✭❢♦r ▲❚❙✲
P❛r✮✳
▲❚❙✲P❛r✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ C′{P eQ}
α
−→ B eQ ❛♥❞ C{P eQ}
α
−→ B eQ | S✳ ❲❡
❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′ s✉❝❤
t❤❛t C′{P eR}
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲P❛r ✇❡ ❤❛✈❡ C{P eR}
l
−→ T ′ | S
❛♥❞ ❜② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ T | S U T ′ | S✱ ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ F ✳ ▲❡t C = νx̃.〈T 〉V ❜❡ ❛
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✸ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ F ′
❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲P❛r ✇❡ ❤❛✈❡ C{P eR}
a
−→ F ′ | S ❛♥❞
❜② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ νx̃.(F ◦ T | S | V ) U νx̃.(F ′ ◦ T | S | V )✱ ✐✳❡✳
(F | S) • C U (F ′ | S) • C ❛s r❡q✉✐r❡❞✳
❘❘ ♥➦ ✻✻✻✹
✺✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ B eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜✲
str❛❝t✐♦♥✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ C ′ ❛♥❞ ❢♦r
❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✱ ✇❡ ❤❛✈❡ F • E{C | S} U F • E{C ′ | S}✳ ❇②
▲❚❙✲P❛r ✇❡ ❤❛✈❡ C{P eR}
a
−→ C ′ | S✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
▲❚❙✲❋❖✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ C′{P eQ}
l
−→ T ❛♥❞ S
l
−→ U ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡
❡①✐sts T ′ s✉❝❤ t❤❛t C′{P eR}
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲❋❖✱ ✇❡ ❤❛✈❡ C{P eR}
τ
−→
T ′ | U ✱ ❛♥❞ ❜② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ T | U U T ′ | U ❛s r❡q✉✐r❡❞✳
▲❚❙✲❍❖✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ C′{P eQ}
a
−→ F ❛♥❞ S
a
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡
❡①✐sts F ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ F ′ ❛♥❞ F • C U F ′ • C✳ ❇② ▲❚❙✲❍❖✱ ✇❡ ❤❛✈❡
C{P eR}
τ
−→ F ′ • C ❛s r❡q✉✐r❡❞✳
⋆ ❈❛s❡ C = S | C′ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
⋆ ❈❛s❡ C = νx.C′ ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ❝♦♠❡s ❢r♦♠ r✉❧❡ ▲❚❙✲
❘❡str✿
❼ A eQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
l
−→ T ✇✐t❤ l /∈ {x, x}✳ ❇② ✐♥❞✉❝t✐♦♥
t❤❡r❡ ❡①✐sts T ′ s✉❝❤ t❤❛t C′{P eR}
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲❘❡str ✇❡
❤❛✈❡ C{P eR}
l
−→ νx.T ′✱ ❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ νx.T U νx.T ′ ❛s r❡q✉✐r❡❞✳
❼ A eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ F ✇✐t❤ a 6= x✳ ▲❡t C =
νỹ.〈T 〉V ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥ s✉❝❤ t❤❛t x /∈ ❢✈(T )✳ ❇② ❧❡♠♠❛ ✶✸ t❤❡r❡
❡①✐sts F ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ F ′ ❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲❘❡str
✇❡ ❤❛✈❡ C{P eR}
a
−→ νx.F ′ ❛♥❞ ❜② ❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ νỹ.((νx.F ) ◦ T |
V ) U νỹ.((νx.F ′) ◦ T | V )✱ ✐✳❡✳ (νx.F ) • C U (νx.F ′) • C ❛s r❡q✉✐r❡❞✳
❼ A eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ C ✇✐t❤ a 6= x✳ ▲❡t F ❜❡ ❛
❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ C ′
❛♥❞ F • E{νx.C} U F • E{νx.C ′} ❢♦r ❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✳ ❇②
▲❚❙✲❘❡str ✇❡ ❤❛✈❡ C{P eR}
a
−→ νx.C ′✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
⋆ ❈❛s❡ C = b[C′] ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ♠❛② ❝♦♠❡ ❢r♦♠ r✉❧❡s ▲❚❙✲
▲♦❝ ♦r ▲❚❙✲P❛ss✐✈✿
▲❚❙✲▲♦❝✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ C′{P eQ}
α
−→ B eQ ❛♥❞ A eQ = b[B eQ]✳ ❲❡ ❤❛✈❡ t❤r❡❡
❞✐✛❡r❡♥t ❝❛s❡s✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′
s✉❝❤ t❤❛t C′{P eR}
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ C{P eR}
l
−→ b[T ′]
❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ b[T ] U b[T ′] ❛s r❡q✉✐r❡❞✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✺✶
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ F ✳ ▲❡t C = νỹ.〈T 〉V ❜❡ ❛
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✸ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ F ′
❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ C{P eR}
a
−→ b[F ′] ❛♥❞ ❜②
❧❡♠♠❛ ✶✶✱ ✇❡ ❤❛✈❡ νỹ.(b[F ] ◦ T | V ) U νỹ.(b[F ′] ◦ T | V )✱ ✐✳❡✳ (b[F ]) •
C U (b[F ′]) • C ❛s r❡q✉✐r❡❞✳
❼ A eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜✲
str❛❝t✐♦♥✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ C ′ ❛♥❞
F • E{b[C]} U F • E{b[C ′]} ❢♦r ❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✳ ❇② ▲❚❙✲▲♦❝
✇❡ ❤❛✈❡ C{P eR}
a
−→ b[C ′]✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
▲❚❙✲P❛ss✐✈✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ C{P eQ}
b
−→ 〈C′{P eQ}〉0✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞
❛❜str❛❝t✐♦♥✳ ❲❡ ❤❛✈❡ C{P eR}
b
−→ 〈C′{P eR}〉0✳ ❋♦r ❛❧❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E ✇❡
❤❛✈❡ F ◦ C′{P eQ} | E{0} U F ◦ C
′{P eR} | E{0}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
⋆ ❈❛s❡ C =!C′ ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ❝♦♠❡s ❢r♦♠ ▲❚❙✲❘❡♣❧✐❝✱ ✇✐t❤
A eQ = B eQ |!C
′{P eQ}✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r ❢♦r B eQ✿
❼ B eQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′
s✉❝❤ t❤❛t C′{P eR}
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❤❛✈❡ C{P eR}
l
−→
T ′ |!C′{P eR} ❛♥❞ ❜② ❧❡♠♠❛ ✶✶ ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡ T |!C
′{P eQ} U
T ′ |!C′{P eR}✱ ❛s r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ F ✳ ▲❡t C = νx̃.〈T 〉V ❜❡ ❛
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❇② ❧❡♠♠❛ ✶✸ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ F ′
❛♥❞ F ◦ T U F ′ ◦ T ✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❤❛✈❡ C{P eR}
a
−→ F ′ |!C′{P eR}✳
❇② ❧❡♠♠❛ ✶✶ ❛♥❞ tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡ νx̃.(F ◦ T |!C′{P eQ} | V ) U
νx̃.(F ′ ◦ T |!C′{P eR} | V )✱ ✐✳❡✳ (F |!C
′{P eQ}) • C U (F
′ |!C′{P eR}) • C ❛s
r❡q✉✐r❡❞✳
❼ B eQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ ✇❡ ❤❛✈❡ C
′{P eQ}
a
−→ C✳ ▲❡t F ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝✲
t✐♦♥✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t C′{P eR}
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧
❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E✱ ✇❡ ❤❛✈❡ F • E{C |!C′{P eQ}} U F • E{C
′ |!C′{P eQ}}✳
❙✐♥❝❡ !C′{P eQ} R!C
′{P eR}✱ ✇❡ ❤❛✈❡ F • E{C
′ |!C′{P eQ}} U F • E{C
′ |
!C′{P eR}}✱ s♦ ❜② tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ F • E{C |!C
′{P eQ}} U F • E{C
′ |
!C′{P eR}}✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❛❧s♦ ❤❛✈❡ C{P eR}
a
−→ C ′ |!C′{P eR}✱ ❤❡♥❝❡
t❤❡ r❡s✉❧t ❤♦❧❞s✳
⋆ ❈❛s❡ C = a(Y )C′ ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ❝♦♠❡s ❢r♦♠ r✉❧❡ ▲❚❙✲
❆❜str✿ ✇❡ ❤❛✈❡ C{P eQ}
a
−→ (Y )C′{P eQ}✳ ▲❡t C = νx̃.〈T 〉U ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥❝r❡✲
❘❘ ♥➦ ✻✻✻✹
✺✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
t✐♦♥✳ ❲❡ ❤❛✈❡ C{P eR}
a
−→ (X)C′{P eR}✳ ❙✐♥❝❡ Q̃, R̃ ❛r❡ ❝❧♦s❡❞✱ t❤❡ ✈❛r✐❛❜❧❡ Y ♦❝✲
❝✉rs ✐♥ C′ ♦r P ✱ ❤❡♥❝❡ C′{P eQ}{T/Y } = C
′′{P ′
eQ
} ❛♥❞ C′{P eR}{T/Y } = C
′′{P ′
eR
}
❢♦r s♦♠❡ C′′ ❛♥❞ P ′✱ s♦ ✇❡ ❤❛✈❡ C′{P eQ}{T/Y } R C
′{P eR}{T/Y }✳ ❇② s❡✈❡r❛❧ ❛♣✲
♣❧✐❝❛t✐♦♥s ♦❢ ❧❡♠♠❛ ✶✶ ✇❡ ❤❛✈❡ νx̃.(C′{P eQ}{T/Y } | U) R νx̃.(C
′{P eR}{T/Y } |
U)✱ ✐✳❡✳ (Y )C′{P eQ} • C U (Y )C
′{P eR} • C ❛s r❡q✉✐r❡❞✳
⋆ ❈❛s❡ C = a〈C′〉T ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ❝♦♠❡s ❢r♦♠ r✉❧❡ ▲❚❙✲
❈♦♥❝r✿ ✇❡ ❤❛✈❡ C{P eQ}
a
−→ 〈C′{P eQ}〉T ✳ ▲❡t F = (X)U ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳
❲❡ ❤❛✈❡ C{P eR}
a
−→ 〈C′{P eR}〉T ✱ ❛♥❞ F • 〈C
′{P eQ}〉T = U{C
′{P eQ}/X} | T R
U{C′{P eR}/X} | T = F • 〈C
′{P eR}〉T ✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
⋆ ❈❛s❡ C = a〈T 〉C′ ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ❝♦♠❡s ❢r♦♠ r✉❧❡ ▲❚❙✲
❈♦♥❝r✿ ✇❡ ❤❛✈❡ C{P eQ}
a
−→ 〈T 〉C′{P eQ}✳ ▲❡t F = (X)U ❜❡ ❛ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥✳
❲❡ ❤❛✈❡ C{P eR}
a
−→ 〈T 〉C′{P eR}✱ ❛♥❞ F • 〈T 〉C
′{P eQ} = U{T/X} | C
′{P eQ} R
U{T/X} | C′{P eR} = F • 〈T 〉C
′{P eR}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
⋆ ❈❛s❡ C = l.C′ ❚❤❡ r❡❞✉❝t✐♦♥ C{P eQ}
α
−→ A eQ ❝♦♠❡s ❢r♦♠ r✉❧❡ ▲❚❙✲Pr❡❢✐①✿
✇❡ ❤❛✈❡ C{P eQ}
l
−→ C′{P eQ}✳ ❲❡ ❤❛✈❡ C{P eR}
l
−→ C′{P eR} ❛♥❞ C
′{P eQ} U C
′{P eR}✱
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✶✵✳ ■❢ Q ∼ R t❤❡♥ ❢♦r ❛❧❧ x, a, T ✱ ✇❡ ❤❛✈❡ νx.Q ∼ νx.R,Q | T ∼ R |
T, a[Q] ∼ a[R], a(Y )Q ∼ a(Y )R, a〈Q〉T ∼ a〈R〉T, a〈T 〉Q ∼ a〈T 〉R✱ !Q ∼!R ❛♥❞
l.Q ∼ l.R✳
Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❤♦❧❞s ❜② ✉s✐♥❣ t❤❡ s✉❜st✐t✉t✐♦♥ ❧❡♠♠❛ ✇✐t❤ P = X | T, P =
a[X], P = a(Y )X, P = a〈X〉T, P = a〈T 〉X, P =!X, P = l.X✳ ❚❤❡ ♦♥❧② ❝❛s❡
✇❤✐❝❤ ♥❡❡❞s ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♣r♦♦❢ ✐s t❤❡ r❡str✐❝t✐♦♥ ♦♣❡r❛t♦r ♦♥❡✱ s✐♥❝❡ ✉s✐♥❣
t❤❡ s✉❜st✐t✉t✐♦♥ ❧❡♠♠❛ ✐s ♥♦t ♣♦ss✐❜❧❡ ✇❤❡♥ x ∈ ❢♥(Q) ✭♥♦ ❝❛♣t✉r❡ ♦❝❝✉rs ✐♥ ❛
s✉❜st✐t✉t✐♦♥✮✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡❧❛t✐♦♥ R ❞❡✜♥❡❞ ♣r❡✈✐♦✉s❧②
✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✱ ✇✐t❤ C = νx.✷ ❛♥❞ P = X✳
❇ ❍♦✇❡✬s ▼❡t❤♦❞
❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s ✐♥ t❤❡ str♦♥❣ ❝❛s❡✳ ❚❤❡ ♣r♦♦❢s ❢♦r t❤❡ ✇❡❛❦ ❝❛s❡ ❛r❡ s✐♠✐❧❛r✳
❲❡ r❡♠✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦♣❡♥ ❡①t❡♥s✐♦♥✿
❉❡✜♥✐t✐♦♥ ✷✾✳ ▲❡t P ❛♥❞ Q ❜❡ t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s✳ ❲❡ ❤❛✈❡ P R◦ Q ✐✛
Pσ R Qσ ❢♦r ❛❧❧ s✉❜st✐t✉t✐♦♥s t❤❛t ❝❧♦s❡ P ❛♥❞ Q✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✺✸
X
∧
R X 0
∧
R 0
P R Q
l.P
∧
R l.Q
P R Q
νx.P
∧
R νx.Q
P1 R Q1 P2 R Q2
P1 | P2
∧
R Q1 | Q2
P R Q
a(X)P
∧
R a(X)Q
P1 R Q1 P2 R Q2
a〈P1〉P2
∧
R a〈Q1〉Q2
P R Q
a[P ]
∧
R a[Q]
P R Q
!P
∧
R!Q
P1 R Q1 P2 R Q2
〈P1〉P2
∧
R 〈Q1〉Q2
C1 R C2
νx.C1
∧
R νx.C2
❋✐❣✉r❡ ✼✿ ❈♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t ❢♦r ♣r♦❝❡ss❡s ❛♥❞ ❝♦♥❝r❡t✐♦♥s
❲❡ ❡①t❡♥❞s ♦♣❡♥ ❡①t❡♥s✐♦♥ t♦ ❝♦♥❝r❡t✐♦♥s✿ ✇❡ ❤❛✈❡ C R◦ C ′ ✐✛ ❢♦r ❛❧❧ F ✱
✇❡ ❤❛✈❡ F • C R◦ F • C ′
❲❡ r❡♠✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡✿
❉❡✜♥✐t✐♦♥ ✸✵✳ ❚❤❡ ❍♦✇❡✬s ❝❧♦s✉r❡ ✐s ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✿
P
∧
R• Q Q R◦ R
P R• R
❉❡❢
❚❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t ❢♦r ♦✉r ❝❛❧❝✉❧✉s ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ t♦ ❝♦♥❝r❡t✐♦♥s ✐s
❣✐✈❡♥ ❋✐❣✉r❡ ✼✳ ❲❡ ✜rst ♣r♦✈❡ s♦♠❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ❛❜♦✉t t❤❡ ❍♦✇❡ ❝❧♦s✉r❡✿
▲❡♠♠❛ ✶✺✳ ■❢ R ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ t❤❡♥ R• ✐s r❡✢❡①✐✈❡ ❛♥❞✿
P
∧
R• Q
P R• Q
❈♦♥❣
P R◦ Q
P R• Q
❖♣❡♥
P R• Q Q R◦ R
P R• R
❖♣❡♥ r✐❣❤t
P R• Q P ′ R• Q′
P{P ′/X} R• Q{Q′/X}
❙✉❜st
❆♥❞ t❤❡ tr❛♥s✐t✐✈❡ ❛♥❞ r❡✢❡①✐✈❡ ❝❧♦s✉r❡ ♦❢ R• ✐s s②♠♠❡tr✐❝ ❙②♠♠✳
Pr♦♦❢✳ ❚❤❡ r❡✢❡①✐✈✐t② ❝❛♥ ❜❡ s❤♦✇♥ ❜② ❛ ❞✐r❡❝t str✉❝t✉r❛❧ ✐♥❞✉❝t✐♦♥ ♦♥ P ✱ ✉s✐♥❣
t❤❡ r❡✢❡①✐✈✐t② ♦❢ R◦ ✭s✐♥❝❡ R ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✮✳ ❚❤❡ r✉❧❡ ❈♦♥❣ ❢♦❧❧♦✇s ❢r♦♠
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ s✐♥❝❡ R◦ ✐s r❡✢❡①✐✈❡✳ ❇② str✉❝t✉r❛❧ ✐♥❞✉❝t✐♦♥
♦♥ P ✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t P
∧
R P ✱ ❤❡♥❝❡ ❖♣❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❍♦✇❡ ❝❧♦s✉r❡✳
❋♦r ❖♣❡♥ r✐❣❤t✱ ❛ss✉♠❡ ✇❡ ❤❛✈❡ P,Q,R s✉❝❤ t❤❛t P R• Q ❛♥❞ Q R◦ R✳
❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t P
∧
R• Q′ ❛♥❞ Q′ R◦ Q✳ ❇② tr❛♥s✐t✐✈✐t②
❘❘ ♥➦ ✻✻✻✹
✺✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
♦❢ R◦✱ ✇❡ ❤❛✈❡ Q R◦ R✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ P R• R ❛s r❡q✉✐r❡❞✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ r✉❧❡ ❙✉❜st✳ ▲❡t P,Q, P ′, Q′ s✉❝❤ t❤❛t P R• Q ❛♥❞
P ′ R• Q′✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ P ✿
❼ P = 0✿ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ ❛♥❞ t❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t
r❡❧❛t✐♦♥✱ ✇❡ ❤❛✈❡ 0 R◦ Q✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡♥ ❡①t❡♥s✐♦♥✱ ✇❡ ❤❛✈❡
0 R◦ Q{Q′/X}✱ s♦ ❜② ❖♣❡♥ ✇❡ ❤❛✈❡ 0 R• Q{Q′/X} ❛s r❡q✉✐r❡❞✳
❼ P = X✿ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ ❛♥❞ t❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t
r❡❧❛t✐♦♥✱ ✇❡ ❤❛✈❡ X R◦ Q✳ ❋♦r ❛❧❧ s✉❜st✐t✉t✐♦♥ σ t❤❛t ❝❧♦s❡s Q′ ✇❡ ❤❛✈❡
X{Q′σ/X} = Q′σ R Q{Q′σ/X}✱ s♦ ✇❡ ❤❛✈❡ Q′ R◦ Q{Q′/X}✳ ❲❡ ❤❛✈❡
P ′ R• Q′✱ s♦ ❜② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ P ′ R• Q{Q′/X} ❛s r❡q✉✐r❡❞✳
❼ P = νx.R✳ ❙✐♥❝❡ s✉❜st✐t✉t✐♦♥ ✐s ❝❛♣t✉r❡ ❢r❡❡✱ ✇❡ ❤❛✈❡ x /∈ ❢♥(P ′) ❛♥❞
x /∈ ❢♥(P ′) ✭❜② α✲❝♦♥✈❡rs✐♦♥ ✐❢ ♥❡❡❞❡❞✮✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡✱
t❤❡r❡ ❡①✐sts R′ s✉❝❤ t❤❛t R R• R′ ❛♥❞ νx.R′ R◦ Q✳ ❇② ✐♥❞✉❝t✐♦♥ ✇❡ ❤❛✈❡
R{P ′/X} R• R′{Q′/X}✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ νx.R{P ′/X}
∧
R• νx.R′{Q′/X}✳
❆s x /∈ ❢♥(P ′) ❛♥❞ x /∈ ❢♥(Q′)✱ ✐t ✐s t❤❡ s❛♠❡ ❛s (νx.R){P ′/X}
∧
R•
(νx.R′){Q′/X}✳ ❙✐♥❝❡ νx.R′ R◦ Q✱ ❢♦r ❛❧❧ s✉❜st✐t✉t✐♦♥s σ1 s✉❝❤ t❤❛t
Q′σ1 ✐s ❝❧♦s❡❞ ❛♥❞ ❢♦r ❛❧❧ s✉❜st✐t✉t✐♦♥s σ2 s✉❝❤ t❤❛t R′{Q′σ1/X}σ2 ❛♥❞
Q{Q′σ1/X}σ2 ❛r❡ ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ νx.R′{Q′σ1/X}σ2 R Q{Q′σ1/X}σ2✱
✐✳❡✳ νx.R′{Q′/X} R◦ Q{Q′/X}✳ ❍❡♥❝❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡
✇❡ ❤❛✈❡ P{P ′/X} R• Q{Q′/X}✳
❚❤❡ ♦t❤❡r ✐♥❞✉❝t✐♦♥ ❝❛s❡s ❛r❡ s✐♠✐❧❛r t♦ t❤❡ νx.R ❝❛s❡✳
❋♦r ❙②♠♠✱ ✇❡ ♣r♦✈❡ t❤❛t (R•)−1 ⊆ (R•)∗✳ ❋♦r ❛❧❧ B✱ ✇❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥
♦♥ B t❤❛t ❢♦r ❛❧❧ A✱ A(R•)−1B ✐♠♣❧✐❡s A(R•)∗B✳ ❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ✐♥ ♦♥❡ ❝❛s❡✱
t❤❡ ♦t❤❡rs ❛r❡ s✐♠✐❧❛r✳ ❆ss✉♠❡ B = νa.B′✳ ❲❡ ❤❛✈❡ νa.B′ R• A✱ s♦ ❜② ❞❡✜♥✐t✐♦♥
t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t B′ R• R ❛♥❞ νa.R R◦ A✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ R(R•)−1B′✱
s♦ ❜② ✐♥❞✉❝t✐♦♥ ✇❡ ❤❛✈❡ R(R•)∗B′✳ ❇② ❈♦♥❣ ✇❡ ❤❛✈❡ νa.R(R•)∗νa.B′✳ ❙✐♥❝❡
R ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ R◦ ✐s s②♠♠❡tr✐❝✱ s♦ ✇❡ ❤❛✈❡ A R◦ νa.R✱ s♦ ❜② ❖♣❡♥ ✇❡
❤❛✈❡ A R• νa.R✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ A R• νa.R(R•)∗νa.B′✱ ✐✳❡✳ A(R•)∗B ❛s
r❡q✉✐r❡❞✳
❲❡ ♥♦✇ ♣r♦✈❡ ❛ ♠♦❞✐✜❡❞ s✐♠✉❧❛t✐♦♥ ♣r♦♣❡rt② ❢♦r t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❍♦✇❡
❝❧♦s✉r❡ t♦ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡ t♦ ❡①t❡♥❞ t❤❡ ❍♦✇❡ ❝❧♦s✉r❡ t♦ ❡✈❛❧✉❛t✐♦♥
❝♦♥t❡①ts E✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ ❜② ❛❞❞✐♥❣ t❤❡ r✉❧❡
✷
∧
R ✷
t♦ t❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥ ❞❡✜♥✐t✐♦♥✳ ■❢ E ∼•ie E
′✱ t❤❡♥ ❢♦r ❛❧❧
a, x, P,Q s✉❝❤ t❤❛t P ∼•ie Q✱ ✇❡ ❤❛✈❡ E{✷ | P} ∼
•
ie E
′{✷ | Q}, E{νx.✷} ∼•ie
E′{νx.✷} ❛♥❞ E{a[✷]} ∼•ie E
′{a[✷]}✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ❝❛♥ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✺✺
t❤❛t ✐❢ X ❞♦ ♥♦t ♦❝❝✉r ✐♥ E, E′✱ t❤❡♥ E{X} ∼•ie E
′{X}✱ ❛♥❞ ✇❡ ✉s❡ r✉❧❡ ❙✉❜st
t♦ ❝♦♥❝❧✉❞❡✳
▲❡t P (∼ie)•c Q✳ ❲❤❡♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❝❡ss P
′ ✉s✐♥❣ ❍♦✇❡✬s
❝❧♦s✉r❡ ❞❡✜♥✐t✐♦♥✱ ✭✐✳❡✳ s✉❝❤ t❤❛t P
∧
∼•ie P
′ ❛♥❞ P ′ ∼◦ie Q✮✱ P
′ ♠❛② ❜❡ ♦♣❡♥✳ ❲❡
s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s ❝❤♦s❡❞ ❛ ❝❧♦s❡❞ ♦♥❡✳
▲❡♠♠❛ ✶✻✳ ▲❡t P (∼ie)
•
c Q✳ ❚❤❡r❡ ❡①✐sts ❝❧♦s❡❞ ♣r♦❝❡ss R s✉❝❤ t❤❛t P
∧
∼•ie R
❛♥❞ R ∼◦ie Q✳
▲❡t C (∼ie)
•
c D✳ ❚❤❡r❡ ❡①✐sts ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥ C
′ s✉❝❤ t❤❛t C
∧
∼•ie C
′ ❛♥❞
C ′ ∼◦ie D✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ P ✳
❼ P = l.P ′✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t P ′ ∼•ie R ❛♥❞ l.R ∼
◦
ie Q✳
❚❤❡ ♣r♦❝❡ss R ♠❛② ❜❡ ♦♣❡♥❀ ❧❡t σ ❜❡ ❛ s✉❜st✐t✉t✐♦♥ ✇❤✐❝❤ ❝❧♦s❡s R✳ ❇②
r❡✢❡①✐✈✐t② ❛♥❞ ❙✉❜st✱ ✇❡ ❤❛✈❡ P ′ ∼•ie Rσ ✭s✐♥❝❡ P
′ ✐s ❝❧♦s❡❞✮✱ ❛♥❞ s✐♥❝❡ Q
✐s ❝❧♦s❡❞ ✇❡ ❤❛✈❡ l.Rσ ∼ie Q✳ ❙✐♥❝❡ t❤❡ ✐♥✈♦❧✈❡❞ ♣r♦❝❡ss❡s ❛r❡ ❝❧♦s❡❞✱ ✇❡
❤❛✈❡ l.Rσ ∼◦ie Q✳ ❚❤❡ ♣r♦❝❡ss (l.R)σ ✐s ❝❧♦s❡❞ ❛♥❞ r❡s♣❡❝t t❤❡ ❞❡✜♥✐t✐♦♥✳
❼ P = (X)P ′✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t P ′ ∼•ie R ❛♥❞ (X)R ∼
◦
ie
Q✳ ❚❤❡ ♣r♦❝❡ss R ♠❛② ❜❡ ♦♣❡♥❀ ❧❡t σ ❜❡ ❛ s✉❜st✐t✉t✐♦♥ ✇❤✐❝❤ ❝❧♦s❡s R✱
❡①❝❡♣t ❢♦r ✈❛r✐❛❜❧❡ X✳ ❇② r❡✢❡①✐✈✐t② ❛♥❞ ❙✉❜st✱ ✇❡ ❤❛✈❡ P ′ ∼•ie Rσ
✭s✐♥❝❡ ❢✈(P ′) ⊆ {X}✮✱ ❛♥❞ s✐♥❝❡ Q ✐s ❝❧♦s❡❞ ✇❡ ❤❛✈❡ ((X)R)σ ∼ie Q✳
❙✐♥❝❡ t❤❡ ✐♥✈♦❧✈❡❞ ♣r♦❝❡ss❡s ❛r❡ ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ ((X)R)σ ∼◦ie Q✳ ❚❤❡
♣r♦❝❡ss ((X)R)σ ✐s ❝❧♦s❡❞ ❛♥❞ r❡s♣❡❝t t❤❡ ❞❡✜♥✐t✐♦♥✳
❚❤❡ ♦t❤❡r ❝❛s❡s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥❝r❡t✐♦♥ ❝❛s❡✱ ❛r❡ s✐♠✐❧❛r t♦ t❤❡ l.P ′ ♦♥❡✳
❈♦♥s❡q✉❡♥t❧②✱ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✱ ✇❡ ✐♠♣❧✐❝✐t❡❧② ✉s❡ ▲❡♠♠❛
✶✻ ❛♥❞ ✐♥tr♦❞✉❝❡ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ♦♥❧②✳ ❇❡s✐❞❡s ✇❡ ✉s❡ (∼ie)•c ✐♥st❡❛❞ ♦❢ ∼
•
ie
❛♥❞ ∼◦ie ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ∼ie ❞✐r❡❝t❧② ✇❤❡♥ ♣♦ss✐❜❧❡ t♦ s❤♦rt❡♥ t❤❡ ♣r♦♦❢s✳
▲❡♠♠❛ ✶✼✳ ▲❡t C (∼ie)
•
c C
′ ❛♥❞ P ∼•ie P
′ ✇✐t❤ ❢✈(P ) = ❢✈(P ′) ⊆ {X}✳ ❲❡
❤❛✈❡ (X)P • C (∼ie)
•
c (X)P
′ • C ′✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ C (∼ie)•c C
′✳ ❲❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿
❼ ❲❡ ❤❛✈❡ C = 〈R〉S✱ R (∼ie)•c R
′✱ S (∼ie)•c S
′ ❛♥❞ 〈R′〉S′ ∼◦ie C
′✳ ❙✐♥❝❡
P ∼•ie P
′✱ ✇❡ ❤❛✈❡ P{R/X} (∼ie)•c P
′{R′/X} ❜② ❙✉❜st✳ ❯s✐♥❣ ❈♦♥❣ ✇❡
❤❛✈❡ P{R/X} | S (∼ie)•c P
′{R′/X} | S′✱ ✐✳❡✳ (X)P • C (∼ie)•c (X)P
′ •
〈R′〉S′✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ F • 〈R′〉S′ ∼◦ie F • C
′ ❢♦r ❛❧❧ F ✱ ✐♥
♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ (X)P ′ • 〈R′〉S′ ∼◦ie (X)P
′ • C ′✳ ❲❡ t❤❡♥ ❤❛✈❡ t❤❡
r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
❼ ❲❡ ❤❛✈❡ C = νx.D✱ D (∼ie)•c D
′✱ νx.D′ ∼◦ie C
′✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡
(X)P • D (∼ie)
•
c (X)P
′ • D′✳ ❯s✐♥❣ ❈♦♥❣ ✭❛♥❞ ♠❛❦✐♥❣ s❡✈❡r❛❧ ❝❛s❡s
❞❡♣❡♥❞✐♥❣ x ✐s ❢r❡❡ ✐♥ t❤❡ ♣r♦❝❡ss❡s ❡♠✐tt❡❞ ❜② D✱ D′ ♦r ♥♦t✮✱ ✇❡ ❤❛✈❡
❘❘ ♥➦ ✻✻✻✹
✺✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
(X)P • νx.D (∼ie)
•
c (X)P
′ • νx.D′✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ F • νx.D′ ∼◦ie
F • C ′ ❢♦r ❛❧❧ F ✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ (X)P ′ • νx.D′ ∼◦ie (X)P
′ • C ′✳
❲❡ t❤❡♥ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t
▲❡♠♠❛ ✶✽✳ ▲❡t (∼ie)
•
c ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ∼
•
ie t♦ ❝❧♦s❡❞ t❡r♠s✳ ■❢ P (∼ie)
•
c Q
t❤❡♥✿
❼ ■❢ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ (∼ie)
•
c Q
′✳
❼ ■❢ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C (∼ie)
•
c C
′ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts
E ∼•ie E
′✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E{F} • C (∼ie)
•
c E
′{F ′} •
C ′
❼ ■❢ P
a
−→ C✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥
❝♦♥t❡①ts E, E′ s✉❝❤ t❤❛t E ∼•ie E
′✱ ✇❡ ❤❛✈❡ E{C} (∼ie)
•
c E
′{C ′}✳
Pr♦♦❢✳ ▲❡t P,Q ❜❡ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t P (∼ie)•c Q ❛♥❞ P
α
−→ A✳ ❲❡ ♣r♦❝❡❡❞ ❜②
✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ P
α
−→ A✳
▲❚❙✲Pr❡❢✐①✳ P = l.P ′
l
−→ P ′✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t P ′ ∼•ie R
❛♥❞ l.R ∼◦ie Q✳ ❇② ▲❚❙✲Pr❡❢✐① ✇❡ ❤❛✈❡ l.R
l
−→ R✱ s♦ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t
Q
l
−→ Q′ ❛♥❞ R ∼◦ie Q
′✳ ❇② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ P ′ ∼•ie Q
′✱ ❛♥❞ s✐♥❝❡ P ′ ❛♥❞
Q′ ❛r❡ ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ P ′ (∼ie)•c Q
′ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❆❜str✳ P = a(X)P ′
a
−→ (X)P ′✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t
P ′ ∼•ie R ❛♥❞ a(X)R ∼
◦
ie Q✳ ▲❡t C (∼ie)
•
c C
′ ❛♥❞ E (∼ie)•c E
′ ❜❡ ❝❧♦s❡❞
❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✳ ❇② ▲❚❙✲❆❜str ✇❡ ❤❛✈❡ a(X)R
a
−→ (X)R✱ s♦ ❜② ❜✐s✐♠✐❧❛r✐t②
t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E′{(X)R} • C ′ ∼◦ie E
′{F ′} • C ′✳
❇② ❙✉❜st✱ ✇❡ ❤❛✈❡ E{P ′} (∼ie)•c E
′{R}✳ ❇② ❧❡♠♠❛ ✶✼✱ ✇❡ ❤❛✈❡ E{(X)P ′} •
C (∼ie)
•
c E
′{(X)R} • C ′✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲❈♦♥❝r✳ P = a〈R〉S
a
−→ 〈R〉S✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t
R ∼•ie R
′, S ∼•ie S
′ ❛♥❞ a〈R′〉S′ ∼◦ie Q✳ ❇② ▲❚❙✲❈♦♥❝r ✇❡ ❤❛✈❡ a〈R
′〉S′
a
−→
〈R′〉S′✱ s♦ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ F, E✱ ✇❡ ❤❛✈❡ F •
E{〈R′〉S′} ∼ie F • E{C
′}✳
▲❡t E, E′ ❜❡ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts s✉❝❤ t❤❛t E (∼ie)•c E
′✳ ❲❡ ❤❛✈❡ E{S} (∼ie)•c
E′{S′}✳ ❲❡ ❛❧s♦ ❤❛✈❡ R (∼ie)•c R
′ s♦ ❜② ❈♦♥❣✱ ✇❡ ❤❛✈❡ 〈R〉E{S} (∼ie)•c
〈R′〉E′{S′}✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲P❛r✳ P = R | S
α
−→ A | S ✇✐t❤ R
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′, S′
s✉❝❤ t❤❛t R ∼•ie R
′, S ∼•ie S
′ ❛♥❞ R′ | S′ ∼◦ie Q✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r
❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
T ′ s✉❝❤ t❤❛t R′
l
−→ T ′ ❛♥❞ T (∼ie)•c T
′✳ ❇② r✉❧❡ ▲❚❙✲P❛r ✇❡ ❤❛✈❡
R′ | S′
l
−→ T ′ | S′✱ ❛♥❞ s✐♥❝❡ R′ | S′ ∼ie Q✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✺✼
Q
l
−→ Q′ ❛♥❞ T ′ | S′ ∼◦ie Q
′✳ ❯s✐♥❣ ❈♦♥❣✱ ✇❡ ❤❛✈❡ T | S ∼•ie T
′ | S′✱ s♦ ❜②
❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ T | S (∼ie)•c Q
′ ❛s r❡q✉✐r❡❞✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ F ✳ ▲❡t C (∼ie)•c C
′ ❜❡
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s ❛♥❞ E (∼ie)•c E
′ ❜❡ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts✳ ❙✐♥❝❡
E{✷ | S} (∼ie)
•
c E
′{✷ | S′}✱ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t R′
a
−→ G
❛♥❞ E{F | S} • C (∼ie)•c E
′{G | S′} • C ′✳ ❇② r✉❧❡ ▲❚❙✲P❛r ✇❡ ❤❛✈❡
R′ | S′
a
−→ G | S′✱ ❛♥❞ s✐♥❝❡ R′ | S′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts F
′ s✉❝❤ t❤❛t
Q
a
−→ F ′ ❛♥❞ E′{G | S′} • C ∼◦ie E
′{F ′} • C ′✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t
❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts D s✉❝❤ t❤❛t R′
a
−→ D ❛♥❞ ❢♦r ❛❧❧ E✱ E′ ✇✐t❤ E (∼ie)•c E
′✱ ✇❡ ❤❛✈❡
E{C} (∼ie)
•
c E
′{D}✳ ❇② r✉❧❡ ▲❚❙✲P❛r ✇❡ ❤❛✈❡ R′ | S′
a
−→ D | S′✱ ❛♥❞
s✐♥❝❡ ✇❡ ❤❛✈❡ R′ | S′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts C
′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧
E′✱ ✇❡ ❤❛✈❡ E′{D | S′} ∼◦ie E
′{C ′}✳
▲❡t E✱ E′ ❜❡ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts s✉❝❤ t❤❛t E ∼•ie E
′✳ ❙✐♥❝❡ S ∼•ie S
′✱
✇❡ ❤❛✈❡ E{✷ | S} (∼ie)•c E
′{✷ | S′}✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ E{C | S} (∼ie)•c
E′{D | S′} ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❤♦❧❞s ✇✐t❤ r✉❧❡
❖♣❡♥ r✐❣❤t✳
▲❚❙✲❋❖✳ P = R | S
τ
−→ U | V ✇✐t❤ R
m
−→ U ❛♥❞ S
m
−→ V ❢♦r s♦♠❡ m✳ ❇②
❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t R ∼•ie R
′, S ∼•ie S
′ ❛♥❞ R′ | S′ ∼◦ie Q✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′, V ′ s✉❝❤ t❤❛t R′
m
−→ U ′ ❛♥❞ S′
m
−→ V ′ s✉❝❤ t❤❛t
U (∼ie)
•
c U
′ ❛♥❞ V (∼ie)•c V
′✳ ❇② ▲❚❙✲❋❖ ✇❡ ❤❛✈❡ R′ | S′
τ
−→ U ′ | V ′✳ ❙✐♥❝❡
R′ | S′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts Q
′ s✉❝❤ t❤❛t Q
τ
−→ Q′ ❛♥❞ U ′ | V ′ ∼◦ie Q
′✳
❲❡ ❤❛✈❡ U (∼ie)•c U
′ ❛♥❞ V (∼ie)•c V
′✱ s♦ ❜② ❈♦♥❣✱ ✇❡ ❤❛✈❡ U | V ∼•ie U
′ |
V ′✳ ❇② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ U | V (∼ie)•c Q
′ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡♣❧✐❝✲❋❖✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲❍❖✳ P = R | S
τ
−→ F • C✱ ✇✐t❤ R
a
−→ F ❛♥❞ S
a
−→ C ❢♦r s♦♠❡ a✳ ❇②
❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t R ∼•ie R
′, S ∼•ie S
′ ❛♥❞ R′ | S′ ∼◦ie Q✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t S′
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ E✱ E′✱ s✉❝❤ t❤❛t
E (∼ie)
•
c E
′✱ ✇❡ ❤❛✈❡ E{C} ∼•ie E
′{C ′}✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ C ∼•ie C
′✳ ❙✐♥❝❡
✇❡ ❤❛✈❡ R (∼ie)•c R
′✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t R′
a
−→ F ′ ❛♥❞ F • C (∼ie)•c F
′ •
C ′ ✭✇✐t❤ ✷ ❛s ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts✮✳
❇② r✉❧❡ ▲❚❙✲❍❖ ✇❡ ❤❛✈❡ R′ | S′
τ
−→ F ′ • C ′✳ ❋r♦♠ R′ | S′ ∼◦ie Q✱ t❤❡r❡
❡①✐sts Q′ s✉❝❤ t❤❛t Q
τ
−→ Q′ ❛♥❞ F ′ • C ′ ∼◦ie Q
′✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞
r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲❘❡♣❧✐❝✲❍❖✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲❘❡str✳ P = νx.R
α
−→ νx.A✱ ✇✐t❤ R
α
−→ A ❛♥❞ α /∈ {x, x}✳ ❇② ❞❡✜♥✐t✐♦♥
t❤❡r❡ ❡①✐sts R′ s✉❝❤ t❤❛t R ∼•ie R
′ ❛♥❞ νx.R′ ∼◦ie Q✳ ❲❡ ♥♦✇ ❞✐st✐♥❣✉✐s❤ t❤r❡❡
❝❛s❡s ❢♦r A✿
❘❘ ♥➦ ✻✻✻✹
✺✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
T ′ s✉❝❤ t❤❛t R′
l
−→ T ′ ❛♥❞ T (∼ie)•c T
′✳ ❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡
νx.R′
l
−→ νx.T ′✱ ❛♥❞ s✐♥❝❡ νx.R′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts Q
′ s✉❝❤ t❤❛t Q
l
−→ Q′
❛♥❞ νx.T ′ ∼◦ie Q
′✳ ❯s✐♥❣ ❈♦♥❣✱ ✇❡ ❤❛✈❡ νx.T ∼•ie νx.T
′✱ s♦ ❜② ❖♣❡♥
r✐❣❤t ✇❡ ❤❛✈❡ νx.T (∼ie)•c Q
′ ❛s r❡q✉✐r❡❞✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ F ✳ ▲❡t C (∼ie)•c C
′ ❜❡
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s ❛♥❞ E (∼ie)•c E
′ ❜❡ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts✳ ❇②
✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t R′
a
−→ G ❛♥❞ E{νx.F} • C (∼ie)•c
E′{νx.G} • C ′✳ ❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡ νx.R′
a
−→ νx.G✱ ❛♥❞ s✐♥❝❡
νx.R′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts F
′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E′{νx.G} • C ′ ∼◦ie
E′{F ′} • C ′✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts D s✉❝❤ t❤❛t R′
a
−→ D ❛♥❞ ❢♦r ❛❧❧ E✱ E′ ✇✐t❤ E (∼ie)•c E
′✱ ✇❡ ❤❛✈❡
E{C} (∼ie)
•
c E
′{D}✳ ❋♦r E ∼•ie E
′✱ ✇❡ ❤❛✈❡ E{νx.✷} ∼•ie E
′{νx.✷}✱ ❤❡♥❝❡
✇❡ ❤❛✈❡ E{νx.C} (∼ie)•c E
′{νx.D} ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳
❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡ νx.R′
a
−→ νx.D✱ ❛♥❞ s✐♥❝❡ νx.R′ ∼◦ie Q✱ t❤❡r❡
❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ E′✱ ✇❡ ❤❛✈❡ E′{νx.D} ∼◦ie E
′{C ′}✳
❚❤❡ r❡s✉❧t t❤❡♥ ❤♦❧❞s ✇✐t❤ r✉❧❡ ❖♣❡♥ r✐❣❤t✳
▲❚❙✲▲♦❝✳ P = a[R]
α
−→ a[A]✱ ✇✐t❤ R
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′ s✉❝❤
t❤❛t R ∼•ie R
′ ❛♥❞ a[R′] ∼◦ie Q✳ ❲❡ ♥♦✇ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s ❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
T ′ s✉❝❤ t❤❛t R′
l
−→ T ′ ❛♥❞ T (∼ie)•c T
′✳ ❇② r✉❧❡ ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡
a[R′]
l
−→ a[T ′]✱ ❛♥❞ s✐♥❝❡ a[R′] ∼◦ie Q✱ t❤❡r❡ ❡①✐sts Q
′ s✉❝❤ t❤❛t Q
l
−→ Q′
❛♥❞ a[T ′] ∼◦ie Q
′✳ ❯s✐♥❣ ❈♦♥❣✱ ✇❡ ❤❛✈❡ a[T ] ∼•ie a[T
′]✱ s♦ ❜② ❖♣❡♥ r✐❣❤t
✇❡ ❤❛✈❡ a[T ] (∼ie)•c Q
′ ❛s r❡q✉✐r❡❞✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ F ✳ ▲❡t C (∼ie)•c C
′ ❜❡
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s ❛♥❞ E (∼ie)•c E
′ ❜❡ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts✳ ❇②
✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t R′
a
−→ G ❛♥❞ E{a[F ]} • C (∼ie)•c
E′{a[G]} • C ′✳ ❇② r✉❧❡ ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ a[R′]
a
−→ a[G]✱ ❛♥❞ s✐♥❝❡
a[R′] ∼◦ie Q✱ t❤❡r❡ ❡①✐sts F
′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E′{a[G]} • C ′ ∼◦ie
E′{F ′} • C ′✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts D s✉❝❤ t❤❛t R′
a
−→ D ❛♥❞ ❢♦r ❛❧❧ E✱ E′ ✇✐t❤ E (∼ie)•c E
′✱ ✇❡ ❤❛✈❡
E{C} (∼ie)
•
c E
′{D}✳ ❋♦r E ∼•ie E
′✱ ✇❡ ❤❛✈❡ E{a[✷]} ∼•ie E
′{a[✷]}✱ ❤❡♥❝❡
✇❡ ❤❛✈❡ E{a[C]} (∼ie)•c E
′{a[D]} ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳
❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡ a[R′]
a
−→ a[D]✱ ❛♥❞ s✐♥❝❡ a[R′] ∼◦ie Q✱ t❤❡r❡
❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ E′✱ ✇❡ ❤❛✈❡ E′{a[D]} ∼◦ie E
′{C ′}✳
❚❤❡ r❡s✉❧t t❤❡♥ ❤♦❧❞s ✇✐t❤ r✉❧❡ ❖♣❡♥ r✐❣❤t✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✺✾
▲❚❙✲P❛ss✐✈✳ P = a[R]
a
−→ 〈R〉0✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′ s✉❝❤ t❤❛t R ∼•ie
R′ ❛♥❞ a[R′] ∼◦ie Q✳ ❇② ▲❚❙✲P❛ss✐✈✱ ✇❡ ❤❛✈❡ a[R
′]
a
−→ 〈R′〉0✱ s♦ t❤❡r❡ ❡①✐sts C ′
s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ F, E✱ ✇❡ ❤❛✈❡ F • E{〈R′〉0} ∼◦ie F • E{C
′}✱ ✐✳❡✳
〈R′〉E{0} ∼◦ie E{C
′}✳
▲❡t E, E′ ❜❡ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts s✉❝❤ t❤❛t E (∼ie)•c E
′✳ ❲❡ ❤❛✈❡ E{0} (∼ie)•c
E′{0}✳ ❲❡ ❛❧s♦ ❤❛✈❡ R (∼ie)•c R
′ s♦ ❜② ❈♦♥❣✱ ✇❡ ❤❛✈❡ 〈R〉E{0} (∼ie)•c
〈R′〉E′{0}✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲❘❡♣❧✐❝✳ P =!R
α
−→ A |!R✱ ✇✐t❤ R
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′ s✉❝❤
t❤❛t R ∼•ie R
′ ❛♥❞ !R′ ∼◦ie Q✳ ❲❡ ♥♦✇ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s ❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
T ′ s✉❝❤ t❤❛t R′
l
−→ T ′ ❛♥❞ T (∼ie)•c T
′✳ ❇② r✉❧❡ ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❤❛✈❡
!R′
l
−→ T ′ |!R′✱ ❛♥❞ s✐♥❝❡ !R′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts Q
′ s✉❝❤ t❤❛t Q
l
−→ Q′
❛♥❞ T ′ |!R′ ∼◦ie Q
′✳ ❯s✐♥❣ ❈♦♥❣✱ ✇❡ ❤❛✈❡ T |!R ∼•ie T
′ |!R′✱ s♦ ❜② ❖♣❡♥
r✐❣❤t ✇❡ ❤❛✈❡ T |!R (∼ie)•c Q
′ ❛s r❡q✉✐r❡❞✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ F ✳ ▲❡t C (∼ie)•c C
′ ❜❡
❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s ❛♥❞ E (∼ie)•c E
′ ❜❡ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts✳ ❙✐♥❝❡
R ∼•ie R
′✱ ✇❡ ❤❛✈❡ !R ∼•ie!R
′ ❜② ❈♦♥❣✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ E{✷ |!R} (∼ie)•c
E′{✷ |!R′}✳ ❙♦ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G s✉❝❤ t❤❛t R′
a
−→ G ❛♥❞ E{F |
!R} • C (∼ie)
•
c E
′{G |!R′} • C ′✳ ❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡ νx.R′
a
−→
G |!R′✱ ❛♥❞ s✐♥❝❡ !R′ ∼◦ie Q✱ t❤❡r❡ ❡①✐sts F
′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞
E′{G |!R′} • C ′ ∼◦ie E
′{F ′} • C ′✳ ❲❡ t❤❡♥ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜②
❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ R
a
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts D s✉❝❤ t❤❛t R′
a
−→ D ❛♥❞ ❢♦r ❛❧❧ E✱ E′ ✇✐t❤ E (∼ie)•c E
′✱ ✇❡ ❤❛✈❡
E{C} (∼ie)
•
c E
′{D}✳ ❋♦r E ∼•ie E
′✱ ✇❡ ❤❛✈❡ E{✷ |!R} ∼•ie E
′{✷ |!R′}✱
❤❡♥❝❡ ✇❡ ❤❛✈❡ E{C |!R} (∼ie)•c E
′{D |!R′} ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳
❇② r✉❧❡ ▲❚❙✲❘❡str ✇❡ ❤❛✈❡ !R′
a
−→ D |!R′✱ ❛♥❞ s✐♥❝❡ !R′ ∼◦ie Q✱ t❤❡r❡
❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ E′✱ ✇❡ ❤❛✈❡ E′{D |!R′} ∼◦ie E
′{C ′}✳
❚❤❡ r❡s✉❧t t❤❡♥ ❤♦❧❞s ✇✐t❤ r✉❧❡ ❖♣❡♥ r✐❣❤t✳
❲✐t❤ t❤✐s r❡s✉❧t ✇❡ ❝❛♥ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✶✾✳ ❚❤❡ tr❛♥s✐t✐✈❡ ❛♥❞ r❡✢❡①✐✈❡ ❝❧♦s✉r❡ ♦❢ (∼ie)
•
c ✐s ❛♥ ✐♥♣✉t✲❡❛r❧②
❜✐s✐♠✉❧❛t✐♦♥✳
Pr♦♦❢✳ ❲✐t❤ ♣r♦♣❡rt② ❙②♠♠ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ((∼ie)•c)
∗ ✐s ❛ s✐♠✉❧❛t✐♦♥✳
▲❡t P,Q s✉❝❤ t❤❛t P ((∼ie)•c)
∗Q✳ ❚❤❡r❡ ❡①✐sts k ≥ 0 s✉❝❤ t❤❛t P ((∼ie)•c)
kQ✳
❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❚❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ s❤♦✇ ❢♦r k = 0 s✐♥❝❡
((∼ie)
•
c)
∗ ✐s r❡✢❡①✐✈❡✳
❲❡ s✉♣♣♦s❡ t❤❡ r❡s✉❧t ❤♦❧❞s ✉♣ t♦ k✳ ❲❡ ❤❛✈❡ P (∼ie)•c P1 . . . Pk−1 (∼ie)
•
c Q
❛♥❞ P
a
−→ A✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✳
❘❘ ♥➦ ✻✻✻✹
✻✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ A ✐s ❛ ♣r♦❝❡ss P ′✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts P ′k−1 s✉❝❤ t❤❛t Pk−1
l
−→ P ′k−1
❛♥❞ P ′((∼ie)•c)
∗P ′k−1✳ ❇② ❧❡♠♠❛ ✶✽✱ t❤❡r❡ ❡①✐sts Q
′ s✉❝❤ t❤❛t Q
l
−→ Q′
❛♥❞ P ′k−1 (∼ie)
•
c Q
′✳ ❲❡ ❤❛✈❡ P ′((∼ie)•c)
∗Q′ ❜② tr❛♥s✐t✐✈✐t②✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✳ ▲❡t C ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥ ❛♥❞ E ❜❡ ❛♥ ❡✈❛❧✉❛t✐♦♥
❝♦♥t❡①t✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts Fk−1 s✉❝❤ t❤❛t Pk−1
a
−→ Fk−1 ❛♥❞
E{F} • C((∼ie)
•
c)
∗E{Fk−1} • C✳ ❙✐♥❝❡ C (∼ie)•c C✱ ❜② ❧❡♠♠❛ ✶✽✱ t❤❡r❡
❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E{Fk−1} • C (∼ie)•c E{F
′} • C✳ ❲❡ ❤❛✈❡
E{F} • C((∼ie)
•
c)
∗E{F ′} • C ❜② tr❛♥s✐t✐✈✐t②✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ C✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts Ck−1 s✉❝❤ t❤❛t Pk−1
a
−→
Ck−1 ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥ F ❛♥❞ ❛❧❧ ❝❧♦s❡❞ ❝♦♥t❡①t E✱ F •
E{C}((∼ie)
•
c)
∗F • E{Ck−1}✳ ❇② ❧❡♠♠❛ ✶✽✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t
Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ E✱ ✇❡ ❤❛✈❡ E{Ck−1} (∼ie)•c E{C
′}✳ ❇② ❧❡♠♠❛
✶✼✱ ✇❡ ❤❛✈❡ F • E{Ck−1} (∼ie)•c F • E{C
′}✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❤♦❧❞s ❜②
tr❛♥s✐t✐✈✐t②✳
❚♦ ♣r♦✈❡ t❤❛t ∼ie ✐s ❛ ❝♦♥❣r✉❡♥❝❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✷✵✳ ∼•ie=∼
◦
ie
Pr♦♦❢✳ ❇② ❧❡♠♠❛ ✶✾ ✇❡ ❤❛✈❡ (∼ie)•c
∗⊆∼ie✱ s♦ ✇❡ ❤❛✈❡ (∼ie)•c
∗◦⊆∼◦ie✳ ❲❡ ♥♦✇
♣r♦✈❡ t❤❛t ∼•ie⊆(∼ie)
•
c
◦✳ ▲❡t P,Q s✉❝❤ t❤❛t P ∼•ie Q✳ ❋♦r ❛❧❧ σ ✇❤✐❝❤ ❝❧♦s❡s P ✱
Q✱ ✇❡ ❤❛✈❡ Pσ ∼•ie Qσ ❜② ❙✉❜st✳ ❙✐♥❝❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❝❡ss❡s ❛r❡ ❝❧♦s❡❞✱
✇❡ ❤❛✈❡ Pσ (∼ie)•c Qσ✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ P (∼ie)
•
c
◦
Q✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡
∼•ie⊆(∼ie)
•
c
◦⊆(∼ie)
•
c
◦∗⊆∼◦ie✱ ✐✳❡✳ ∼
•
ie⊆∼
◦
ie✳ ❚❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s ❣✐✈❡♥ ❜②
❖♣❡♥✱ s♦ ✇❡ ❤❛✈❡ ∼•ie=∼
◦
ie✳
❈ ❈♦♠♣❧❡t❡♥❡ss ♣r♦♦❢s ❢♦r ❍❖πP
❈✳✶ ❙tr♦♥❣ ❡❛r❧② ❜✐s✐♠✐❧❛r✐t② ❝♦♠♣❧❡t❡♥❡ss
▲❡♠♠❛ ✷✶✳ ❋♦r ❛❧❧ ❛❝t✐♦♥s α✱ t❤❡ r❡❧❛t✐♦♥
α
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ s❤❛♣❡ ♦❢ P ✿
❼ 0✿ ♥♦ tr❛♥s✐t✐♦♥ ❢r♦♠ P ✳
❼ l.Q✿ ♦♥❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❜② ▲❚❙✲Pr❡❢✐①✳
❼ a〈R〉Q ✿ ♦♥❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❜② ▲❚❙✲❈♦♥❝r✳
❼ a(X)Q✿ ♦♥❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❜② ▲❚❙✲❆❜str✳
❼ a[P ]✿ ♦♥❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❜② ▲❚❙✲P❛ss✐✈✱ ❛♥❞ ❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠
P ✭r✉❧❡ ▲❚❙✲▲♦❝✮✱ ✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✻✶
❼ νx.P ✿ ❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ P ✭✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✮✱
♠✐♥✉s t❤❡ ♦♥❡ ❧❛❜❡❧❡❞ ❜② x ♦r x ✭r✉❧❡ ▲❚❙✲❘❡str✮✳
❼ Q | R✿ t❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❛r❡ ❢r♦♠ r✉❧❡s ▲❚❙✲❋❖✱ ▲❚❙✲❍❖✱ ▲❚❙✲
P❛r✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r✉❧❡ ▲❚❙✲P❛r✱ t❤❡r❡ ❛r❡ ❛s ♠❛♥② ♣♦ss✐❜❧❡
α
−→ tr❛♥✲
s✐t✐♦♥s ❢r♦♠ P ❛s t❤❡r❡ ❛r❡ ❢r♦♠ Q✱ ✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❜② ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣✲
t✐♦♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ τ ✲tr❛♥s✐t✐♦♥s ❢r♦♠ P ❜② ▲❚❙✲❋❖ ✭r❡s♣✳ ▲❚❙✲❍❖✮
❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
m
−→ ✭r❡s♣✳
a
−→✮ tr❛♥s✐t✐♦♥s
❢r♦♠ Q ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢
m
−→ ✭r❡s♣✳
a
−→✮ ❢r♦♠ R✱ ✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❜②
✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥✳
❼ !P ✿ t❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❛r❡ ❢r♦♠ r✉❧❡ ▲❚❙✲❘❡♣❧✐❝✱ ▲❚❙✲❘❡♣❧✐❝✲❍❖✱
▲❚❙✲❘❡♣❧✐❝✲❋❖✳ ❚❤❡r❡ ❛r❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
a
−→,
a
−→,
m
−→,
m
−→ tr❛♥s✐t✐♦♥s
❢r♦♠ P ❜② ✐♥❞✉❝t✐♦♥✱ ❤❡♥❝❡ t❤❡r❡ ❛r❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠
!P ✳
❉❡✜♥✐t✐♦♥ ✸✶✳ ❚❤❡ r❡❧❛t✐♦♥ ∼ω ✐s ❞❡✜♥❡❞ ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ❜②✿
✶✳ P ∼0 Q ✐✛ ❢♥(P ) = ❢♥(Q)
✷✳ P ∼k+1 Q ✐✛ ❢♥(P ) = ❢♥(Q) ❛♥❞
❼ ■❢ P
l
−→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ ∼k Q
′✱ ❛♥❞
❝♦♥✈❡rs❡❧② ✐❢ Q
l
−→ Q′✳
❼ ■❢ P
a
−→ F ✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t
Q
a
−→ F ′ ❛♥❞ F ′ • C ∼k F • C✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ F ✳
❼ ■❢ P
a
−→ C✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❛❜str❛❝t✐♦♥s F ✱ t❤❡r❡ ❡①✐sts C ′ s✉❝❤
t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡ F •
E{C} ∼k F • E{C
′}✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ C✳
✸✳ ∼ω=
⋂
k ∼k
▲❡♠♠❛ ✷✷✳ ❚❤❡ r❡❧❛t✐♦♥s ∼ ❛♥❞ ∼ω ❝♦✐♥❝✐❞❡✳
Pr♦♦❢✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∼ω✱ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❛t ∼⊂∼ω✳ ❲❡ s❤♦✇ t❤❡
❝♦♥✈❡rs❡ ❜② ♣r♦✈✐♥❣ t❤❛t ∼ω ✐s ❛ str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥✳ ▲❡t P,Q ❜❡ s✉❝❤ t❤❛t
P ∼ω Q✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝❤❡❝❦ ✿
❼ ❆ss✉♠❡ P
l
−→ P ′✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k✱ t❤❡r❡ ❡①✐sts Qk s✉❝❤ t❤❛t Q
l
−→ Qk
❛♥❞ P ′ ∼k Qk✳ ❙✐♥❝❡
l
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Qi|Q
l
−→ Qi} ✐s ✜♥✐t❡✳
❲❡ ♥♦✇ ♣r♦✈❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′
❛♥❞ ❢♦r ❛❧❧ k✱ P ′ ∼k Q′✳ ❆ss✉♠❡ t❤❛t ❢♦r ❛❧❧ Qi s✉❝❤ t❤❛t Q
l
−→ Qi✱ t❤❡r❡
❡①✐sts ki s✉❝❤ t❤❛t P ′ ≁ki Qi✳ ❙✐♥❝❡ ∼m⊂∼l ✐❢ l ≤ m✱ ❢♦r ❛❧❧ m ≥ ki✱
✇❡ ❤❛✈❡ P ′ ≁m Qi✳ ❙✐♥❝❡ {Qi|Q
l
−→ Qi} ✐s ✜♥✐t❡✱ t❤❡ s❡t {ki} ✐s ✜♥✐t❡
❘❘ ♥➦ ✻✻✻✹
✻✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❛♥❞ ❤❛s ❛ ❣r❡❛t❡st ❡❧❡♠❡♥t M ✳ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
l
−→ Q′✱ ✇❡ ❤❛✈❡
P ′ ≁m Q
′ ❢♦r ❛❧❧ m ≥ M ✳ ❇✉t ❢♦r ❛❧❧ k✱ t❤❡r❡ ❡①✐sts Qk s✉❝❤ t❤❛t Q
l
−→ Qk
❛♥❞ P ′ ∼k Qk✱ ❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t
Q
l
−→ Q′ ❛♥❞ ❢♦r ❛❧❧ k✱ P ′ ∼k Q′✱ ✐✳❡✳ P ′ ∼ω Q′ ❛s r❡q✉✐r❡❞✳
❼ ❆ss✉♠❡ P
a
−→ F ✳ ▲❡t C ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❋♦r ❛❧❧ k✱ t❤❡r❡ ❡①✐sts Fk
s✉❝❤ t❤❛t Q
a
−→ Fk ❛♥❞ F • C ∼k Fk • C✳ ❙✐♥❝❡
a
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t
{Fi|Q
a
−→ Fi} ✐s ✜♥✐t❡✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts F ′
s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ ❢♦r ❛❧❧ k✱ F ′ • C ∼k F • C✱ ✐✳❡✳ F ′ • C ∼ω F • C
❛s r❡q✉✐r❡❞✳
❼ ❆ss✉♠❡ P
a
−→ C✳ ❚❤✐s ❝❛s❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢ ✇❡ ❞❡✜♥❡ s♦♠❡ ♥♦t❛t✐♦♥s ✿
P ⊕ s = s.0 | s.P
n∑
i=1
Pi = νa.(a〈P1〉0 | . . . | a〈Pn〉0 | a(X)X |
n∏
i=2
a(Xi)0)
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✿
❼ P ⊕ s ↓s
❼ P ⊕ s −→ P
❼ ❋♦r ❛❧❧ 1 ≤ i ≤ n✱
∑n
j=1 Pj −→
n∼ Pi
▲❡♠♠❛ ✷✸✳ ▲❡t P,Q t✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k✱ ✐❢ P ≁k Q t❤❡♥
t❤❡r❡ ❡①✐sts ❛ ❝♦♥t❡①t K s✉❝❤ t❤❛t K{P} ≁b K{Q}✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❋♦r t❤❡ ❝❛s❡ k = 0✱ ✇❡ ♠✉st ❤❛✈❡
❢♥(P ) 6= ❢♥(Q)✳ ❆ss✉♠❡ ✇❡ ❤❛✈❡ a ∈ ❢♥(P ) \ ❢♥(Q) ❢♦r ✐♥st❛♥❝❡✳ ❲❡ ❞❡✜♥❡
K = b[νa.c〈✷〉0 | R] | S
R = e.0 | e.e.d.0
S = c(X)b(Y )(Y | Y )
✇❤❡r❡ b, c, d, e ❛r❡ ❛❧❧ ❞✐st✐♥❝t ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P ♦r Q✳ ❲❡ ♥♦✇ ♣r♦✈❡ ❜②
❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t K{P} ≁b K{Q}✳ ❆ss✉♠❡ t❤❛t K{P} ∼b K{Q}✳ ❲❡ ❤❛✈❡
K{P} −→ νa.(b[R] | b(Y )(Y | Y )) = T1 ✭s✐♥❝❡ a ∈ ❢♥(P ) ✐t ❤❛s t♦ ❜❡ ❡①tr✉❞❡❞
❞✉r✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✮✳ ❙✐♥❝❡ ¬(T1 ↓c)✱ t❤❡ ♦♥❧② ✇❛② ❢♦r K{Q} t♦ ♠❛t❝❤
t❤✐s tr❛♥s✐t✐♦♥ ✐s ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ K{Q} −→ b[νa.R] | b(Y )(Y | Y ) = U1 ✭✇❡
❤❛✈❡ a /∈ ❢♥(Q)✱ s♦ a ✐s ♥♦t ❡①tr✉❞❡❞✮✳ ◆♦✇ ✇❡ ❤❛✈❡
T1 −→ νa.(R | R) = T3
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✻✸
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
U1 −→ (νa.R) | (νa.R) = U3
❚❤❡ r❡❞✉❝t✐♦♥ T3 −→ νa.(e.0 | e.e.d.0 | e.d.0) = T4 ❝❛♥ ❜❡ ♠❛t❝❤❡❞ ❜②
U3 −→ (νa.e.d.0) | (νa.R) = U4✳ ❲❡ ❤❛✈❡ T4 −→ νa.(e.e.d.0 | d.0) = T5✱
✇✐t❤ T5 ↓d ✿ t❤✐s r❡❞✉❝t✐♦♥ ❝❛♥♥♦t ❜❡ ♠❛t❝❤❡❞ ❜② U4✳ ❍❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❆ss✉♠❡ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛❧❧ k ≤ n✳ ❲❡ ♥♦✇ ♣r♦✈❡ ✐t ❢♦r n + 1✳ ❙✐♥❝❡
P ∼ Q ✐♠♣❧✐❡s P ∼b Q✱ t♦ ♣r♦✈❡ P1 ≁b Q1✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t P2 ≁b Q2
✇✐t❤ P1 ∼ P2 ❛♥❞ Q1 ∼ Q2✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ✿
❼ P
τ
−→ P ′✳ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
τ
−→ Q′✱ ✇❡ ❤❛✈❡ P ′ ≁k Q′✳ ❙✐♥❝❡
τ
−→
✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Q′i|Q
τ
−→ Q′i} ✐s ✜♥✐t❡✳ ▲❡t N ❜❡ ✐ts ❝❛r❞✐♥❛❧✐t②✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡ ❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{P ′} ≁b Ki{Q′i} ❢♦r ❛❧❧
i ∈ {1, . . . , N}✳ ❲❡ ❞❡✜♥❡✿
K = a[✷] | a(X)
∑
i
(Ki{X} ⊕ di)
✇❤❡r❡ (di)i, a ❞♦ ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ P,Q✳ ❆ss✉♠❡ t❤❛t K{P} ∼b K{Q}✳
❙✐♥❝❡ P −→ P ′✱ ✇❡ ❤❛✈❡
K{P} −→ a[P ′] | a(X)
∑
j
(Kj{X} ⊕ dj) = R1
❙✐♥❝❡ R1 ↓a✱ t❤✐s r❡❞✉❝t✐♦♥ ❝❛♥ ❜❡ ♠❛t❝❤❡❞ ❜②
K{Q} −→ a[Q′i] | a(X)
∑
j
(Kj{X} ⊕ dj) = S1
❢♦r s♦♠❡ i✳ ❲❡ ♥♦✇ ❤❛✈❡✿
R1 −→
∑
j
(Kj{P
′} ⊕ dj) = R2
❲❡ ❤❛✈❡ ¬R2 ↓a✱ s♦ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S1 −→
∑
j
(Kj{Q
′
i} ⊕ dj) = S2
◆♦✇ ✇❡ ❤❛✈❡ R2 −→N∼ Ki{P ′} ⊕ di = R3✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞
❜② S2 −→N∼ Ki{Q′i} ⊕ di = S3✱ s✐♥❝❡ R3 ↓di ✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ R3 −→
Ki{P
′}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② S3 −→ Ki{Q′i}✳ ❍❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ s✐♥❝❡
Ki{P
′} ≁b Ki{Q
′
i}✱ s♦ ✇❡ ❤❛✈❡ K{P} ≁b K{Q} ❛s r❡q✉✐r❡❞✳
❼ P
m
−→ P ′✳ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
m
−→ Q′✱ ✇❡ ❤❛✈❡ P ′ ≁k Q′✳ ❙✐♥❝❡
m
−→
✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Q′i|Q
m
−→ Q′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡
❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{P ′} ≁b Ki{Q′i} ❢♦r ❛❧❧ i✳ ❲❡ ❞❡✜♥❡✿
K = a[✷] | m.a(X)
∑
i
(Ki{X} ⊕ di)
❘❘ ♥➦ ✻✻✻✹
✻✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
✇❤❡r❡ (di)i, a ❞♦ ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ P,Q✳ ❆ss✉♠❡ t❤❛t K{P} ∼b K{Q}✳
❲❡ ❤❛✈❡
K{P} −→ a[P ′] | a(X)
∑
j
(Kj{X} ⊕ dj) = R1
❙✐♥❝❡ R1 ↓a✱ t❤✐s r❡❞✉❝t✐♦♥ ❝❛♥ ❜❡ ♠❛t❝❤❡❞ ❜②
K{Q} −→ a[Q′i] | a(X)
∑
j
(Kj{X} ⊕ dj) = S1
❢♦r s♦♠❡ i✳ ❋r♦♠ ❤❡r❡✱ t❤✐s ❝❛s❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❛❜♦✈❡✳
❼ P
m
−→ P ′✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
❼ P
a
−→ F ✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥❝r❡t✐♦♥ C = νx̃.〈T 〉U s✉❝❤ t❤❛t ❢♦r ❛❧❧ F ′ s✉❝❤
t❤❛t Q
a
−→ F ′✱ ✇❡ ❤❛✈❡ F ′ • C ≁k F • C✳ ❙✐♥❝❡
a
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t
{F ′i |Q
a
−→ F ′i} ✐s ✜♥✐t❡ ✭❧❡t N ❜❡ ✐ts ❝❛r❞✐♥❛❧✐t②✮✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡
❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{F ′i • C} ≁b Ki{F • C}✳ ❲❡ ❞❡✜♥❡✿
K = b[✷ | νx̃.a〈T 〉(U | e.0)] | e.b(X)
∑
i
(Ki{X} ⊕ di)
✇❤❡r❡ b, (di), e ❛r❡ ❛❧❧ ❞✐st✐♥❝t✱ ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ T,U, P, Q✳ ❲❡
❤❛✈❡
K{P} −→ b[F • C | e.0] | e.b(X)
∑
j
(Kj{X} ⊕ dj) = R1
❙✐♥❝❡ R1 ↓e✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② ❛
K{Q} −→ b[F ′i • C | e.0] | e.b(X)
∑
j
(Kj{X} ⊕ dj) = S1
❢♦r s♦♠❡ i✳ ◆♦✇ ✇❡ ❤❛✈❡
R1 −→ b[F • C] | b(X)
∑
j
(Kj{X} ⊕ dj) = R2
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S1 −→ b[F
′
i • C] | b(X)
∑
j
(Kj{X} ⊕ dj) = S2
❲❡ ❤❛✈❡ t❤❡♥
R2 −→
∑
j
(Kj{F • C} ⊕ dj) = R3
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S2 −→
∑
j
(Kj{F
′
i • C} ⊕ dj) = S3
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✻✺
s✐♥❝❡ ¬R3 ↓b✳ ■♥ t✉r♥✱ ✇❡ ❤❛✈❡
R3 −→
N∼ Ki{F • C} ⊕ di = R4
❲❡ ❤❛✈❡ R4 ↓di ✱ s♦ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S3 −→
N∼ Ki{F
′
i • C} ⊕ di = S4
❋✐♥❛❧❧② ✇❡ ❤❛✈❡ R4 −→ Ki{F • C}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② S4 −→ Ki{F ′i •
C}✳ ❍❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ ✇❡ ❤❛✈❡ Ki{F • C} ≁b
Ki{F
′
i • C}✳ ❙♦ ✇❡ ❤❛✈❡ K{P} ≁b K{Q} ❛s r❡q✉✐r❡❞✳
❼ P
a
−→ C = νx̃.〈U〉V ✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❛❜str❛❝t✐♦♥ F = (Y )T s✉❝❤ t❤❛t ❢♦r
❛❧❧ C ′ s✉❝❤ t❤❛t Q
a
−→ C ′✱ t❤❡r❡ ❡①✐sts ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E s✉❝❤ t❤❛t
F • E{C} ≁k F • E{C
′}✳ ❙✐♥❝❡
a
−→ ✐s ✜♥✐t❡✱ t❤❡ s❡t {Ci|Q′
a
−→ Ci} ✐s
✜♥✐t❡ ✭❧❡t N ❜❡ ✐ts ❝❛r❞✐♥❛❧✐t②✮✳ ❋♦r ❡❛❝❤ i ✇❡ ✇r✐t❡ Ei t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✏❞✐st✐♥❣✉✐s❤✐♥❣ ❝♦♥t❡①t✑✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts ❝♦♥t❡①ts Ki s✉❝❤ t❤❛t
Ki{F • Ei{C}} ≁b Ki{F • Ei{Ci}} ❢♦r ❛❧❧ i✳ ❲❡ ❞❡✜♥❡
K = b[c[✷] | a(Y )(T | e.0) | c(X)
∑
i
(Ei{X}⊕di)] | e.b(X)
∑
i
(Ki{X}⊕di)
✇❤❡r❡ b, c, e, (di) ❛r❡ ❛❧❧ ❞✐st✐♥❝t ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ T, P,Q✳ ❚r✐❣❣❡r✲
✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ a✱ ✇❡ ❤❛✈❡✿
K{P} −→ b[νx̃.(c[V ] | T{U/Y } | e.0 | c(X)
∑
j
(Ej{X} ⊕ dj))] | K
′ = R1
✇✐t❤ K ′ = e.b(X)
∑
j(Kj{X} ⊕ dj)✳ ❙✐♥❝❡ R1 ↓e✱ ✐t ✐s ♠❛t❝❤❡❞ ❢♦r s♦♠❡ i
❜②
K{Q} −→ b[νx̃i.(c[Vi] | T{Ui/Y } | e.0 | c(X)
∑
i
(Ei{X} ⊕ di))] | K
′ = S1
✇✐t❤ Ci = νx̃i.〈Ui〉Vi✳ ❇② tr✐❣❣❡r✐♥❣ t❤❡ ♣❛ss✐✈❛t✐♦♥ ♦♥ c✱ t❤❡♥ ❝❤♦♦s✐♥❣
t❤❡ ❛♣♣r♦♣r✐❛t❡ i ✐♥ t❤❡ s✉♠✱ ✇❡ ❤❛✈❡
R1 −→
3−→N∼ b[e.0 | F • Ei{C}] | K
′ = R2
✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ⊕ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ∼ ✐s ❛ ❝♦♥❣r✉❡♥❝❡✳ ❚❤✐s
s❡q✉❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S1 −→
3−→N∼ b[e.0 | F • Ei{Ci}] | K
′ = S2
❋r♦♠ ❤❡r❡✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ❛❜str❛❝t✐♦♥ ❝❛s❡✳ ❚r✐❣❣❡r✐♥❣ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ e ❛♥❞ t❤❡ ♣❛ss✐✈❛t✐♦♥ ♦♥ b✱ ✇❡ ❤❛✈❡
R2 −→
2
∑
j
(Kj{F • Ei{C}} ⊕ dj) = R3
❘❘ ♥➦ ✻✻✻✹
✻✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S2 −→
2
∑
j
(Kj{F • Ei{Ci}} ⊕ dj) = S3
❲❡ ❤❛✈❡
R3 −→
N∼ Ki{F • Ei{C}} ⊕ di = R4
✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ♦♥❧② ❜②
S3 −→
N∼ Ki{F • Ei{Ci}} ⊕ di = S4
❋✐♥❛❧❧② ✇❡ ❤❛✈❡ R4 −→ Ki{F • Ei{C}}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② S4 −→
Ki{F • Ei{Ci}}✳ ❍❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ ✇❡ ❤❛✈❡
Ki{F • Ei{C}} ≁b Ki{F • Ei{Ci}}✳ ❙♦ ✇❡ ❤❛✈❡ K{P} ≁b K{Q} ❛s
r❡q✉✐r❡❞✳
❈✳✷ ❆❞❛♣t❛t✐♦♥ t♦ str♦♥❣ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✐❧❛r✐t②
❲❡ ❡①♣❧❛✐♥ ❤❡r❡ ❤♦✇ t♦ ❛❞❛♣t t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ t♦ ✐♥♣✉t✲❡❛r❧② ❜✐s✐♠✐❧❛r✐t②✳ ❲❡
❞❡✜♥❡ t❤❡ s❧✐❝✐♥❣ ♦❢ ∼ie ❛s ❢♦❧❧♦✇✿
❉❡✜♥✐t✐♦♥ ✸✷✳ ❚❤❡ r❡❧❛t✐♦♥ ∼ie,ω ✐s ❞❡✜♥❡❞ ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ❜②✿
✶✳ P ∼0 Q ✐✛ ❢♥(P ) = ❢♥(Q)
✷✳ P ∼ie,k+1 Q ✐✛ ❢♥(P ) = ❢♥(Q) ❛♥❞
❼ ■❢ P
l
−→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′ ∼ie,k Q
′✱
❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
l
−→ Q′✳
❼ ■❢ P
a
−→ F ✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥s C ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t
E✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′ ❛♥❞ E{F} • C ∼ie,k E{F
′} • C✱
❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ F ✳
❼ ■❢ P
a
−→ C✱ t❤❡♥ t❤❡r❡ ❡①✐sts C ′ s✉❝❤ t❤❛t Q
a
−→ C ′ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞
❛❜str❛❝t✐♦♥s F ❛♥❞ ❛❧❧ ❝❧♦s❡❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E✱ ✇❡ ❤❛✈❡ F •
E{C} ∼ie,k F • E{C
′}✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ C✳
✸✳ ∼ie,ω=
⋂
k ∼ie,k
▲❡♠♠❛ ✷✹✳ ❚❤❡ r❡❧❛t✐♦♥ ∼ie ❛♥❞ ∼ie,ω ❝♦✐♥❝✐❞❡✳
❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s ❛❜♦✈❡✳
▲❡♠♠❛ ✷✺✳ ▲❡t P,Q t✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k✱ ✐❢ P ≁ie,k Q t❤❡♥
t❤❡r❡ ❡①✐sts ❛ ❝♦♥t❡①t K s✉❝❤ t❤❛t K{P} ≁b K{Q}✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✷✸ ❡①❝❡♣t ✐♥ t❤❡ ❛❜str❛❝t✐♦♥
❛♥❞ ❝♦♥❝r❡t✐♦♥ ❝❛s❡s✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✻✼
❼ P
a
−→ F ✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥❝r❡t✐♦♥ C = νx̃.〈T 〉U ❛♥❞ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t
E s✉❝❤ t❤❛t ❢♦r ❛❧❧ F ′ s✉❝❤ t❤❛t Q
a
−→ F ′✱ ✇❡ ❤❛✈❡ E{F} • C ≁k E{F ′} • C✳
❙✐♥❝❡
a
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {F ′i |Q
a
−→ F ′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❛r❡ ❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{E{F} • C} ≁b Ki{E{Fi} • C}✳ ❲❡ ❞❡✜♥❡✿
K = b[E | νx̃.a〈T 〉(U | e.0)] | e.b(X)
∑
i
(Ki{X} ⊕ di)
✇❤❡r❡ b, e, (di) ❛r❡ ❛❧❧ ❞✐st✐♥❝t✱ ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ T,U, P, Q✳ ❋r♦♠
❤❡r❡ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ❡❛r❧② ✈❡rs✐♦♥✳
❼ P
a
−→ C = νx̃.〈U〉V ✳ ❋♦r ❛❧❧ C ′ s✉❝❤ t❤❛t Q
a
−→ C ′✱ t❤❡r❡ ❡①✐sts ❛♥
❛❜str❛❝t✐♦♥ F ❛♥❞ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t E s✉❝❤ t❤❛t F • E{C} ≁k F •
E{C ′}✳ ❙✐♥❝❡
a
−→ ✐s ✜♥✐t❡✱ t❤❡ s❡t {Ci|Q′
a
−→ Ci} ✐s ✜♥✐t❡ ✭❧❡t N ❜❡ ✐ts
❝❛r❞✐♥❛❧✐t②✮✳ ❋♦r ❡❛❝❤ i ✇❡ ✇r✐t❡ Fi✱ Ei t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐st✐♥❣✉✐s❤✐♥❣
❛❜str❛❝t✐♦♥ ❛♥❞ ❝♦♥t❡①t✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts ❝♦♥t❡①ts Ki s✉❝❤ t❤❛t
Ki{Fi • Ei{C}} ≁b Ki{Fi • Ei{Ci}} ❢♦r ❛❧❧ i✳ ❲❡ ✇r✐t❡ Ci = νx̃i.〈Ui〉Vi
❛♥❞ Fi = (Xi)Ti✳ ❲❡ ❞❡✜♥❡
K = b[c[✷] | a(Y )(d〈Y 〉0 | d(X)
∑
i
(Ti{X/Xi} ⊕ di) | K1)] | K2
✇✐t❤ K1 = c(X)
∑
i(Ei{X} ⊕ di) | e.0✱ K2 = e.b(X)
∑
i(Ki{X} ⊕ di)✱
✇❤❡r❡ b, c, d, e, (di) ❛r❡ ❛❧❧ ❞✐st✐♥❝t ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ❢r❡❡ ✐♥ Ti, P, Q✳ ❚❤❡
♠❛✐♥ ✐❞❡❛ ✐s t♦ ❛❞❞ ❛ ❜♦❣✉s ❢♦r✇❛r❞ ♦♥ a✱ t♦ ❡♥❢♦r❝❡ Q t♦ ❝❤♦s❡ ❛ r❡❞✉❝t✐♦♥✳
❲❤❡♥ Q ❤❛s ❝❤♦s❡♥ ❛ Ci✱ P ✐s ❛❜❧❡ t♦ ❝❤♦s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞❡① i ✐♥
✐ts s❡q✉❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥ ✭❤❡r❡ ❛❢t❡r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ d✮✳
❚r✐❣❣❡r✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ a✱ ✇❡ ❤❛✈❡✿
K{P} −→ b[νx̃.(c[V ] | d〈U〉0 | d(X)
∑
j
(Tj{X/Xj}⊕dj) | K1)] | K2 = R2
❙✐♥❝❡ ✇❡ ❤❛✈❡ R2 ↓c ✭✐♥ K1✮✱ ✐t ✐s ♠❛t❝❤❡❞ ❢♦r s♦♠❡ i ❜②
K{Q} −→ b[νx̃i.(c[Vi] | d〈Ui〉0 | d(X)
∑
j
(Tj{X/Xj}⊕dj) | K1)] | K2 = S2
❲✐t❤ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ d✱ ✇❡ ❤❛✈❡
R2 −→ b[νx̃.(c[V ] |
∑
j
(Tj{U/Xj} ⊕ dj) | K1)] | K2 = R3
❙✐♥❝❡ ✇❡ ❤❛✈❡ ¬R3 ↓d✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②
S2 −→ b[νx̃.(c[V ] |
∑
j
(Tj{Ui/Xj} ⊕ di) | K1)] | K2 = S3
❯s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✉♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ∼ie ✐s ❛ ❝♦♥❣r✉❡♥❝❡✱ ✇❡ ❤❛✈❡
R3 −→
N∼ie b[νx̃.(c[V ] | Ti{U/Xi} ⊕ di | K1)] | K2 = R4
❘❘ ♥➦ ✻✻✻✹
✻✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❙✐♥❝❡ ✇❡ ❤❛✈❡ R4 ↓di ✱ ✐t ✐s ♠❛t❝❤❡❞ ♦♥❧② ❜②✿
S3 −→
N∼ie b[νx̃.(c[V ] | Ti{Ui/Xi} ⊕ di | K1)] | K2 = S4
❇② ♣r♦♣❡rt② ♦❢ ⊕✱ ✇❡ ❤❛✈❡✿
R4 −→ b[νx̃.(c[V ] | Ti{U/Xi} | K1)] | K2 = R5
❲❡ ❤❛✈❡ ¬R5 ↓di ✱ s♦ ✐t ✐s ♠❛t❝❤❡❞ ❜②✿
S4 −→ b[νx̃.(c[V ] | Ti{Ui/Xi} | K1)] | K2 = S5
❋r♦♠ ❤❡r❡✱ t❤❡ ♣r♦♦❢ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❡❛r❧② ✈❡rs✐♦♥ ❛t st❛❣❡ R1, S1✳
❉ ❙♦✉♥❞♥❡ss ♣r♦♦❢s ❢♦r ❍❖P
❲❡ ♣r♦✈❡ s♦✉♥❞♥❡ss ♦❢ ❡❛r❧② ❝♦♥t❡①t ❜✐s✐♠✐❧❛r✐t✐❡s ❢♦r ❍❖P ✐♥ t❤❡ str♦♥❣ ❛♥❞
✇❡❛❦ ❝❛s❡s✳ ❲❡ ✉s❡ ♣r♦❣r❡ss t❡❝❤♥✐q✉❡ ❢♦r t❤❡ str♦♥❣ ❝❛s❡ ❛♥❞ ❍♦✇❡✬s ♠❡t❤♦❞
❢♦r t❤❡ ✇❡❛❦ ❝❛s❡ ✭✐t ✇♦r❦s ✐♥ t❤❡ str♦♥❣ ❝❛s❡ t♦♦✮✳
❉✳✶ ❙tr♦♥❣ ❝❛s❡
❲❡ ❤❛✈❡ t♦ ❛❞❛♣t t❤❡ ❞❡✜♥✐t✐♦♥ ✷✽ ♦❢ ♣r♦❣r❡ss✿
❉❡✜♥✐t✐♦♥ ✸✸✳ ▲❡t R,U ❜❡ ❜✐♥❛r② r❡❧❛t✐♦♥s ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❘❡❧❛t✐♦♥ R ✐s
s❛✐❞ t♦ str♦♥❣❧② ♣r♦❣r❡ss t♦✇❛r❞s U ✱ ♥♦t❡❞ R U ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
❋♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t P R Q✱ ✇❡ ❤❛✈❡✿
❼ ■❢ P
l
−→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
τ
−→ Q′ ❛♥❞ P ′ U Q′✳
❼ ■❢ P
a
−→ F ✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t Q
a
−→ F ′
❛♥❞ F ◦ R U F ′ ◦ R✳
❼ ■❢ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t Q′
a
−→ 〈R′〉S′✱ R U R′ ❛♥❞
S U S′✳
▲❡♠♠❛ ✷✻✳ ▲❡t R ❜❡ ❛ r❡✢❡①✐✈❡ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✱ ❧❡t U ❜❡
✐ts r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✳ ■❢ R U ✱ t❤❡♥ U ✐s ❛ str♦♥❣ s✐♠✉❧❛t✐♦♥✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❢♦r ▲❡♠♠❛ ✶✵✱ ❡①❝❡♣t ✐♥ t❤❡ ❝♦♥❝r❡t✐♦♥
❝❛s❡✱ ❤❡♥❝❡ ✇❡ ❞❡t❛✐❧ t❤✐s ❝❛s❡ ♦♥❧②✳ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ▲❡♠♠❛ ✶✵✱
❛ss✉♠❡ ✇❡ ❤❛✈❡ P
a
−→ 〈R〉S✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts R′n, S
′
n s✉❝❤ t❤❛t Pn
a
−→
〈R′n〉S
′
n ❛♥❞ R U R
′
n ❛♥❞ S U S
′
n✳ ❙✐♥❝❡ R U ❛♥❞ Pn R Q✱ t❤❡r❡ ❡①✐sts R
′, S′
s✉❝❤ t❤❛t Q
a
−→ 〈R′〉S′ ❛♥❞ Rn U R′ ❛♥❞ Sn U S′✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❤♦❧❞s ❜②
tr❛♥s✐t✐✈✐t② ♦❢ U ✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✻✾
❋♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♥♦t❡ R= {(P{Q̃/X̃}, P{R̃/X̃}), ❢✈(P ) =
X̃, Q̃
.
∼ R̃} ❛♥❞ ✐ts ❝❧♦s✉r❡ U=R∗✳ ❲❡ ✉s❡ t❤❡s❡ r❡❧❛t✐♦♥s t♦ ♣r♦✈❡ t❤❡ s✉❜st✐✲
t✉t✐♦♥ ❧❡♠♠❛✳ ❲❡ ✜rst ❣✐✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s✳
▲❡♠♠❛ ✷✼✳ ■❢ P U Q✱ t❤❡♥ ❢♦r ❛❧❧ ♥❛♠❡s a✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s T ✇❡
❤❛✈❡ P | T U Q | T, a[P ] U a[Q], a〈P 〉T U a〈Q〉T, a〈T 〉P U a〈Q〉T, a(X)P U
a(X)Q, l.P U l.Q, !P U !Q,P + T U Q + T ✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✱ ♣r♦✈✐♥❣ t❤❛t P Rn Q ✐♠♣❧✐❡s P | T Rn
Q | T ✱ ✳ ✳ ✳
❋♦r n = 1✱ ❧❡t P R Q ✇✐t❤ P = U{R̃/X̃} ❛♥❞ Q = U{S̃/X̃}✳ ❙✐♥❝❡ T ✐s
❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ P | T = U{R̃/X̃} | T = (U | T ){R̃/X̃} U (U | T ){S̃/X̃} = Q |
T ❛♥❞ a[P ] = a[U{R̃/X̃}] = a[U ]{R̃/X̃} U a[U ]{R̃/X̃} = a[Q]✳ ❇② t❤❡ s❛♠❡
t❡❝❤♥✐q✉❡ ✇❡ ❤❛✈❡ t❤❡ r❡s✉❧t ❢♦r t❤❡ ♦t❤❡r ❝♦♥t❡①ts✳
❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ✉♣ t♦ n✳ ❲❡ s❤♦✇ t❤❛t ✐t ❤♦❧❞s ❢♦r n + 1✳
▲❡t P Rn+1 Q✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts Pn s✉❝❤ t❤❛t P Rn Pn R Q✳ ❇② ✐♥❞✉❝t✐♦♥
❛ss✉♠♣t✐♦♥✱ ✇❡ ❤❛✈❡ P | T Rn Pn | T ✳ ❆❧s♦ ✇❡ ❤❛✈❡ Pn | T R Q | T ✱ ❤❡♥❝❡ ✇❡
❝♦♥❝❧✉❞❡ P | T Rn+1 Q | T ✳ ❲❡ ❤❛✈❡ t❤❡ s❛♠❡ ❢♦r t❤❡ ♦t❤❡r ❝♦♥t❡①ts✳
❆ ❞✐r❡❝t ❝♦r♦❧❧❛r② ❢r♦♠ ❧❡♠♠❛ ✷✼ ✐s ✐❢ P U Q✱ t❤❡♥ ❢♦r ❛❧❧ ❛❜str❛❝t✐♦♥s F ✱
✇❡ ❤❛✈❡ F ◦ P U F ◦ Q✳
▲❡♠♠❛ ✷✽ ✭❙✉❜st✐t✉t✐♦♥ ❧❡♠♠❛✮✳ ▲❡t P ❜❡ ❛ ♣r♦❝❡ss s✉❝❤ t❤❛t ❢✈(P ) ⊂ X̃✱
❛♥❞ ❧❡t Q̃ ❛♥❞ R̃ t✇♦ s❡ts ♦❢ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥t
t❤❛♥ X̃✱ ❛♥❞ s✉❝❤ t❤❛t Q̃
.
∼ R̃✳ ❚❤❡♥ P{Q̃/X̃}
.
∼ P{R̃/X̃}✳
Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡ tr❛♥s✐t✐✈❡ ❛♥❞ r❡✢❡①✐✈❡ ❝❧♦s✉r❡ U ♦❢ R ✐s ❛ str♦♥❣
s✐♠✉❧❛t✐♦♥✳ ❆s U ✐s s②♠♠❡tr✐❝❛❧✱ ✐t ✇✐❧❧ ✐♠♣❧② t❤❛t U ✐s ❛ str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥✳
❇② ❧❡♠♠❛ ✷✻✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t R U ✳
❋♦r ❛❧❧ ♣r♦❝❡ss P s✉❝❤ t❤❛t ❢✈(P ) = X̃ ❛♥❞ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R̃ ✇✐t❤
t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts t❤❛♥ X̃✱ ✇❡ ✇r✐t❡ PR ❢♦r P{R̃/X̃}✳
❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ PQ
α
−→ AQ✳ ❆ ❝♦♠♠♦♥ s✉❜❝❛s❡
✐s t❤❡ ❝❛s❡ P = X✱ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ❝♦♠❡s ❢r♦♠ Q✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡
PQ = Q,PR = R ✇✐t❤ Q
.
∼ R✳ ❙✐♥❝❡
.
∼⊆R⊆U ✱ ✇❡ ❤❛✈❡ Q U R✳ ❚❤❡r❡❢♦r❡ ✇❡
❝♦♥s✐❞❡r P 6= X ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✳
▲❚❙✲Pr❡❢✐①✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = l.SQ✳ ❙♦ PR = l.SR ❛♥❞ PR
l
−→ SR✳
❲❡ ❤❛✈❡ SQ R SR✱ s♦ ✇❡ ❤❛✈❡ SQ U SR ❛s r❡q✉✐r❡❞✳
▲❚❙✲❆❜str✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = a(X)SQ✱ ❛♥❞ AQ ✐s ❛♥ ❛❜str❛❝t✐♦♥
FQ = (X)SQ✳ ❚❤❡♥ PR = a(X)SR✳ ▲❡t T ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡
PR
a
−→ FR✳ ❙✐♥❝❡ T ✐s ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ FQ ◦ T = (F ◦ T )Q R (F ◦ T )R = FR ◦ T ✳
❍❡♥❝❡ ✇❡ ❤❛✈❡ FQ ◦ T U FR ◦ T ❛s r❡q✉✐r❡❞✳
▲❚❙✲❈♦♥❝r✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = a〈SQ〉TQ✱ ❛♥❞ PQ
a
−→ 〈SQ〉TQ = CQ✳
❍❡♥❝❡ PR = a〈SR〉TR✳ ❲❡ ❤❛✈❡ PR
a
−→ CR✱ ❛♥❞ SQ R SR, TQ R TR✱ ❤❡♥❝❡ t❤❡
r❡s✉❧t ❤♦❧❞s✳
❘❘ ♥➦ ✻✻✻✹
✼✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
▲❚❙✲❋❖✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = SQ | TQ ✇✐t❤ SQ
m
−→ UQ✱ TQ
m
−→ VQ✳ ❙♦
PQ
τ
−→ UQ | VQ✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′R s✉❝❤ t❤❛t SR
m
−→ U ′R ❛♥❞ UQ U U
′
R✱ ❛♥❞
t❤❡r❡ ❡①✐sts V ′R s✉❝❤ t❤❛t TR
m
−→ V ′R ❛♥❞ VQ U V
′
R✳ ❇② ▲❚❙✲❋❖ ✇❡ ❤❛✈❡
SR | TR
τ
−→ U ′R | V
′
R✳ ❇② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ UQ | VQ U U
′
R | VQ U U
′
R | V
′
R✱ s♦
❜② tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ UQ | VQ U U ′R | V
′
R✱ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡♣❧✐❝✲❋❖✳ ❙✐♠✐❧❛r t♦ ❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲❍❖✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = SQ | TQ ✇✐t❤ SQ
a
−→ F ✱ TQ
a
−→ C = 〈V 〉W ✱
❛♥❞ PQ
τ
−→ F • C✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′ s✉❝❤ t❤❛t SR
a
−→ F ′ ❛♥❞ F ◦ V U F ′ ◦ V ✱ ❛♥❞
t❤❡r❡ ❡①✐sts C ′ = 〈V ′〉W ′ s✉❝❤ t❤❛t TR
a
−→ C ′ ❛♥❞ V U V ′,W U W ′✳ ❇② ▲❚❙✲
❍❖ ✇❡ ❤❛✈❡ SR | TR
τ
−→ F ′ • C ′✳ ❇② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ F • C U F ′ ◦ V ′ | W ✳
❙✐♥❝❡ W U W ′✱ ✇❡ ❤❛✈❡ F ′ ◦ V ′ | W U F ′ ◦ V ′ | W ′ = F ′ • C ′✱ s♦ ❜②
tr❛♥s✐t✐✈✐t② ✇❡ ❤❛✈❡ F • C U F ′ • C ′ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡♣❧✐❝✲❍❖✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡ ✭✇✐t❤ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ✉s❡ ♦❢ t❤❡
❧❡♠♠❛ ✷✼✮
▲❚❙✲P❛r✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = SQ | TQ✱ AQ = BQ | TQ ✇✐t❤ SQ
α
−→ BQ✳
❲❡ ❤❛✈❡ t♦ ❞✐s❝✉ss ♦♥ t❤❡ s❤❛♣❡ ♦❢ BQ✿
❼ BQ ✐s ❛ ♣r♦❝❡ss U ✿ t❤❡♥ SQ
l
−→ U ✳ ❙♦ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′ s✉❝❤
t❤❛t SR
l
−→ U ′ ❛♥❞ U U U ′✳ ❇② r✉❧❡ ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ PR
l
−→ U ′ | TR✱
❛♥❞ ❜② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ U | TQ U U ′ | TQ✳ ❆s TQ U TR✱ ✇❡ ❤❛✈❡
U ′ | TQ U U
′ | TR ❜② ❧❡♠♠❛ ✷✼✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ PR
l
−→ U ′ | TR ❛♥❞ ❜②
tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡ U | TQ U U ′ | TR ❛s r❡q✉✐r❡❞✳
❼ BQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡♥ SQ
a
−→ F ✳ ▲❡t V ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❇②
✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t SR
a
−→ F ′ ❛♥❞ F ◦ V U F ′ ◦ V ✳
❇② ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ PR
a
−→ F ′ | TR✳ ❇② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ (F |
TQ) ◦ V U F
′ ◦ V | TQ ❛♥❞ s✐♥❝❡ TQ R TR✱ ✇❡ ❤❛✈❡ F ′ ◦ V | TQ U
F ′ ◦ V | TR = (F
′ | TR) ◦ V ✳ ❍❡♥❝❡ ❜② tr❛♥s✐t✐✈✐t② ♦❢ U ✱ ✇❡ ❤❛✈❡
(F | TQ) ◦ V U (F
′ | TR) ◦ V ❛s r❡q✉✐r❡❞✳
❼ BQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C = 〈U〉V ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts C ′ = 〈U ′〉V ′
s✉❝❤ t❤❛t SR
a
−→ C ′ ❛♥❞ U U U ′, V U V ′✳ ❙✐♥❝❡ V U V ′✱ ❜② ❧❡♠♠❛ ✷✼✱ ✇❡
❤❛✈❡ V | TQ U V ′ | TQ✱ ❛♥❞ ❢r♦♠ TQ U TR ✇❡ ❤❛✈❡ V ′ | TQ U V ′ | TR✳ ❇②
tr❛♥s✐t✐✈✐t②✱ ✇❡ ❤❛✈❡ V | TQ U V ′ | TR ❛s r❡q✉✐r❡❞✳
▲❚❙✲▲♦❝✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = a[SQ] ✇✐t❤ SQ
α
−→ BQ✳ ❲❡ ❤❛✈❡ t❤r❡❡
❝❛s❡s t♦ ❝♦♥s✐❞❡r✿
❼ BQ ✐s ❛ ♣r♦❝❡ss U ✿ ✇❡ ❤❛✈❡ SQ
l
−→ U ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts U ′ s✉❝❤
t❤❛t SR
l
−→ U ′ ❛♥❞ U U U ′✳ ❇② ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ PR
l
−→ a[U ′] ❛♥❞ ❜②
❧❡♠♠❛ ✷✼ ✇❡ ❤❛✈❡ a[U ] U a[U ′] ❛s r❡q✉✐r❡❞✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✼✶
❼ BQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ SQ
b
−→ F ✳ ▲❡t V ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❇②
✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t SR
b
−→ F ′ ❛♥❞ F ◦ V U F ′ ◦ V ✳ ❇②
▲❚❙✲▲♦❝✱ ✇❡ ❤❛✈❡ PR
b
−→ a[F ′]✳ ❇② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ a[F ] ◦ V = a[F ◦
V ] U a[F ′ ◦ V ] = a[F ′] ◦ V ✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ BQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C = 〈U〉V ✿ t❤❡♥ SQ
b
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
C ′ = 〈U ′〉V ′ s✉❝❤ t❤❛t SR
b
−→ C ′ ❛♥❞ U U U ′, V U V ′✳ ❲❡ ❤❛✈❡ PR
b
−→ a[C ′]
❜② ▲❚❙✲▲♦❝✱ ❛♥❞ ❜② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ a[V ] U a[V ′] ❛s r❡q✉✐r❡❞✳
▲❚❙✲P❛ss✐✈✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = a[SQ] ❛♥❞ PQ
a
−→ 〈SQ〉0✳ ❲❡ ❤❛✈❡
PR
a
−→ 〈SR〉0✱ ❛♥❞ ✇❡ ❤❛✈❡ SQ R SR ❛♥❞ 0 R 0✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
▲❚❙✲❘❡♣❧✐❝✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ =!SQ ✇✐t❤ SQ
α
−→ AQ ❛♥❞ PQ
α
−→ AQ |
PQ✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿
❼ AQ ✐s ❛ ♣r♦❝❡ss T ✿ ✇❡ ❤❛✈❡ SQ
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts T ′ s✉❝❤
t❤❛t SR
l
−→ T ′ ❛♥❞ T U T ′✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ✇❡ ❤❛✈❡ PR
l
−→ T ′ |!SR✳ ❇②
❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ T | PQ U T ′ | PQ U T ′ | PR ✭s✐♥❝❡ PQ U PR✮✳ ❲❡ ❤❛✈❡
t❤❡ r❡s✉❧t ❜② tr❛♥s✐t✐✈✐t②✳
❼ BQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ ✇❡ ❤❛✈❡ SQ
b
−→ F ✳ ▲❡t V ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❇②
✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t SR
b
−→ F ′ ❛♥❞ F ◦ V U F ′ ◦ V ✳ ❇②
▲❚❙✲❘❡♣❧✐❝✱ ✇❡ ❤❛✈❡ PR
b
−→ F ′ |!SR✳ ❇② ❧❡♠♠❛ ✷✼✱ ✇❡ ❤❛✈❡ (F | PQ) ◦
V = F ◦ V | PQ U F
′ ◦ V | PQ ❛♥❞ F ′ ◦ V | PQ U F ′ ◦ V | PR = (F ′ |
PR) ◦ V ✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s ❜② tr❛♥s✐t✐✈✐t②✳
❼ BQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C = 〈U〉V ✿ t❤❡♥ SQ
b
−→ C✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
C ′ = 〈U ′〉V ′ s✉❝❤ t❤❛t SR
b
−→ C ′ ❛♥❞ U U U ′, V U V ′✳ ❲❡ ❤❛✈❡ PR
b
−→
C ′ | PR ❜② ▲❚❙✲▲♦❝✱ ❛♥❞ ❜② ❧❡♠♠❛ ✷✼ ✇❡ ❤❛✈❡ PQ | V U PR | V ❛♥❞
PR | V U PR | V
′✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s ❜② tr❛♥s✐t✐✈✐t②✳
▲❚❙✲❙✉♠✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ PQ = SQ +TQ✱ AQ = BQ ✇✐t❤ SQ
α
−→ BQ✳ ❲❡
❤❛✈❡ t♦ ❞✐s❝✉ss ♦♥ t❤❡ s❤❛♣❡ ♦❢ BQ✿
❼ BQ ✐s ❛ ♣r♦❝❡ss U ✿ t❤❡♥ SQ
l
−→ U ✳ ❙♦ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′ s✉❝❤
t❤❛t SR
l
−→ U ′ ❛♥❞ U U U ′✳ ❇② r✉❧❡ ▲❚❙✲❙✉♠✱ ✇❡ ❤❛✈❡ PR
l
−→ U ′✱ ❤❡♥❝❡
t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ BQ ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡♥ SQ
a
−→ F ✳ ▲❡t V ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❇②
✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t SR
a
−→ F ′ ❛♥❞ F ◦ V U F ′ ◦ V ✳ ❇②
▲❚❙✲❙✉♠✱ ✇❡ ❤❛✈❡ PR
a
−→ F ′✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❘❘ ♥➦ ✻✻✻✹
✼✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
X
∧
R X 0
∧
R 0
P R Q
l.P
∧
R l.Q
P R Q
νx.P
∧
R νx.Q
P1 R Q1 P2 R Q2
P1 | P2
∧
R Q1 | Q2
P R Q
a(X)P
∧
R a(X)Q
P1 R Q1 P2 R Q2
a〈P1〉P2
∧
R a〈Q1〉Q2
P R Q
a[P ]
∧
R a[Q]
P1 R Q1 P2 R Q2
P1 + P2
∧
R Q1 + Q2
P R Q
!P
∧
R!Q
❋✐❣✉r❡ ✽✿ ❈♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t ❢♦r ❍❖P ♣r♦❝❡ss❡s
❼ BQ ✐s ❛ ❝♦♥❝r❡t✐♦♥ C = 〈U〉V ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts C ′ = 〈U ′〉V ′
s✉❝❤ t❤❛t SR
a
−→ C ′ ❛♥❞ U U U ′, V U V ′✳ ❇② ▲❚❙✲❙✉♠✱ ✇❡ ❤❛✈❡ PR
a
−→ C ′✱
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❋r♦♠ t❤❡ s✉❜st✐t✉t✐♦♥ ❧❡♠♠❛✱ ✇❡ ❤❛✈❡ ❞✐r❡❝t❧② t❤❡ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✶✶✳ ■❢ Q
.
∼ R t❤❡♥ ❢♦r ❛❧❧ a, l, T ✱ ✇❡ ❤❛✈❡ Q | T
.
∼ R | T ✱ a[Q]
.
∼ a[R]✱
a(Y )Q
.
∼ a(Y )R✱ a〈Q〉T
.
∼ a〈R〉T ✱ a〈T 〉Q
.
∼ a〈T 〉R✱ l.Q
.
∼ l.R✱ Q+T
.
∼ R +T ✱
!Q
.
∼!R✳
❉✳✷ ❲❡❛❦ ❝❛s❡
■♥ t❤❡ ♣r♦♦❢s✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿
▲❡♠♠❛ ✷✾✳ ■❢ P
.
≈
◦
Q t❤❡♥✿
❼ ■❢ P
l
=⇒ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′
.
≈
◦
Q′✳
❼ ■❢ P
a
=⇒ F ✱ ❢♦r ❛❧❧ R✱ t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤ t❤❛t Q
a
=⇒ F ′✱ F ′ ◦ R
τ
=⇒ Q′✱
❛♥❞ F ◦ R
.
≈
◦
Q′
❼ ■❢ P
a
=⇒ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′, S′′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R
.
≈
◦
R′✱ ❛♥❞ S
.
≈
◦
S′✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ P
α
=⇒ A
❚❤❡ ❝♦♠♣❛t✐❜❧❡ r❡✜♥❡♠❡♥t ❢♦r ❍❖P ✐s ❣✐✈❡♥ ❋✐❣✳ ✽✳ ❚❤❡ ❍♦✇❡✬s ❝❧♦s✉r❡
❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ✭▲❡♠♠❛ ✶✺✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳
▲❡♠♠❛ ✸✵✳ ▲❡t (
.
≈)•c ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢
.
≈
•
t♦ ❝❧♦s❡❞ t❡r♠s✳ ■❢ P (
.
≈)•c Q
t❤❡♥ ✿
❼ ■❢ P
l
−→ P ′✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ (
.
≈)•c Q
′✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✼✸
❼ ■❢ P
a
−→ F ✱ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s T (
.
≈)•c T
′✱ t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤ t❤❛t
Q
a
=⇒ F ′✱ F ′ ◦ T ′
τ
=⇒ Q′✱ ❛♥❞ F ◦ T (
.
≈)•c Q
′
❼ ■❢ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′✱ S′✱ S′′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R (
.
≈)•c R
′✱ ❛♥❞ S (
.
≈)•c S
′✳
Pr♦♦❢✳ ▲❡t P,Q ❜❡ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t P (
.
≈)•c Q ❛♥❞ P
α
−→ A✳ ❲❡ ♣r♦❝❡❡❞ ❜②
✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ P
α
−→ A✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✶✽ ✭❆♣♣❡♥❞✐① ❇✮✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❝❡ss❡s ✐♥tr♦❞✉❝❡❞ ❜②
❍♦✇❡✬s ❝❧♦s✉r❡ ❞❡✜♥✐t✐♦♥ ❛r❡ ❝❧♦s❡❞✳ ❲❡ ❛❧s♦ ✇♦r❦ ✇✐t❤
.
≈
◦
✐♥st❡❛❞ ♦❢
.
≈ ✇❤❡♥
❛❧❧ t❤❡ ♣r♦❝❡ss❡s ❛r❡ ❝❧♦s❡❞✳
▲❚❙✲Pr❡❢✐①✳ P = l.P ′
l
−→ P ′✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t P ′
.
≈
•
R
❛♥❞ l.R
.
≈
◦
Q✳ ❇② ▲❚❙✲Pr❡❢✐① ✇❡ ❤❛✈❡ l.R
l
−→ R✱ s♦ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t
Q
l
=⇒ Q′ ❛♥❞ R
.
≈
◦
Q′✳ ❇② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ P ′
.
≈
•
Q′✱ ❛♥❞ s✐♥❝❡ P ′ ❛♥❞ Q′
❛r❡ ❝❧♦s❡❞✱ ✇❡ ❤❛✈❡ P ′ (
.
≈)•c Q
′ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❆❜str✳ P = a(X)P ′
a
−→ (X)P ′✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R s✉❝❤ t❤❛t
P ′
.
≈
•
R ❛♥❞ a(X)R
.
≈
◦
Q✳ ▲❡t T (
.
≈)•c T
′ ❜❡ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❇② ▲❚❙✲
❆❜str ✇❡ ❤❛✈❡ a(X)R
a
−→ (X)R✱ s♦ ❜② ❜✐s✐♠✐❧❛r✐t② t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤
t❤❛t Q
a
=⇒ F ′✱ F ′ ◦ T ′
τ
=⇒ Q′✱ ❛♥❞ (X)R ◦ T ′
.
≈
◦
Q′✳
❲❡ ❤❛✈❡ P ′
.
≈
•
R ❛♥❞ T
.
≈
•
T ′✱ s♦ ❜② ❙✉❜st ✇❡ ❤❛✈❡ (X)P ′ ◦ T (
.
≈)•c
(X)R ◦ T ′✳ ❇② ❖♣❡♥ r✐❣❤t✱ ✇❡ ❤❛✈❡ (X)P ′ ◦ T (
.
≈)•c Q
′ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❈♦♥❝r✳ P = a〈R〉S
a
−→ 〈R〉S✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts T,U s✉❝❤ t❤❛t
R
.
≈
•
T ✱ S
.
≈
•
U ❛♥❞ a〈T 〉U
.
≈
◦
Q✳ ❇② ▲❚❙✲❈♦♥❝r ✇❡ ❤❛✈❡ a〈T 〉U
a
−→ 〈T 〉U ✱ s♦
t❤❡r❡ ❡①✐sts R′, S′, S′′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱ T
.
≈
◦
R′✱ ❛♥❞ U
.
≈
◦
S′✳
❲❡ ❤❛✈❡ R (
.
≈)•c R
′ ❛♥❞ S (
.
≈)•c S
′ ✉s✐♥❣ ❖♣❡♥ r✐❣❤t✳
▲❚❙✲P❛r✳ P = U | V
α
−→ A | V ✇✐t❤ U
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts U ′, V ′
s✉❝❤ t❤❛t U
.
≈
•
U ′✱ V
.
≈
•
V ′ ❛♥❞ U ′ | V ′
.
≈
◦
Q✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r
❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts T ′
s✉❝❤ t❤❛t U ′
l
=⇒ T ′ ❛♥❞ T (
.
≈)•c T
′✳ ❯s✐♥❣ ❈♦♥❣✱ ✇❡ ❤❛✈❡ T | V
.
≈
•
T ′ | V ′✳
❇② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ r✉❧❡ ▲❚❙✲P❛r ✇❡ ❤❛✈❡ U ′ | V ′
l
=⇒ T ′ | V ′✱ ❛♥❞
s✐♥❝❡ U ′ | V ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ T ′ | V ′
.
≈
◦
Q′✳
❲❡ ❤❛✈❡ T | V (
.
≈)•c Q
′ ❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
a
−→ F ✳ ▲❡t T (
.
≈)•c T
′ ❜❡ ❝❧♦s❡❞
♣r♦❝❡ss❡s✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G✱ U ′′ s✉❝❤ t❤❛t U ′
a
=⇒ G✱ G ◦ T
τ
=⇒
U ′′✱ ❛♥❞ F ◦ T (
.
≈)•c U
′′✳ ❇② ❈♦♥❣✱ ✇❡ ❤❛✈❡ (F | V ) ◦ T (
.
≈)•c U
′′ | V ′✳
❇② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡ ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ U ′ | V ′
a
=⇒ G | V ′✱ ❛♥❞
s✐♥❝❡ U ′ | V ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts F ′✱ Q′′ s✉❝❤ t❤❛t Q
a
=⇒ F ′✱ F ′ ◦ T ′
τ
=⇒ Q′′✱
❛♥❞ (G | V ′) ◦ T ′
.
≈
◦
Q′′✳ ❙✐♥❝❡ G ◦ T ′
τ
=⇒ U ′′✱ ✇❡ ❤❛✈❡ (G | V ′) ◦ T ′
τ
=⇒
❘❘ ♥➦ ✻✻✻✹
✼✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
U ′′ | V ′ ❜② ▲❚❙✲P❛r✳ ❲❡ ❤❛✈❡ (G | S′) ◦ T ′
.
≈
◦
Q′′✱ s♦ t❤❡r❡ ❡①✐sts Q′
s✉❝❤ t❤❛t Q′′
τ
=⇒ Q′ ❛♥❞ U ′′ | V ′
.
≈
◦
Q′✳ ❲❡ t❤❡♥ ❤❛✈❡ (F | V ) ◦ T (
.
≈)•c Q
′
❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ 〈R〉S✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
a
−→ 〈R〉S✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts 〈R′′〉U ′′✱ S′′ s✉❝❤ t❤❛t U ′
a
=⇒ 〈R′′〉U ′′✱ U ′′
τ
=⇒ S′′✱ R (
.
≈)•c R
′′✱ ❛♥❞
S (
.
≈)•c S
′′✳ ❇② ❈♦♥❣✱ ✇❡ ❤❛✈❡ S | V (
.
≈)•c S
′′ | V ′✳
❇② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡ ▲❚❙✲P❛r ✇❡ ❤❛✈❡ U ′ | V ′
a
=⇒ 〈R′′〉U ′′ | V ′✱
❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ U ′ | V ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts 〈R′〉Q′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉Q′✱
R′′
.
≈
◦
R′✱ ❛♥❞ U ′′ | V ′
.
≈
◦
Q′✳ ❇② ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ U ′′ | V ′
τ
=⇒ S′′ | V ′✱
s♦ t❤❡r❡ ❡①✐sts S′ s✉❝❤ t❤❛t Q′
τ
−→ S′ ❛♥❞ S′′ | V ′
.
≈
◦
S′✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡
R (
.
≈)•c R
′ ❛♥❞ S | V (
.
≈)•c S
′ ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲❋❖✳ P = R | S
τ
−→ U | V ✇✐t❤ R
m
−→ U ❛♥❞ S
m
−→ V ❢♦r s♦♠❡ m✳ ❇②
❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t R
.
≈
•
R′✱ S
.
≈
•
S′ ❛♥❞ R′ | S′
.
≈
◦
Q✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts U ′, V ′ s✉❝❤ t❤❛t R′
m
=⇒ U ′ ❛♥❞ S′
m
=⇒ V ′ s✉❝❤ t❤❛t
U (
.
≈)•c U
′ ❛♥❞ V (
.
≈)•c V
′✳ ❇② ▲❚❙✲❋❖ ❛♥❞ r✉❧❡ ▲❚❙✲P❛r t♦ ❤❛♥❞❧❡ τ st❡♣s✱
✇❡ ❤❛✈❡ R′ | S′
τ
=⇒ U ′ | V ′✳ ❙✐♥❝❡ R′ | S′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
τ
=⇒ Q′
❛♥❞ U ′ | V ′
.
≈
◦
Q′✳
❲❡ ❤❛✈❡ U (
.
≈)•c U
′ ❛♥❞ V (
.
≈)•c V
′✱ s♦ ❜② ❈♦♥❣✱ ✇❡ ❤❛✈❡ U | V
.
≈
•
U ′ | V ′✳
❇② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ U | V (
.
≈)•c Q
′ ❛s r❡q✉✐r❡❞✳
▲❚❙✲❘❡♣❧✐❝✲❋❖ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲❍❖✳ P = U | V
τ
−→ F • 〈R〉S✱ ✇✐t❤ U
a
−→ F ❛♥❞ V
a
−→ 〈R〉S ❢♦r s♦♠❡ a✳ ❇②
❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts U ′, V ′ s✉❝❤ t❤❛t U
.
≈
•
U ′✱ V
.
≈
•
V ′ ❛♥❞ U ′ | V ′
.
≈
◦
Q✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts 〈R′〉S′′✱ S′ s✉❝❤ t❤❛t V ′
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R (
.
≈)•c R
′✱ ❛♥❞ S (
.
≈)•c S
′✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ R (
.
≈)•c R
′✱ t❤❡r❡ ❡①✐sts F ′✱ U ′′ s✉❝❤
t❤❛t U ′
a
=⇒ F ′✱ F ′ ◦ R′
τ
=⇒ U ′′✱ ❛♥❞ F ◦ R (
.
≈)•c U
′′✳ ❙✐♥❝❡ S (
.
≈)•c S
′✱ ✇❡ ❤❛✈❡
F • 〈R〉S (
.
≈)•c U
′′ | S′ ❜② ❈♦♥❣✳
❇② r✉❧❡ ▲❚❙✲❍❖ ❛♥❞ r✉❧❡ ▲❚❙✲P❛r t♦ ❤❛♥❞❧❡ τ st❡♣s✱ ✇❡ ❤❛✈❡ U ′ | V ′
τ
=⇒
F ′ • 〈R′〉S′′✳ ❙✐♥❝❡ F ′ ◦ R′
τ
=⇒ U ′′ ❛♥❞ S′′
τ
=⇒ S′✱ ✇❡ ❤❛✈❡ F ′ • 〈R′〉S′′
τ
=⇒ U ′′ | S′
❜② ▲❚❙✲P❛r✳ ❋r♦♠ U ′ | V ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
τ
=⇒ Q′ ❛♥❞
U ′′ | S′
.
≈
◦
Q′✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲❘❡♣❧✐❝✲❍❖ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
▲❚❙✲▲♦❝✳ P = a[U ]
α
−→ a[A] ✇✐t❤ U
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts U ′ s✉❝❤
t❤❛t U
.
≈
•
U ′ ❛♥❞ a[U ′]
.
≈
◦
Q✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r ❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
T ′ s✉❝❤ t❤❛t U ′
l
=⇒ T ′ ❛♥❞ T (
.
≈)•c T
′✳ ❇② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ r✉❧❡
▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ a[U ′]
l
=⇒ a[T ′]✱ ❛♥❞ s✐♥❝❡ a[U ′]
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts Q′
s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ a[T ′]
.
≈
◦
Q′✳ ❯s✐♥❣ ❈♦♥❣✱ ✇❡ ❤❛✈❡ a[T ]
.
≈
•
a[T ′]✱
s♦ ❜② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ a[T ] (
.
≈)•c Q
′ ❛s r❡q✉✐r❡❞✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✼✺
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
b
−→ F ✳ ▲❡t T (
.
≈)•c T
′ ❜❡ ❝❧♦s❡❞
♣r♦❝❡ss❡s✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G✱ U ′′ s✉❝❤ t❤❛t U ′
b
=⇒ G✱ G ◦ T ′
τ
=⇒
U ′′✱ ❛♥❞ F ◦ T (
.
≈)•c U
′′✳ ❇② ❈♦♥❣✱ ✇❡ ❤❛✈❡ a[F ] ◦ T (
.
≈)•c a[U
′′]✳
❇② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡ ▲❚❙✲▲♦❝✱ ✇❡ ❤❛✈❡ a[U ′]
b
=⇒ a[G]✱ ❛♥❞ s✐♥❝❡
a[U ′]
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts F ′✱ Q′′ s✉❝❤ t❤❛t Q
b
=⇒ F ′✱ F ′ ◦ T ′
τ
=⇒ Q′′✱ ❛♥❞
a[G] ◦ T ′
.
≈
◦
Q′′✳ ❲❡ ❤❛✈❡ a[G] ◦ T ′
τ
=⇒ a[U ′′]✱ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts Q′ s✉❝❤
t❤❛t Q′′
τ
=⇒ Q′ ❛♥❞ a[U ′′]
.
≈
◦
Q′✳ ❲❡ t❤❡♥ ❤❛✈❡ a[F ] ◦ T (
.
≈)•c Q
′ ❜② ❖♣❡♥
r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ 〈R〉S✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
b
−→ 〈R〉S✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts 〈R′′〉U ′′✱ S′′ s✉❝❤ t❤❛t U ′
b
=⇒ 〈R′′〉U ′′✱ U ′′
τ
=⇒ S′′✱ R (
.
≈)•c R
′′✱ ❛♥❞
S (
.
≈)•c S
′′✳ ❇② ❈♦♥❣✱ ✇❡ ❤❛✈❡ a[S] (
.
≈)•c a[S
′′]✳
❇② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡ ▲❚❙✲▲♦❝ ✇❡ ❤❛✈❡ a[U ′]
b
=⇒ 〈R′′〉a[U ′′]✱ ❛♥❞
s✐♥❝❡ ✇❡ ❤❛✈❡ a[U ′]
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts 〈R′〉Q′′✱ Q′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉Q′′✱
Q′′
τ
=⇒ Q′✱ R′′
.
≈
◦
R′✱ ❛♥❞ a[U ′′]
.
≈
◦
Q′✳ ❲❡ ❤❛✈❡ a[U ′′]
τ
=⇒ a[S′′]✱ ❤❡♥❝❡
t❤❡r❡ ❡①✐sts S′ s✉❝❤ t❤❛t Q′
τ
=⇒ S′ ❛♥❞ a[S′′]
.
≈
◦
S′✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡
R (
.
≈)•c R
′ ❛♥❞ a[S] (
.
≈)•c S
′ ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲P❛ss✐✈✳ P = a[R]
a
−→ 〈R〉0✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts T s✉❝❤ t❤❛t R
.
≈
•
T
❛♥❞ a[T ]
.
≈
◦
Q✳ ❇② ▲❚❙✲P❛ss✐✈ ✇❡ ❤❛✈❡ a[T ]
a
−→ 〈T 〉0✱ s♦ t❤❡r❡ ❡①✐sts R′, S′, S′′
s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱ T
.
≈
◦
R′✱ ❛♥❞ 0
.
≈
◦
S′✳ ❲❡ ❤❛✈❡ R (
.
≈)•c R
′
❛♥❞ 0 (
.
≈)•c S
′ ✉s✐♥❣ ❖♣❡♥ r✐❣❤t ❛♥❞ r❡✢❡①✐✈✐t②✳
▲❚❙✲❙✉♠✳ P = U + V
α
−→ A ✇✐t❤ U
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts U ′, V ′
s✉❝❤ t❤❛t U
.
≈
•
U ′✱ V
.
≈
•
V ′ ❛♥❞ U ′ +V ′
.
≈
◦
Q✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r
❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts T ′
s✉❝❤ t❤❛t U ′
l
=⇒ T ′ ❛♥❞ T (
.
≈)•c T
′✳ ❇② r✉❧❡ ▲❚❙✲❙✉♠ ✇❡ ❤❛✈❡ U ′ + V ′
l
=⇒
T ′✱ ❛♥❞ s✐♥❝❡ U ′ + V ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞
T ′
.
≈
◦
Q′✳ ❲❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
a
−→ F ✳ ▲❡t T (
.
≈)•c T
′ ❜❡
❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G✱ U ′′ s✉❝❤ t❤❛t U ′
b
=⇒ G✱
G ◦ T ′
τ
=⇒ U ′′✱ ❛♥❞ F ◦ T (
.
≈)•c U
′′✳
❇② ▲❚❙✲❙✉♠✱ ✇❡ ❤❛✈❡ U ′ +V ′
a
=⇒ G✱ ❛♥❞ s✐♥❝❡ U ′ +V ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts
F ′✱ Q′′ s✉❝❤ t❤❛t Q
a
=⇒ F ′✱ F ′ ◦ T ′
τ
=⇒ Q′′✱ ❛♥❞ G ◦ T ′
.
≈
◦
Q′′✳ ❲❡ ❤❛✈❡
G ◦ T ′
τ
=⇒ U ′′✱ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q′′
τ
=⇒ Q′ ❛♥❞ U ′′
.
≈
◦
Q′✳
❲❡ t❤❡♥ ❤❛✈❡ F ◦ T (
.
≈)•c Q
′ ❜② ❖♣❡♥ r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ 〈R〉S✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
a
−→ 〈R〉S✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts 〈R′′〉U ′′✱ S′′ s✉❝❤ t❤❛t U ′
a
=⇒ 〈R′′〉U ′′✱ U ′′
τ
=⇒ S′′✱ R (
.
≈)•c R
′′✱ ❛♥❞
S (
.
≈)•c S
′′✳
❘❘ ♥➦ ✻✻✻✹
✼✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❇② ▲❚❙✲❙✉♠ ✇❡ ❤❛✈❡ U ′+V ′
a
=⇒ 〈R′′〉U ′′✱ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ U ′+V ′
.
≈
◦
Q✱
t❤❡r❡ ❡①✐sts 〈R′〉Q′′✱ Q′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉Q′′✱ Q′′
τ
=⇒ Q′✱ R′′
.
≈
◦
R′✱ ❛♥❞
U ′′
.
≈
◦
Q′✳ ❲❡ ❤❛✈❡ U ′′
τ
=⇒ S′′✱ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts S′ s✉❝❤ t❤❛t Q′
τ
=⇒ S′
❛♥❞ S′′
.
≈
◦
S′✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ R (
.
≈)•c R
′ ❛♥❞ S (
.
≈)•c S
′ ❜② ❖♣❡♥ r✐❣❤t✳
▲❚❙✲❘❡♣❧✐❝✳ P =!U
α
−→ A |!U ✇✐t❤ U
α
−→ A✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts U ′ s✉❝❤
t❤❛t U
.
≈
•
U ′ ❛♥❞ !U ′
.
≈
◦
Q✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r ❢♦r A✿
❼ A ✐s ❛ ♣r♦❝❡ss T ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
l
−→ T ✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts
T ′ s✉❝❤ t❤❛t U ′
l
=⇒ T ′ ❛♥❞ T (
.
≈)•c T
′✳ ❇② ▲❚❙✲❘❡♣❧✐❝ ❛♥❞ s❡✈❡r❛❧
❛♣♣❧✐❝❛t✐♦♥s ♦❢ ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ !U ′
l
=⇒ T ′ |!U ′✱ ❛♥❞ s✐♥❝❡ !U ′
.
≈
◦
Q✱
t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ T ′ |!U ′
.
≈
◦
Q′✳ ❯s✐♥❣ ❈♦♥❣ t✇✐❝❡✱
✇❡ ❤❛✈❡ T |!U
.
≈
•
T ′ |!U ′✱ s♦ ❜② ❖♣❡♥ r✐❣❤t ✇❡ ❤❛✈❡ a[T ] (
.
≈)•c Q
′ ❛s
r❡q✉✐r❡❞✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
a
−→ F ✳ ▲❡t T (
.
≈)•c T
′ ❜❡
❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts G✱ U ′′ s✉❝❤ t❤❛t U ′
b
=⇒ G✱
G ◦ T ′
τ
=⇒ U ′′✱ ❛♥❞ F ◦ T (
.
≈)•c U
′′✳ ❇② ❈♦♥❣ ✉s❡❞ t✇✐❝❡✱ ✇❡ ❤❛✈❡
(F |!U) ◦ T (
.
≈)•c U
′′ |!U ′✳
❇② ▲❚❙✲❘❡♣❧✐❝ ❛♥❞ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡ ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ !U ′
a
=⇒
G |!U ′✱ ❛♥❞ s✐♥❝❡ !U ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts F ′✱ Q′′ s✉❝❤ t❤❛t Q
a
=⇒ F ′✱
F ′ ◦ T ′
τ
=⇒ Q′′✱ ❛♥❞ (G |!U ′) ◦ T ′
.
≈
◦
Q′′✳ ❲❡ ❤❛✈❡ G ◦ T ′
τ
=⇒ U ′′✱ s♦ ❜②
▲❚❙✲P❛r ✇❡ ❤❛✈❡ (G |!U ′) ◦ T ′
τ
=⇒ U ′′ |!U ′✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts Q′ s✉❝❤
t❤❛t Q′′
τ
=⇒ Q′ ❛♥❞ U ′′ |!U ′
.
≈
◦
Q′✳ ❲❡ t❤❡♥ ❤❛✈❡ F ◦ T (
.
≈)•c Q
′ ❜② ❖♣❡♥
r✐❣❤t✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ 〈R〉S✿ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ U
a
−→ 〈R〉S✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡
❡①✐sts 〈R′′〉U ′′✱ S′′ s✉❝❤ t❤❛t U ′
a
=⇒ 〈R′′〉U ′′✱ U ′′
τ
=⇒ S′′✱ R (
.
≈)•c R
′′✱ ❛♥❞
S (
.
≈)•c S
′′✳ ❇② ❈♦♥❣ ✉s❡❞ t✇✐❝❡✱ ✇❡ ❤❛✈❡ S |!U (
.
≈)•c S
′ |!U ′✳
❇② ▲❚❙✲❘❡♣❧✐❝ ❛♥❞ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r✉❧❡ ▲❚❙✲P❛r✱ ✇❡ ❤❛✈❡ !U ′
a
=⇒
〈R′′〉U ′′ |!U ′✱ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ !U ′
.
≈
◦
Q✱ t❤❡r❡ ❡①✐sts 〈R′〉Q′′✱ Q′ s✉❝❤
t❤❛t Q
a
=⇒ 〈R′〉Q′′✱ Q′′
τ
=⇒ Q′✱ R′′
.
≈
◦
R′✱ ❛♥❞ U ′′ |!U ′
.
≈
◦
Q′✳ ❲❡ ❤❛✈❡
U ′′
τ
=⇒ S′′✱ s♦ ❜② ▲❚❙✲P❛r ✇❡ ❤❛✈❡ U ′′ |!U ′
τ
=⇒ S′′ |!U ′✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts
S′ s✉❝❤ t❤❛t Q′
τ
=⇒ S′ ❛♥❞ S′′ |!U ′
.
≈
◦
S′✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡ R (
.
≈)•c R
′ ❛♥❞
S |!U (
.
≈)•c S
′ ❜② ❖♣❡♥ r✐❣❤t✳
❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ❤❛✈❡
▲❡♠♠❛ ✸✶✳ ■❢ P (
.
≈)•c Q t❤❡♥✿
❼ ■❢ P
l
=⇒ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′ (
.
≈)•c Q
′✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✼✼
❼ ■❢ P
a
=⇒ F ✱ ❢♦r ❛❧❧ R✱ t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤ t❤❛t Q
a
=⇒ F ′✱ F ′ ◦ R
τ
=⇒ Q′
❛♥❞ F ◦ R (
.
≈)•c Q
′
❼ ■❢ P
a
=⇒ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′, S′′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R (
.
≈)•c R
′✱ ❛♥❞ S (
.
≈)•c S
′✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ P
α
=⇒ A✳ ■♥ t❤❡ ❛❜str❛❝t✐♦♥ ❝❛s❡✱ ✇❡ ❛❧s♦ ✉s❡ t❤❡ r❡✢❡①✲
✐✈✐t② ♦❢ (
.
≈)•c ✭✇❡ ❤❛✈❡ R (
.
≈)•c R ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss R✮✳
❲✐t❤ t❤✐s r❡s✉❧t ✇❡ ❝❛♥ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✸✷✳ ❚❤❡ tr❛♥s✐t✐✈❡ ❛♥❞ r❡✢❡①✐✈❡ ❝❧♦s✉r❡ ♦❢ (
.
≈)•c ✐s ❛♥ ❡❛r❧② ✇❡❛❦ ❜✐s✐♠✲
✉❧❛t✐♦♥✳
Pr♦♦❢✳ ❲✐t❤ ♣r♦♣❡rt② ❙②♠♠ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ((
.
≈)•c)
∗ ✐s ❛ s✐♠✉❧❛t✐♦♥✳
▲❡t P,Q s✉❝❤ t❤❛t P ((
.
≈)•c)
∗Q✳ ❚❤❡r❡ ❡①✐sts k ≥ 0 s✉❝❤ t❤❛t P ((
.
≈)•c)
kQ✳ ❚❤❡
♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❚❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ s❤♦✇ ❢♦r k = 0 s✐♥❝❡ ((
.
≈)•c)
∗ ✐s
r❡✢❡①✐✈❡✳
❲❡ s✉♣♣♦s❡ t❤❡ r❡s✉❧t ❤♦❧❞s ✉♣ t♦ k✳ ❲❡ ❤❛✈❡ P (
.
≈)•c P1 . . . Pk−1 (
.
≈)•c Q
❛♥❞ P
a
−→ A✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✳
❼ A ✐s ❛ ♣r♦❝❡ss P ′✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts P ′k−1 s✉❝❤ t❤❛t Pk−1
l
=⇒ P ′k−1
❛♥❞ P ′((
.
≈)•c)
∗P ′k−1✳ ❇② ❧❡♠♠❛ ✸✶✱ t❤❡r❡ ❡①✐sts Q
′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞
P ′k−1 (
.
≈)•c Q
′✳ ❲❡ ❤❛✈❡ P ′((
.
≈)•c)
∗Q′ ❜② tr❛♥s✐t✐✈✐t②✳
❼ A ✐s ❛♥ ❛❜str❛❝t✐♦♥ F ✳ ▲❡t R ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡
❡①✐sts Fk−1✱ P ′k−1 s✉❝❤ t❤❛t Pk−1
a
=⇒ Fk−1✱ Fk−1 ◦ R
τ
=⇒ P ′k−1 ❛♥❞ F ◦
R((
.
≈)•c)
∗P ′k−1✳ ❇② ❧❡♠♠❛ ✸✶✱ t❤❡r❡ ❡①✐sts F
′✱ Q′′ s✉❝❤ t❤❛t Q
a
=⇒ F ′✱
F ′ ◦ R
τ
=⇒ Q′′ ❛♥❞ Fk−1 ◦ R (
.
≈)•c Q
′′✳ ❙✐♥❝❡ Fk−1 ◦ R
τ
=⇒ P ′k−1✱ t❤❡r❡
❡①✐sts Q′ s✉❝❤ t❤❛t Q′′
τ
=⇒ Q′ ❛♥❞ P ′k−1 (
.
≈)•c Q
′✳ ❲❡ ❤❛✈❡ F ◦ R((
.
≈)•c)
∗Q′
❜② tr❛♥s✐t✐✈✐t②✳
❼ A ✐s ❛ ❝♦♥❝r❡t✐♦♥ 〈R〉S✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ❡①✐sts Rk−1, Sk−1, S′k−1 s✉❝❤
t❤❛t Pk−1
a
=⇒ 〈Rk−1〉S
′
k−1✱ S
′
k−1
τ
=⇒ Sk−1✱ R((
.
≈)•c)
∗Rk−1✱ ❛♥❞ S((
.
≈)•c
)∗Sk−1✳ ❇② ❧❡♠♠❛ ✸✶✱ t❤❡r❡ ❡①✐sts 〈R′〉Q′′✱ Q′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉Q′′✱
Q′′
τ
=⇒ Q′✱ Rk−1 (
.
≈)•c R
′✱ ❛♥❞ S′k−1 (
.
≈)•c Q
′✳ ❙✐♥❝❡ S′k−1
τ
=⇒ Sk−1✱ t❤❡r❡
❡①✐sts S′ s✉❝❤ t❤❛t Q′
τ
=⇒ S′ ❛♥❞ Sk−1 (
.
≈)•c S
′✳ ❲❡ ❤❛✈❡ R((
.
≈)•c)
∗R′ ❛♥❞
S((
.
≈)•c)
∗S′ ❜② tr❛♥s✐t✐✈✐t②✳
❚♦ ♣r♦✈❡ t❤❛t
.
≈ ✐s ❛ ❝♦♥❣r✉❡♥❝❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✸✸✳
.
≈
•
=
.
≈
◦
Pr♦♦❢✳ ❇② ❧❡♠♠❛ ✸✷ ✇❡ ❤❛✈❡ (
.
≈)•c
∗
⊆
.
≈✱ s♦ ✇❡ ❤❛✈❡ (
.
≈)•c
∗◦
⊆
.
≈
◦
✳ ❲❡ ♥♦✇ ♣r♦✈❡
t❤❛t
.
≈
•
⊆(
.
≈)•c
◦
✳ ▲❡t P,Q s✉❝❤ t❤❛t P
.
≈
•
Q✳ ❋♦r ❛❧❧ σ ✇❤✐❝❤ ❝❧♦s❡s P ✱ Q✱
✇❡ ❤❛✈❡ Pσ
.
≈
•
Qσ ❜② ❙✉❜st✳ ❙✐♥❝❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❝❡ss❡s ❛r❡ ❝❧♦s❡❞✱
❘❘ ♥➦ ✻✻✻✹
✼✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
✇❡ ❤❛✈❡ Pσ (
.
≈)•c Qσ✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ P (
.
≈)•c
◦
Q✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡
.
≈
•
⊆(
.
≈)•c
◦
⊆(
.
≈)•c
◦∗
⊆
.
≈
◦
✱ ✐✳❡✳
.
≈
•
⊆
.
≈
◦
✳ ❚❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s ❣✐✈❡♥ ❜② ❖♣❡♥✱
s♦ ✇❡ ❤❛✈❡
.
≈
•
=
.
≈
◦
✳
❊ ❈♦♠♣❧❡t❡♥❡ss ♣r♦♦❢s ❢♦r ❍❖P
❊✳✶ ❙tr♦♥❣ ❝❛s❡
▲❡♠♠❛ ✸✹✳ ❋♦r ❛❧❧ ❛❝t✐♦♥s α✱ t❤❡ r❡❧❛t✐♦♥
α
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ s❤❛♣❡ ♦❢ P ✱ ❛s ✐♥ ❍❖πP✳ ❲❡ ❥✉st ❛❞❞ t❤❡ ❝❛s❡
P = Q + R✳ ❇② ▲❚❙✲❙✉♠✱ t❤❡ ♣♦ss✐❜❧❡ r❡❞✉❝t✐♦♥s ❢r♦♠ P ❛r❡ t❤❡ ♦♥❡ ❢r♦♠ Q
❛♥❞ t❤❡ ♦♥❡ ❢r♦♠ R✱ ✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳
❉❡✜♥✐t✐♦♥ ✸✹✳ ❚❤❡ r❡❧❛t✐♦♥
.
∼ω ✐s ❞❡✜♥❡❞ ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ❜②✿
✶✳ ❲❡ ❤❛✈❡ P
.
∼0 Q ❢♦r ❛❧❧ ♣r♦❝❡ss❡s P,Q✳
✷✳ P
.
∼k+1 Q ✐✛
❼ ■❢ P
l
−→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
−→ Q′ ❛♥❞ P ′
.
∼k Q
′✱ ❛♥❞
❝♦♥✈❡rs❡❧② ✐❢ Q
l
−→ Q′✳
❼ ■❢ P
a
−→ F ✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t
Q
a
−→ F ′ ❛♥❞ F ′ ◦ R
.
∼k F ◦ R✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ F ✳
❼ ■❢ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′ s✉❝❤ t❤❛t Q
a
−→ 〈R′〉S′ ❛♥❞ R
.
∼k
R′, S
.
∼k S
′✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ C✳
✸✳
.
∼ω=
⋂
k
.
∼k
▲❡♠♠❛ ✸✺✳ ❚❤❡ r❡❧❛t✐♦♥s
.
∼ ❛♥❞
.
∼ω ❝♦✐♥❝✐❞❡✳
❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ❍❖πP ♦♥❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇r✐t❡ τ.P + s ❢♦r
(τ.P ) + s.0✳
▲❡♠♠❛ ✸✻✳ ▲❡t P,Q t✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k✱ ✐❢ P 6
.
∼k Q t❤❡♥
t❤❡r❡ ❡①✐sts ❛ ❝♦♥t❡①t K s✉❝❤ t❤❛t K{P} ≁b K{Q}✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❚❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡ ❢♦r n = 0✳
❆ss✉♠❡ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛❧❧ k ≤ n✳ ❲❡ ♥♦✇ ♣r♦✈❡ ✐t ❢♦r n + 1✳ ❲❡
❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ✿
❼ P
τ
−→ P ′✳ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
τ
−→ Q′✱ ✇❡ ❤❛✈❡ P ′ 6
.
∼k Q
′✳ ❙✐♥❝❡
τ
−→
✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Q′i|Q
τ
−→ Q′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡
❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{P ′} ≁b Ki{Q′i} ❢♦r ❛❧❧ i✳ ❲❡ ❞❡✜♥❡✿
K = a[✷] | a(X)
∑
i
τ.(τ.Ki{X} + di)
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✼✾
✇❤❡r❡ (di)i, a ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ❆ss✉♠❡ t❤❛t K{P} ∼b K{Q}✳ ❙✐♥❝❡
P −→ P ′✱ ✇❡ ❤❛✈❡
K{P} −→ a[P ′] | a(X)
∑
j
τ.(τ.Kj{X} + dj) = R1
❚❤✐s r❡❞✉❝t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
K{Q} −→ a[Q′i] | a(X)
∑
j
τ.(τ.Kj{X} + dj) = S1
❢♦r s♦♠❡ i✳ ❲❡ ♥♦✇ ❤❛✈❡
R1 −→
∑
j
τ.(τ.Kj{P
′} + dj) = R2
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
S1 −→
∑
j
τ.(τ.Kj{Q
′
i} + dj) = S2
s✐♥❝❡ ¬R2 ↓a✳ ❲❡ ❤❛✈❡ R2 −→ τ.Ki{P ′} + di = R3✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧②
❜❡ ♠❛t❝❤❡❞ ❜② S3 −→ τ.Ki{Q′i} + di = S3✱ s✐♥❝❡ R3 ↓di ✳ ❋✐♥❛❧❧② ✇❡
❤❛✈❡ R3 −→ Ki{P ′}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② S3 −→ Ki{Q′i}✳ ❍❡♥❝❡ ❛
❝♦♥tr❛❞✐❝t✐♦♥✱ s✐♥❝❡ Ki{P ′} ≁b Ki{Q′i}✱ s♦ ✇❡ ❤❛✈❡ K{P} ≁b K{Q} ❛s
r❡q✉✐r❡❞✳
❼ P
m
−→ P ′ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
m
−→ Q′✱ ✇❡ ❤❛✈❡ P ′ 6
.
∼k Q
′✳ ❙✐♥❝❡
l
−→
✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Q′i|Q
m
−→ Q′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡
❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{P ′} ≁b Ki{Q′i} ❢♦r ❛❧❧ i✳ ❲❡ ❞❡✜♥❡ ✿
K = a[✷] | m.a(X)
∑
i
τ.(τ.Ki{X} + di)
✇❤❡r❡ (di)i, a ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ❆ss✉♠❡ t❤❛t K{P} ∼b K{Q}✳ ❲❡
❤❛✈❡
K{P} −→ a[P ′] | a(X)
∑
j
τ.(τ.Kj{X} + dj) = R1
❙✐♥❝❡ R1 ↓a✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
K{Q} −→ a[Q′i] | a(X)
∑
j
τ.(τ.Kj{X} + dj) = S1
❋r♦♠ ❤❡r❡✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳
❼ P
m
−→ P ′ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✱ ✇✐t❤ m ✐♥st❡❛❞ ♦❢ m ✐♥ K✳
❘❘ ♥➦ ✻✻✻✹
✽✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ P
a
−→ F = (X)V ✳ ❚❤❡r❡ ❡①✐sts ❛ ♣r♦❝❡ss T s✉❝❤ t❤❛t ❢♦r ❛❧❧ F ′ s✉❝❤ t❤❛t
Q
a
−→ F ′✱ ✇❡ ❤❛✈❡ F ◦ T 6
.
∼k F
′ ◦ T ✳ ❙✐♥❝❡
a
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t
{F ′i |Q
a
−→ F ′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡ ❝♦♥t❡①ts Ki s✉❝❤ t❤❛t
Ki{F
′
i ◦ T} ≁b Ki{F ◦ T}✳ ❲❡ ❞❡✜♥❡✿
K = b[✷] | a〈T 〉b(X)
∑
i
τ.(τ.Ki{X} + di)
✇❤❡r❡ b, (di) ❛r❡ ❛❧❧ ❞✐st✐♥❝t✱ ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ✐♥ T, P,Q✳ ❲❡ ❤❛✈❡
K{P} −→ b[F ◦ T ] | b(X)
∑
j
τ.(τ.Kj{X} + dj) = R1
❙✐♥❝❡ R1 ↓b✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② ❛
K{Q} −→ b[F ′i ◦ T ] | b(X)
∑
j
τ.(τ.Kj{X} + dj) = S1
❢♦r s♦♠❡ i✳ ◆♦✇ ✇❡ ❤❛✈❡
R1 −→
∑
j
τ.(τ.Kj{F ◦ T} + dj) = R2
❙✐♥❝❡ ¬R2 ↓b✱ ✐t ✐s ♠❛t❝❤❡❞ ❜② ✿
S1 −→
∑
j
τ.(τ.Kj{F
′
i ◦ T} + dj) = S2
■♥ t✉r♥✱ ✇❡ ❤❛✈❡
R2 −→ τ.Ki{F ◦ T} + di = R3
❙✐♥❝❡ R3 ↓di ✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② t❤❡ r❡❞✉❝t✐♦♥
S2 −→ τ.Ki{F
′
i ◦ T} + di = S3
❋✐♥❛❧❧② ✇❡ ❤❛✈❡ R3 −→ Ki{F ◦ T}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② S3 −→ Ki{F ′i ◦
T}✳ ❍❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ ✇❡ ❤❛✈❡ Ki{F ◦ T} ≁b
Ki{F
′
i ◦ T}✳ ❙♦ ✇❡ ❤❛✈❡ K{P} ≁b K{Q} ❛s r❡q✉✐r❡❞✳
❼ P
a
−→ 〈R〉S✳ ❋♦r ❛❧❧ 〈R′〉S′ s✉❝❤ t❤❛t Q
a
−→ 〈R′〉S′✱ ✇❡ ❤❛✈❡ R 6
.
∼k R
′
♦r S 6
.
∼k S
′✳ ❙✐♥❝❡
a
−→ ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Ci|Q
a
−→ Ci} ✐s ✜♥✐t❡✳
❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts ❝♦♥t❡①ts Ki s✉❝❤ t❤❛t Ki{R} ≁b Ki{Ri} ♦r
Ki{S} ≁b Ki{Si} ❢♦r ❛❧❧ i✳ ❲❡ ❞❡✜♥❡ t❤❡♥ ✿
K = b[✷] | a(X)b(Y )
∑
i
τ.(τ.(τ.Ki{X} + e) + τ.(τ.Ki{Y } + f) + di)
✇❤❡r❡ b, (di), e, f ❛r❡ ❛❧❧ ❞✐st✐♥❝t ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ❲❡ ❤❛✈❡✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✽✶
K{P} −→ b[S] | b(Y )
∑
j
τ.(τ.(τ.Kj{R}+ e)+ τ.(τ.Kj{Y }+ f)+ dj) = P2
❙✐♥❝❡ P2 ↓b✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②
K{Q} −→ b[Si] | b(Y )
∑
j
τ.(τ.(τ.Kj{Ri}+e)+τ.(τ.Kj{Y }+f)+dj) = Q2
❢♦r s♦♠❡ i✳ ◆♦✇ ✇❡ ❤❛✈❡
P2 −→
∑
j
τ.(τ.(τ.Kj{R} + e) + τ.(τ.Kj{S} + f) + dj) = P3
✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜②✿
Q2 −→
∑
j
τ.(τ.(τ.Kj{Ri} + e) + τ.(τ.Kj{Si} + f) + dj) = Q3
s✐♥❝❡ ¬P3 ↓b✳ ❲❡ ❤❛✈❡ ♥♦✇✿
P3 −→ τ.(τ.Ki{R} + e) + τ.(τ.Ki{S} + f) + di = P4
❙✐♥❝❡ P4 ↓di ✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②✿
Q3 −→ τ.(τ.Ki{Ri} + e) + τ.(τ.Ki{Si} + f) + di = Q4
❲❡ s✉♣♣♦s❡ t❤❛t ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r i ✇❡ ❤❛✈❡ Ki{R} ≁b Ki{Ri}✳ ❲❡ ❤❛✈❡✿
P4 −→ τ.Ki{R} + e = P5
s✐♥❝❡ P5 ↓e✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②✿
Q4 −→ τ.Ki{Ri} + e = Q5
❲❡ ❤❛✈❡ P5 −→ Ki{R}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② Q5 −→ Ki{Ri}✳ ❲❡ ❤❛✈❡
Ki{R} ≁b Ki{Ri}✱ ❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t Ki{S} ≁b Ki{Si}✳ ❲❡ ❤❛✈❡✿
P4 −→ τ.Ki{S} + f = P5
s✐♥❝❡ P5 ↓f ✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②✿
Q4 −→ τ.Ki{Si} + f = Q5
❲❡ ❤❛✈❡ P5 −→ Ki{S}✱ ✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜② Q5 −→ Ki{Si}✳ ❲❡ ❤❛✈❡
Ki{S} ≁b Ki{Si}✱ ❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❘❘ ♥➦ ✻✻✻✹
✽✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❊✳✷ ❲❡❛❦ ❝❛s❡
❉❡✜♥✐t✐♦♥ ✸✺✳ ❚❤❡ r❡❧❛t✐♦♥
.
≈ω ✐s ❞❡✜♥❡❞ ♦♥ ❝❧♦s❡❞ ♣r♦❝❡ss❡s ❜②✿
✶✳ ❲❡ ❤❛✈❡ P
.
≈0 Q ❢♦r ❛❧❧ ♣r♦❝❡ss❡s P,Q✳
✷✳ P
.
≈k+1 Q ✐✛
❼ ■❢ P
l
−→ P ′✱ t❤❡♥ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′ ❛♥❞ P ′
.
≈k Q
′✱ ❛♥❞
❝♦♥✈❡rs❡❧② ✐❢ Q
l
−→ Q′✳
❼ ■❢ P
a
−→ F ✱ t❤❡♥ ❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤
t❤❛t Q
a
=⇒ F ′✱ F ′ ◦ R
τ
=⇒ Q′ ❛♥❞ Q′
.
≈k F ◦ R✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢
Q
a
−→ F ✳
❼ ■❢ P
a
−→ 〈R〉S✱ t❤❡r❡ ❡①✐sts R′, S′, S′′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′✱ S′′
τ
=⇒ S′✱
R
.
≈k R
′✱ S
.
≈k S
′✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ✐❢ Q
a
−→ C✳
✸✳
.
≈ω=
⋂
k
.
≈k
▲❡♠♠❛ ✸✼✳ ❚❤❡ r❡❧❛t✐♦♥
.
≈ ❛♥❞
.
≈ω ❝♦✐♥❝✐❞❡ ♦♥ ✐♠❛❣❡✲✜♥✐t❡ ♣r♦❝❡ss❡s✳
Pr♦♦❢✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
.
≈ω✱ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❛t
.
≈⊂
.
≈ω✳ ❲❡ s❤♦✇ t❤❡
❝♦♥✈❡rs❡ ❜② ♣r♦✈✐♥❣ t❤❛t
.
≈ω ✐s ❛ ✇❡❛❦ ❜✐s✐♠✉❧❛t✐♦♥✳ ▲❡t P,Q ❜❡ ✐♠❛❣❡✲✜♥✐t❡
♣r♦❝❡ss❡s s✉❝❤ t❤❛t P
.
≈ω Q✳ ❙✐♥❝❡ t❤❡ r❡❧❛t✐♦♥ ✐s s②♠♠❡tr✐❝❛❧✱ ✇❡ ♠❛❦❡ t❤❡
♣r♦♦❢ ❢♦r t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ P ♦♥❧②✳ ❲❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ ❝❤❡❝❦✿
❼ ❆ss✉♠❡ P
l
−→ P ′✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k✱ t❤❡r❡ ❡①✐sts Qk s✉❝❤ t❤❛t Q
l
=⇒ Qk
❛♥❞ P ′
.
≈k Qk✳ ❙✐♥❝❡ Q ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Qi|Q
l
=⇒ Qi} ✐s ✜♥✐t❡✳
❲❡ ♥♦✇ ♣r♦✈❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′
❛♥❞ ❢♦r ❛❧❧ k✱ P ′
.
≈k Q
′✳ ❆ss✉♠❡ t❤❛t ❢♦r ❛❧❧ Qi s✉❝❤ t❤❛t Q
l
=⇒ Qi✱ t❤❡r❡
❡①✐sts ki s✉❝❤ t❤❛t P ′ 6
.
≈ki Qi✳ ❙✐♥❝❡
.
≈m⊂
.
≈l ✐❢ l ≤ m✱ ❢♦r ❛❧❧ m ≥ ki✱
✇❡ ❤❛✈❡ P ′ 6
.
≈m Qi✳ ❙✐♥❝❡ {Qi|Q
l
=⇒ Qi} ✐s ✜♥✐t❡✱ t❤❡ s❡t {ki} ✐s ✜♥✐t❡
❛♥❞ ❤❛s ❛ ❣r❡❛t❡st ❡❧❡♠❡♥t M ✳ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
l
=⇒ Q′✱ ✇❡ ❤❛✈❡
P ′ 6
.
≈m Q
′ ❢♦r ❛❧❧ m ≥ M ✳ ❇✉t ❢♦r ❛❧❧ k✱ t❤❡r❡ ❡①✐sts Qk s✉❝❤ t❤❛t Q
l
=⇒ Qk
❛♥❞ P ′
.
≈k Qk✱ ❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t
Q
l
=⇒ Q′ ❛♥❞ ❢♦r ❛❧❧ k✱ P ′
.
≈k Q
′✱ ✐✳❡✳ P ′
.
≈ω Q
′ ❛s r❡q✉✐r❡❞✳
❼ ❆ss✉♠❡ P
a
−→ F ✳ ▲❡t R ❜❡ ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✳ ❋♦r ❛❧❧ k✱ t❤❡r❡ ❡①✐sts Fk✱ Qk
s✉❝❤ t❤❛t Q
a
=⇒ Fk✱ Fk ◦ R
τ
=⇒ Qk ❛♥❞ F ◦ R
.
≈k Qk✳ ❙✐♥❝❡ Q ✐s ✐♠❛❣❡✲
✜♥✐t❡✱ t❤❡ s❡ts {Fi|Q
a
=⇒ Fi} ❛♥❞ {Qi|∃Fi, Q
a
=⇒ Fi ❛♥❞ Fi ◦ R
τ
=⇒ Qi} ❛r❡
✜♥✐t❡✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤ t❤❛t
Q
a
=⇒ F ′✱ F ′ ◦ R
τ
=⇒ Q′ ❛♥❞ ❢♦r ❛❧❧ k✱ Q′
.
≈k F ◦ R✱ ✐✳❡✳ Q′
.
≈ω F ◦ R ❛s
r❡q✉✐r❡❞✳
❼ ❆ss✉♠❡ P
a
−→ C = 〈R〉S✳ ❋♦r ❛❧❧ k✱ t❤❡r❡ ❡①✐sts Ck = 〈Rk〉S′k✱ Sk s✉❝❤ t❤❛t
Q
a
=⇒ Ck✱ S′k
τ
=⇒ Sk✱ R
.
≈k Rk ❛♥❞ S
.
≈k Sk✳ ❙✐♥❝❡ Q ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡
s❡ts {Ci|Q
a
=⇒ Ci} ❛♥❞ {Si|∃〈Ri〉S′i, Q
a
=⇒ 〈Ri〉S
′
i ❛♥❞ S
′
i
τ
=⇒ Si} ❛r❡ ✜♥✐t❡✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✽✸
❇② ❝♦♥tr❛❞✐❝t✐♦♥ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts C ′ = 〈R′〉S′′✱ S′ s✉❝❤ t❤❛t
Q
a
=⇒ C ′✱ S′′
τ
=⇒ S′ ❛♥❞ ❢♦r ❛❧❧ k✱ R
.
≈k R
′✱ S
.
≈k S
′✱ ✐✳❡✳ R
.
≈ω R
′✱ S
.
≈ω S
′
❛s r❡q✉✐r❡❞✳
▲❡♠♠❛ ✸✽✳ ▲❡t P,Q t✇♦ ❝❧♦s❡❞ ✐♠❛❣❡✲✜♥✐t❡ ♣r♦❝❡ss❡s✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k✱ ✐❢
P 6
.
≈k Q t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t❡①t K ❛♥❞ ❛ ♥❛♠❡ d s✉❝❤ t❤❛t K{P} + d 6≈b
K{Q} + d✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❚❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡ ❢♦r n = 0✳
❆ss✉♠❡ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛❧❧ k ≤ n✳ ❲❡ ♥♦✇ ♣r♦✈❡ ✐t ❢♦r n + 1✳ ❲❡
❞✐st✐♥❣✉✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ✿
❼ P
τ
−→ P ′✳ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
τ
=⇒ Q′✱ ✇❡ ❤❛✈❡ P ′ 6
.
≈k Q
′✳ ❙✐♥❝❡ Q
✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Q′i|Q
τ
=⇒ Q′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡
❝♦♥t❡①ts Ki ❛♥❞ ♥❛♠❡s di s✉❝❤ t❤❛t Ki{P ′}+ di 6≈b Ki{Q′i}+ di ❢♦r ❛❧❧ i✳
❲❡ ❞❡✜♥❡✿
K = a[✷] | a(X)(s +
∑
i
τ.(Ki{X} + di))
✇❤❡r❡ a, s ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ▲❡t t ❜❡ ❛ ❢r❡s❤ ♥❛♠❡✳ ❆ss✉♠❡ t❤❛t
K{P} + t ≈b K{Q} + t✳ ❙✐♥❝❡ P −→ P ′✱ ✇❡ ❤❛✈❡
K{P} + t −→ a[P ′] | a(X)(s +
∑
j
τ.(Kj{X} + dj)) = R1
❙✐♥❝❡ ¬R1 ↓t ❛♥❞ ¬R1 ↓a ✭t❤❡ ♣❛ss✐✈❛t✐♦♥ ♦❢ ❧♦❝❛❧✐t② a ✐s ♥♦t tr✐❣❣❡r❡❞✮✱
✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
K{Q} + t =⇒ a[Q′l] | a(X)(s +
∑
j
τ.(Kj{X} + dj)) = S1
❢♦r s♦♠❡ l✳ ❲❡ ♥♦✇ ❤❛✈❡
R1 −→ s +
∑
j
τ.(Kj{P
′} + dj) = R2
❙✐♥❝❡ ✇❡ ❤❛✈❡ ¬R2 ↓a ❛♥❞ R2 ↓s✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②✿
S1 =⇒ s +
∑
j
τ.(Kj{Q
′
i} + dj) = S2
✇✐t❤ Q′l =⇒ Q
′
i ❢♦r s♦♠❡ i✳ ❲❡ ❤❛✈❡ R2 −→ Ki{P
′} + di = R3✱ ✇❤✐❝❤
❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② S2 =⇒ Ki{Q′i} + di = S3✱ s✐♥❝❡ R3 ↓di ✳ ❍❡♥❝❡ ❛
❝♦♥tr❛❞✐❝t✐♦♥✱ s✐♥❝❡ Ki{P ′}+ di 6≈b Ki{Q′i}+ di✱ s♦ ✇❡ ❤❛✈❡ K{P}+ t 6≈b
K{Q} + t ❛s r❡q✉✐r❡❞✳
❘❘ ♥➦ ✻✻✻✹
✽✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ P
m
−→ P ′ ❋♦r ❛❧❧ Q′ s✉❝❤ t❤❛t Q
m
=⇒ Q′✱ ✇❡ ❤❛✈❡ P ′ 6
.
≈k Q
′✳ ❙✐♥❝❡ Q
✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡t {Q′i|Q
m
=⇒ Q′i} ✐s ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡
❝♦♥t❡①ts Ki ❛♥❞ ♥❛♠❡s di s✉❝❤ t❤❛t Ki{P ′}+ di 6≈b Ki{Q′i}+ di ❢♦r ❛❧❧ i✳
❲❡ ❞❡✜♥❡ ✿
K = a[✷] | m.a(X)(s +
∑
i
τ.(Ki{X} + di))
✇❤❡r❡ s, a ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ▲❡t t ❜❡ ❛ ❢r❡s❤ ♥❛♠❡✳ ❆ss✉♠❡ t❤❛t
K{P} + t ≈b K{Q} + t✳ ❲❡ ❤❛✈❡
K{P} + t −→ a[P ′] | a(X)(s +
∑
j
τ.(Kj{X} + dj)) = R1
❙✐♥❝❡ R1 ↓a✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜②
K{Q} + t =⇒ a[Q′l] | a(X)(s +
∑
j
τ.(Kj{X} + dj)) = S1
❋r♦♠ ❤❡r❡✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳
❼ P
m
−→ P ′ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✱ ✇✐t❤ m ✐♥st❡❛❞ ♦❢ m ✐♥ K✳
❼ P
a
−→ F = (X)V ✳ ❚❤❡r❡ ❡①✐sts ❛ ♣r♦❝❡ss T s✉❝❤ t❤❛t ❢♦r ❛❧❧ F ′✱ Q′ s✉❝❤
t❤❛t Q
a
=⇒ F ′ ❛♥❞ F ′ ◦ T
τ
=⇒ Q′✱ ✇❡ ❤❛✈❡ F ◦ T 6
.
≈k Q
′✳ ❙✐♥❝❡ Q ✐s ✐♠❛❣❡✲
✜♥✐t❡✱ t❤❡ s❡ts {F ′i |Q
a
=⇒ F ′i} ❛♥❞ {Q
′
i|∃Fi, Q
a
=⇒ Fi ❛♥❞ Fi ◦ T
τ
=⇒ Q′i}
❛r❡ ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡ ❝♦♥t❡①ts Ki ❛♥❞ ♥❛♠❡s (di) s✉❝❤ t❤❛t
Ki{Q
′
i} + di 6≈b Ki{F ◦ T} + di✳ ❲❡ ❞❡✜♥❡✿
K = b[✷] | a〈T 〉b(X)(s +
∑
i
τ.(Ki{X} + di))
✇❤❡r❡ b, s ❛r❡ ❞✐st✐♥❝t✱ ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ✐♥ T, P,Q✳ ▲❡t t ❜❡ ❛ ❢r❡s❤ ♥❛♠❡✳
❲❡ ❤❛✈❡
K{P} + t −→ b[F ◦ T ] | b(X)(s +
∑
j
τ.(Kj{X} + dj)) = R1
❙✐♥❝❡ R1 ↓b✱ ✐t ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② ❛
K{Q} + t =⇒ b[Q′l] | b(X)(s +
∑
j
τ.(Kj{X} + dj)) = S1
❢♦r s♦♠❡ l✳ ❋r♦♠ ❤❡r❡✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ P
τ
−→ P ′ ❝❛s❡✳
❼ P
a
−→ 〈R〉S✳ ❋♦r ❛❧❧ 〈R′〉S′′✱ S′ s✉❝❤ t❤❛t Q
a
=⇒ 〈R′〉S′′ ❛♥❞ S′′
τ
=⇒ S′✱ ✇❡
❤❛✈❡ R 6
.
≈k R
′ ♦r S 6
.
≈k S
′✳ ❙✐♥❝❡ Q ✐s ✐♠❛❣❡✲✜♥✐t❡✱ t❤❡ s❡ts {Ci|Q
a
=⇒ Ci}
❛♥❞ {Si,j |∃〈R′i〉S
′
i, Q
a
=⇒ 〈R′i〉S
′
i ❛♥❞ S
′
i
τ
=⇒ Si,j} ❛r❡ ✜♥✐t❡✳ ❇② ✐♥❞✉❝t✐♦♥✱
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✽✺
❢♦r i ∈ I s✉❝❤ t❤❛t R 6≈b Ri✱ t❤❡r❡ ❡①✐sts ❝♦♥t❡①ts Ki ❛♥❞ ♥❛♠❡s di s✉❝❤
t❤❛t Ki{R}+ di 6≈b Ki{Ri}+ di✳ ❖t❤❡r✇✐s❡✱ ❢♦r i ∈ J s✉❝❤ t❤❛t R ≈b Ri✱
t❤❡r❡ ❡①✐sts ❝♦♥t❡①ts Ki,j ❛♥❞ ♥❛♠❡s di,j s✉❝❤ t❤❛t Ki,j{S} + di,j 6≈b
Ki,j{Si,j} + di,j ❢♦r ❛❧❧ j✳ ❲❡ ❞❡✜♥❡✿
K = b[✷] | a(X)b(Y )(s +
∑
i∈I
τ.(Ki{X} + di) +
∑
i∈J
∑
j
τ.(Ki,j{Y } + di,j))
✇❤❡r❡ b, s ❛r❡ ❞✐st✐♥❝t ❛♥❞ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ▲❡t t ❜❡ ❛ ❢r❡s❤ ♥❛♠❡✳
❲❡ ❤❛✈❡✿
K{P} + t −→ b[S] | b(Y )(s +
∑
i∈I
τ.(Ki{R} + di) + K
′) = P2
✇✐t❤ K ′ =
∑
i∈J
∑
j τ.(Ki,j{Y } + di,j)✳ ❙✐♥❝❡ P2 ↓b✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②
K{Q} + t =⇒ b[Sl,m] | b(Y )(s +
∑
i∈I
τ.(Ki{Rl} + di) + K
′) = Q2
❢♦r s♦♠❡ l,m✳ ◆♦✇ ✇❡ ❤❛✈❡✿
P2 −→ s +
∑
i∈I
τ.(Ki{R} + di) +
∑
i∈J
∑
j
τ.(Ki,j{S} + di,j) = P3
❙✐♥❝❡ P3 ↓s✱ ✐t ✐s ♠❛t❝❤❡❞ ❜②✿
Q2 =⇒ s +
∑
i∈I
τ.(Ki{Rl} + di) +
∑
i∈J
∑
j
τ.(Ki,j{Sl,n} + di,j) = Q3
❢♦r s♦♠❡ n s✉❝❤ t❤❛t Sl,m =⇒ Sl,n✳ ❲❡ s✉♣♣♦s❡ t❤❛t l ∈ I✱ ✐✳❡✳ ✇❡ ❤❛✈❡
R 6≈b Rl✳ ❲❡ ❤❛✈❡
P3 −→ Kl{R} + dl = P4
✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜②✿
Q3 =⇒ Kl{Rl} + dl = Q4
s✐♥❝❡ P4 ↓dl ✳ ❲❡ ❤❛✈❡ P4 6≈b Q4 ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡
K{P} + t 6≈b K{Q} + t ❛s r❡q✉✐r❡❞✳
❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t l ∈ J ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ R ≈b Rl✳ ❲❡ ❤❛✈❡
P3 −→ Kl,n{S} + dl,n = P4
✇❤✐❝❤ ✐s ♠❛t❝❤❡❞ ❜②✿
Q3 =⇒ Kl,n{Sl,n} + dl,n = Q4
s✐♥❝❡ P4 ↓dl,n ✳ ❲❡ ❤❛✈❡ P4 6≈b Q4 ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡
K{P} + t 6≈b K{Q} + t ❛s r❡q✉✐r❡❞✳
❘❘ ♥➦ ✻✻✻✹
✽✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❋ ◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥
❋✳✶ ❙tr♦♥❣ ❝❛s❡
▲❡♠♠❛ ✸✾✳ ▲❡t E ❜❡ ❛♥ ❡✈♦❧✉t✐♦♥ ❝♦♥t❡①t ❛♥❞ P
α
−→ A✳ ❚❤❡♥ E{P}
α
−→ E′{A}
❛♥❞ t❤❡ ❤♦❧❡ ✐♥ E′ ✐s ♥♦t ✉♥❞❡r ❛ r❡♣❧✐❝❛t✐♦♥ ♦r ❝❤♦✐❝❡ ♦♣❡r❛t♦r✳
Pr♦♦❢✳ ■♠♠❡❞✐❛t❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ E✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r✉❧❡s ▲❚❙✲P❛r✱ ▲❚❙✲
▲♦❝✱ ▲❚❙✲❘❡♣❧✐❝✱ ▲❚❙✲❙✉♠✳
▲❡♠♠❛ ✹✵✳ ▲❡t P,Q s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n t✇♦ ♥❛♠❡s ✇❤✐❝❤
❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
.
∼l Q{m.n.0/X} ❛♥❞
P{m.n.0/X}
m
−→ P ′{m.n.0/X}{n.0/Y } = Pn ♠❛t❝❤❡❞ ❜② Q{m.n.0/X}
m
−→
Q′{m.n.0/X}{n.0/Y } = Qn ✇✐t❤ Pn
.
∼l Qn✳ ❖♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
❼ ❚❤❡r❡ ❡①✐sts P1, Q1 s✉❝❤ t❤❛t Pn = n.0 | P1✱ Qn = n.0 | Q1 ✇✐t❤ P1
.
∼l Q1✳
❼ ❚❤❡r❡ ❡①✐sts a1, . . . ak✱ P1 . . . Pk+1✱ Q1 . . . Qk+1 s✉❝❤ t❤❛t
Pn = a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1
❛♥❞
Qn = a1[. . . ak−1[ak[n.0 | Qk+1] | Qk] | Qk−1 . . .] | Q1
❛♥❞ ❢♦r ❛❧❧ 1 ≤ j ≤ k + 1✱ Pj
.
∼l Qj✳
Pr♦♦❢✳ ❙✐♥❝❡ Pn ❝❛♥ ♦♥❧② ♣❡r❢♦r♠ ♦♥❡
n
−→ tr❛♥s✐t✐♦♥✱ ✇❡ ❝❛♥ ❞❡t❡❝t ✐❢ n.0 ✐s ✐♥ ❛
❧♦❝❛❧✐t② ♦r ♥♦t✿ ✐❢ t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥ Pn
a
−→ 〈R′n〉S′n ❢♦r s♦♠❡ a s✉❝❤ t❤❛t
R′n ♠❛② ♣❡r❢♦r♠ ❛ tr❛♥s✐t✐♦♥
n
−→✱ t❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ ✐s ❛ ♣❛ss✐✈❛t✐♦♥ ❛♥❞ t❤❡
♣r♦❝❡ss n.0 ✐s ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥ Pn✳ ❖t❤❡r✇✐s❡✱ n.0 ✐s ♥♦t ✐♥ ❛ ❧♦❝❛❧✐t②✳
❇② ❧❡♠♠❛ ✸✾✱ n.0 ✐s ♦♥❧② ✉♥❞❡r ❧♦❝❛❧✐t✐❡s ❛♥❞ ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥s ✐♥ Pn
❛♥❞ Qn✳
❲❡ s❤♦✇ t❤❛t ✐❢ n.0 ✐s ♥♦t ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ✐♥ Pn✱ ✐t ✐s ❛❧s♦ ♥♦t ✉♥❞❡r ❛
❧♦❝❛❧✐t② ✐♥ Qn✳ ❙✉♣♣♦s❡ n.0 ✐s ♥♦t ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥ Pn ❛♥❞ ✐s ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥
Qn✳ ❲❡ ❤❛✈❡ Qn
a
−→ 〈E{n.0}〉Q′′ ❢♦r s♦♠❡ a, E, Q′′✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s ❝❛♥ ♦♥❧②
❜❡ ♠❛t❝❤❡❞ ❜② ❛ ♣❛ss✐✈❛t✐♦♥ ♦❢ n.0 ✐♥ Pn✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❜② ❤②♣♦t❤❡s✐s✱
❤❡♥❝❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❲❡ ❤❛✈❡ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ✐❢ n.0 ✐s ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥ Pn
❛♥❞ ♥♦t ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥ Qn✳ ❚❤❡r❡❢♦r❡ ✐❢ n.0 ✐s ♥♦t ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥ Pn✱ ✐t ✐s
♥♦t ✐♥ ❛ ❧♦❝❛❧✐t② ✐♥ Qn✳ ❈♦♥s❡q✉❡♥t❧② ✐♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ❡①✐sts P1, Q1 s✉❝❤ t❤❛t
Pn = n.0 | P1 ❛♥❞ Qn = n.0 | Q1✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ Pn
n
−→ P1✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡
♠❛t❝❤❡❞ ❜② Qn
n
−→ Q1✱ s♦ ✇❡ ❤❛✈❡ P1
.
∼l Q1✳
❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t n.0 ✐s ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ✐♥ Pn ❛♥❞ Qn✳ ❲❡ ♣r♦✈❡ t❤❛t
n.0 ✐s ✉♥❞❡r t❤❡ s❛♠❡ ❤✐❡r❛r❝❤② ♦❢ ❧♦❝❛❧✐t✐❡s ✐♥ Pn, Qn✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢
t❤❡ ♣❛✐r✇✐s❡ ❜✐s✐♠✐❧❛r ♣r♦❝❡ss❡s ❞❡✜♥❡❞ ✐♥ t❤❡ ❧❡♠♠❛✳ ❙✉♣♣♦s❡ n.0 ✐s ✉♥❞❡r
k ❧♦❝❛❧✐t✐❡s a1, . . . ak ✐♥ Pn ❛♥❞ ✉♥❞❡r l ❧♦❝❛❧✐t✐❡s b1, . . . bl ✐♥ Qn✱ ✇✐t❤ k >
l✳ ❲❡ ❤❛✈❡ Pn
a1−→ 〈P ′1{n.0/Xi}〉P1✱ s♦ t❤❡r❡ ❡①✐sts Q1, Q
′
1 s✉❝❤ t❤❛t Qn
bi−→
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✽✼
〈Q′1{n.0/Xj}〉Q1 ✇✐t❤ a1 = bi ❛♥❞ P
′
1{n.0/Xi}
.
∼l Q
′
1{n.0/Xj}✳ ❚❤❡ ♣r♦❝❡ss ✐s
✉♥❞❡r k − 1 ❧♦❝❛❧✐t✐❡s ✐♥ P ′1 ❛♥❞ ✉♥❞❡r l − i ❧♦❝❛❧✐t✐❡s ✐♥ Q
′
1✱ ✇✐t❤ i ≥ 1✳ ❆❢t❡r l
♣❛ss✐✈❛t✐♦♥✱ ✇❡ ❤❛✈❡ P ′l s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss n.0 ✐s ✉♥❞❡r k− l ❧♦❝❛❧✐t✐❡s✱ ❛♥❞ ❛
♣r♦❝❡ss Q′l s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss n.0 ✐s ♥♦t ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ❛♥❞ ✇✐t❤ P
′
l
.
∼l Q
′
l✱
✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡ ✭s❛♠❡ ♣r♦♦❢ ❛s ✐♥ t❤❡ ✜rst ❝❛s❡✮✳ ■❢ k < l✱ ✇❡ ❤❛✈❡ ❛ s✐♠✐❧❛r
❝♦♥tr❛❞✐❝t✐♦♥ ❜② r❡❛s♦♥✐♥❣ ♦♥ Q✱ ❝♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ k = l✳
❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts a1 . . . ak✱ P1 . . . Pk✱ Q1 . . . Qk✱ s✉❝❤ t❤❛t Pn =
a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1 ❛♥❞ Qn = a1[. . . ak−1[ak[n.0 |
Qk+1] | Qk] | Qk−1 . . .] | Q1✳ ▲❡t P ′i ✭r❡s♣ Q
′
i✮ ❜❡ t❤❡ ♣r♦❝❡ss ✐♥s✐❞❡ t❤❡ ❧♦✲
❝❛❧✐t② ai ✐♥ Pn ✭r❡s♣ Qn✮✳ ❲❡ ❤❛✈❡ Pn
a1−→ 〈P ′1〉P1✱ ✇✐t❤ P
′
1
n
−→✱ ✇❤✐❝❤ ✐s
♠❛t❝❤❡❞ ❜② ❛ ♣❛ss✐✈❛t✐♦♥ Qn
ai−→ 〈Q′i〉Q
′ s✉❝❤ t❤❛t P1
.
∼l Q
′✱ P ′1
.
∼l Q
′
i ❛♥❞
Q′i
n
−→✳ ■❢ i 6= 1✱ ✇❡ ❤❛✈❡ t❤❡ ♣r♦❝❡ss ✉♥❞❡r k − 1 ❧♦❝❛❧✐t✐❡s ✐♥ P ′1 ❛♥❞ ✐♥
k − i < k − 1 ❧♦❝❛❧✐t✐❡s ✐♥ Q′i✱ ✇✐t❤ P
′
i
.
∼l Q
′
i✿ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡
i = 1✱ P1
.
∼l Q
′ = Q1 ❛♥❞ P ′1
.
∼l Q
′
1✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ 1 ≤ j ≤ k✱ ✇❡ ❤❛✈❡
Pj
.
∼l Qj ❛♥❞ P ′k = n.0 | Pk+1
.
∼l n.0 | Qk+1 = Q
′
k✳ ❙✐♥❝❡ t❤❡ r❡❞✉❝t✐♦♥
P ′k
n
−→ Pk+1 ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ Q′k
n
−→ Qk+1✱ ✇❡ ❤❛✈❡ Pk+1
.
∼l Qk+1✱ ❝♦♥s❡✲
q✉❡♥t❧② ✇❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇r✐t❡ Xi t❤❡ i✲t❤ ♦❝❝✉rr❡♥❝❡ ♦❢ X ✐♥ ❛ ♣r♦❝❡ss P ✳
▲❡♠♠❛ ✹✶✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ▲❡t R,R′ t✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t
R
.
∼l R
′✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
.
∼l Q{m.n.0/X} ❛♥❞ P{m.n.0/X}
m
−→
P ′{m.n.0/X}{n.0/Xi} = Pn ✐s ♠❛t❝❤❡❞ ❜② t❤❡ tr❛♥s✐t✐♦♥ Q{m.n.0/X}
m
−→
Q′{m.n.0/X}{n.0/Xj} = Qn ✭✇✐t❤ Pn
.
∼l Qn✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥
P ′{m.n.0/X}{R/Xi}
.
∼l Q
′{m.n.0/X}{R′/Xj}✳
Pr♦♦❢✳ ❇② ❧❡♠♠❛ ✹✵✱ ✇❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿
❼ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ Pn = n.0 | P1✱ Qn = n.0 | Q1 ✇✐t❤ P1
.
∼l Q1✳ ❙✐♥❝❡
P1
.
∼l Q1✱ R
.
∼l R
′ ❛♥❞
.
∼l ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ✇❡ ❤❛✈❡ R | P1
.
∼l R
′ | Q1 ❜②
tr❛♥s✐t✐✈✐t②✱ ❝♦♥s❡q✉❡♥t❧② t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ Pn = a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1
❛♥❞ Qn = a1[. . . ak−1[ak[n.0 | Qk+1] | Qk] | Qk−1 . . .] | Q1 ❛♥❞ ❢♦r ❛❧❧
1 ≤ j ≤ k + 1✱ Pj
.
∼l Qj ✳ ❙✐♥❝❡ Pk+1
.
∼l Qk+1✱ R
.
∼l R
′✱
.
∼l ✐s ❛
❝♦♥❣r✉❡♥❝❡ ❛♥❞ ✐s tr❛♥s✐t✐✈❡✱ ✇❡ ❤❛✈❡ R | Pk+1
.
∼l R
′ | Qk+1✳ ❙♦ ✇❡ ❤❛✈❡
ak[R | Pk+1] | Pk
.
∼l ak[R
′ | Qk+1] | Qk✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ 1 ≤ j ≤ k✱ ✇❡
❤❛✈❡ aj [. . . ak[R | Pk+1] | Pk . . .] | Pj
.
∼l aj [. . . ak[R
′ | Qk+1] | Qk . . .] | Qj ✱
s♦ ✇❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ✇✐t❤ j = 1✳
❚❤❡♦r❡♠ ✶✷✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ■❢ P{m.n.0/X}
.
∼l Q{m.n.0/X}✱ t❤❡♥
❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ ✇❡ ❤❛✈❡ P{R/X}
.
∼l Q{R/X}
❘❘ ♥➦ ✻✻✻✹
✽✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡ r❡❧❛t✐♦♥ R= {(P{R/X}, Q{R/X}), P{m.n.0/X}
.
∼l
Q{m.n.0/X},m, n ♥♦t ✐♥ P,Q} ✐s ❛ str♦♥❣ ❜✐s✐♠✉❧❛t✐♦♥✳ ❙✐♥❝❡ t❤❡ r❡❧❛t✐♦♥ ✐s
s②♠♠❡tr✐❝❛❧✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ❛ s✐♠✉❧❛t✐♦♥✳ ❲❡ ♠❛❦❡ ❛ ❝❛s❡
❛♥❛❧②s✐s ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ P{R/X}✿
❚❤❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ♦♥❧② ❢r♦♠ P ✳ ❲❡ ❤❛✈❡ P{R/X}
α
−→ A{R/X} ✇✐t❤
P
α
−→ A✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
α
−→ A{m.n.0/X}✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤❡
t❤r❡❡ ❝❛s❡s ❢♦r A✿
❼ Pr♦❝❡ss ❝❛s❡ P ′✳ ❙✐♥❝❡ P{m.n.0/X}
.
∼l Q{m.n.0/X}✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤
t❤❛t Q{m.n.0/X}
α
−→ Q′ ❛♥❞ P ′{m.n.0/X}
.
∼l Q
′✳ ❙✐♥❝❡ m ❞♦❡s ♥♦t ♦❝❝✉r
✐♥ P,Q✱ ✇❡ ❤❛✈❡ α 6= m✱ s♦ t❤❡ tr❛♥s✐t✐♦♥ Q{m.n.0/X}
α
−→ Q′ ❝♦♠❡s ♦♥❧②
❢r♦♠ Q✳ ❚❤❡r❡❢♦r❡ Q′ ❝❛♥ ❜❡ ✇r✐tt❡♥ Q′ = Q′′{m.n.0/X} ❢♦r s♦♠❡ Q′′✱
❛♥❞ ✇❡ ❤❛✈❡ Q{R/X}
α
−→ Q′′{R/X}✳ ❲❡ ❤❛✈❡ P ′{R/X} R Q′′{R/X}✱
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ ❆❜str❛❝t✐♦♥ ❝❛s❡ F ✳ ❙✐♥❝❡ P{m.n.0/X}
.
∼l Q{m.n.0/X}✱ t❤❡r❡ ❡①✐sts
F ′ s✉❝❤ t❤❛t Q{m.n.0/X}
α
−→ F ′ ❛♥❞ (F{m.n.0/X}) ◦ T
.
∼l F
′ ◦ T
❢♦r ❛❧❧ ♣r♦❝❡ss❡s T ✳ ❙✐♥❝❡ t❤❡ tr❛♥s✐t✐♦♥ ✐s ♦♥ ❛ ❤✐❣❤❡r✲♦r❞❡r ♥❛♠❡✱ ✇❡
❤❛✈❡ α 6= m✱ s♦ t❤❡ tr❛♥s✐t✐♦♥ Q{m.n.0/X}
α
−→ F ′ ❝♦♠❡s ♦♥❧② ❢r♦♠ Q✳
❚❤❡r❡❢♦r❡ F ′ ❝❛♥ ❜❡ ✇r✐tt❡♥ F ′ = F ′′{m.n.0/X} ❢♦r s♦♠❡ F ′′✱ ❛♥❞ ✇❡ ❤❛✈❡
Q{R/X}
α
−→ F ′′{R/X}✳ ❙✐♥❝❡ T ✐s ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✱ ✇❡ ❤❛✈❡ (F{R/X}) ◦
T = (F ◦ T ){R/X} R (F ′′ ◦ T ){R/X} = (F ′′{R/X}) ◦ T ✱ ❤❡♥❝❡ t❤❡
r❡s✉❧t ❤♦❧❞s✳
❼ ❈♦♥❝r❡t✐♦♥ ❝❛s❡ C = 〈T 〉S✳ ❙✐♥❝❡ P{m.n.0/X}
.
∼l Q{m.n.0/X}✱ t❤❡r❡
❡①✐sts C ′ = 〈T ′〉S′ s✉❝❤ t❤❛t Q{m.n.0/X}
α
−→ C ′✱ T{m.n.0/X}
.
∼l
T ′ ❛♥❞ S{m.n.0/X}
.
∼l S
′✳ ❲❡ ❤❛✈❡ α 6= m✱ s♦ t❤❡ tr❛♥s✐t✐♦♥
Q{m.n.0/X}
α
−→ C ′ ❝♦♠❡s ♦♥❧② ❢r♦♠ Q✳ ❚❤❡r❡❢♦r❡ T ′, S′ ❝❛♥ ❜❡ ✇r✐t✲
t❡♥ T ′ = T ′′{m.n.0/X} ❛♥❞ S′ = S′′{m.n.0/X} ❢♦r s♦♠❡ T ′′, S′′✱ ❛♥❞ ✇❡
❤❛✈❡ Q{R/X}
α
−→ (〈T ′′〉S′′){R/X}✳ ❲❡ ❤❛✈❡ T{R/X} R T ′′{R/X} ❛♥❞
S{R/X} R S′′{R/X}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❚❤❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ♦♥❧② ❢r♦♠ R✳ ❆ ❝♦♣② ♦❢ R ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①t ❛♥❞ ♣❡r❢♦r♠ ❛ tr❛♥s✐t✐♦♥✳ ❲❡ ✇r✐t❡ Xi t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ X ✇❤❡r❡ t❤❡
❝♦♣② ♦❢ R ♣❡r❢♦r♠s t❤❡ tr❛♥s✐t✐♦♥✳ ❲❡ ❤❛✈❡ P{R/X}
α
−→ P ′{R/X}{A/Xi}
✇✐t❤ R
α
−→ A✳ ❙✐♥❝❡ Xi ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ P{m.n.0/X}
m
−→
P ′{m.n.0/X}{n.0/Xi}✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
.
∼l Q{m.n.0/X}✱ t❤❡r❡
❡①✐sts ❛ tr❛♥s✐t✐♦♥ Q{m.n.0/X}
m
−→ Q′{m.n.0/X}{n.0/Xj} ✭❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢
X✱ ♥♦t❡❞ Xj ✱ ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t ✐♥ Q✮ ✇✐t❤ P ′{m.n.0/X}{n.0/Xi}
.
∼l
Q′{m.n.0/X}{n.0/Xj}✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ Q{R/X}
α
−→ Q′{R/X}{A/Xj}✳
❲❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s ❢♦r A✿
❼ Pr♦❝❡ss ❝❛s❡ R′✳ ❲❡ ❤❛✈❡ P ′{m.n.0/X}{R′/Xi}
.
∼l Q
′{m.n.0/X}{R′/Xj}
❜② ❧❡♠♠❛ ✹✶✱ s♦ ✇❡ ❤❛✈❡ P ′{R/X}{R′/Xi} R Q′{R/X}{R′/Xj} ❛s r❡✲
q✉✐r❡❞✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✽✾
❼ ❆❜str❛❝t✐♦♥ ❝❛s❡ F ✳ ❇② ❧❡♠♠❛ ✹✶✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{F ◦ T/Xi}
.
∼l
Q′{m.n.0/X}{F ◦ T/Xj} ❢♦r ❛❧❧ T ✳ ❲❡ ❤❛✈❡ (P ′{R/X}{F/Xi}) ◦ T =
P ′{R/X}{F ◦ T/Xi} R Q
′{R/X}{F ◦ T/Xi} = (Q
′{R/X}{F/Xj}) ◦ T
❛s r❡q✉✐r❡❞✳
❼ ❈♦♥❝r❡t✐♦♥ ❝❛s❡ 〈S〉T ✳ ❇② ❧❡♠♠❛ ✹✶✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{T/Xi}
.
∼l
Q′{m.n.0/X}{T/Xj}✱ s♦ ✇❡ ❤❛✈❡ P ′{R/X}{T/Xi} R Q′{R/X}{T/Xj}✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ S
.
∼l S✱ ❛♥❞ s✐♥❝❡
.
∼l⊆R ✭✇✐t❤ P,Q ❝❧♦s❡❞ ♣r♦❝❡ss❡s✮✱
✇❡ ❤❛✈❡ S R S ❛♥❞ P ′{R/X}{T/Xi} R Q′{R/X}{T/Xj} ❛s r❡q✉✐r❡❞✳
❆ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ R ❛♥❞ P ✳ ❆ ❝♦♣②
♦❢ R ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t ❛♥❞ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❛ s✉❜✲♣r♦❝❡ss P ′ ♦❢ P ✳
❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✳
❚❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ✐s R
a
−→ F ❛♥❞ P ′
a
−→ 〈T{R/X}〉S{R/X} ❢♦r s♦♠❡ a✳
❲❡ ❤❛✈❡ t❤❡ tr❛♥s✐t✐♦♥
P{R/X}
τ
−→ E1,R{E2,R{F ◦ (T{R/X})} | E3,R{S{R/X}}}
❢♦r s♦♠❡ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E1,R, E2,R, E3,R ✭t❤❡ s✉❜s❝r✐♣t R ♠❡❛♥s t❤❛t ♦❝✲
❝✉rr❡♥❝❡s ♦❢ X ✐♥ t❤❡ ❝♦♥t❡①t ❛r❡ ✜❧❧❡❞ ✇✐t❤ R✮✳ ❲❡ ❤❛✈❡
P{m.n.0/X}
m
−→
a
−→
〈T{m.n.0/X}〉E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{S{m.n.0/X}}}
s♦ ❜② ❜✐s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts T ′, E′ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡
Q{m.n.0/X}
m
−→
a
−→ 〈T ′{m.n.0/X}〉E′m.n.0{n.0}
❛♥❞ t❤❡ ♠❡ss❛❣❡s ❛♥❞ ❝♦♥t✐♥✉❛t✐♦♥s ❛r❡ ❜✐s✐♠✐❧❛r✱ ✐✳❡✳ ✇❡ ❤❛✈❡
T{m.n.0/X}
.
∼l T
′{m.n.0/X}
❛♥❞
E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{S{m.n.0/X}}}
.
∼l E
′
m.n.0{n.0}
❋r♦♠ t❤❡ r❡❧❛t✐♦♥ ♦♥ ♠❡ss❛❣❡s✱ ✇❡ ❤❛✈❡
F ◦ (T{m.n.0/X})
.
∼l F ◦ (T
′{m.n.0/X})
❍❡♥❝❡ ❜② ❧❡♠♠❛ ✹✶ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ♦♥ ❝♦♥t✐♥✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡
E1,m.n.0{E2,m.n.0{F ◦ (T{m.n.0/X})} | E3,m.n.0{S{m.n.0/X}}}
.
∼l E
′
m.n.0{F ◦ (T
′{m.n.0/X})}
❲❡ ❤❛✈❡ Q{R/X}
τ
−→ E′R{F ◦ (T
′{R/X})} ❛♥❞
E1,R{E2,R{F ◦ (T{R/X})} | E3,R{S{R/X}}} R E
′
R{F ◦ (T
′{R/X})}
❘❘ ♥➦ ✻✻✻✹
✾✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❚❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s R
a
−→ 〈T 〉S ❛♥❞ P ′
a
−→ F{R/X} ❢♦r s♦♠❡ a✳ ❲❡
❤❛✈❡ t❤❡ tr❛♥s✐t✐♦♥
P{R/X}
τ
−→ E1,R{E2,R{S} | E3,R{(F{R/X}) ◦ T}}
❢♦r s♦♠❡ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E1,R, E2,R, E3,R✳ ❲❡ ❤❛✈❡ t❤❡ tr❛♥s✐t✐♦♥s
P{m.n.0/X}
m
−→
a
−→ E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{F{m.n.0/X}}}
s♦ t❤❡r❡ ❡①✐sts F ′ s✉❝❤ t❤❛t
Q{m.n.0/X}
m
−→
a
−→ E′1,m.n.0{E
′
2,m.n.0{n.0} | E
′
3,m.n.0{F
′{m.n.0/X}}}
❢♦r s♦♠❡ ❝♦♥t❡①ts ❛♥❞ ✇❡ ❤❛✈❡
E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{(F{m.n.0/X}) ◦ T}}
.
∼l E
′
1,m.n.0{E
′
2,m.n.0{n.0} | E
′
3,m.n.0{(F
′{m.n.0/X}) ◦ T}}
❇② ❧❡♠♠❛ ✹✶✱ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥
E1,m.n.0{E2,m.n.0{S} | E3,m.n.0{(F{m.n.0/X}) ◦ T}}
.
∼l E
′
1,m.n.0{E
′
2,m.n.0{S} | E
′
3,m.n.0{(F
′{m.n.0/X}) ◦ T}}
❲❡ ❤❛✈❡ Q{R/X}
τ
−→ E′1,R{E
′
2,R{S} | E
′
3,R{(F
′{R/X}) ◦ T}} ❛♥❞
E1,R{E2,R{S} | E3,R{(F{R/X}) ◦ T}}
R E′1,R{E
′
2,R{S} | E
′
3,R{(F
′{R/X}) ◦ T}}
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❆ ✜rst✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ R ❛♥❞ P ✳ ❚❤✐s ❝❛s❡
✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
❆ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♣✐❡s ♦❢ R✳
❚✇♦ ❝♦♣✐❡s ♦❢ R ❛r❡ ✐♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts ❛♥❞ ❝♦♠♠✉♥✐❝❛t❡✳ ❚❤❡r❡ ❡①✐sts
F, 〈T 〉S s✉❝❤ t❤❛t R
a
−→ F ❛♥❞ R
a
−→ 〈T 〉S ❢♦r s♦♠❡ a✳ ❲❡ ♥♦t❡ Xi, Xj t❤❡ t✇♦
♦❝❝✉rr❡♥❝❡s ♦❢ X ✐♥ P ✇❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✿ t❤❡ tr❛♥s✐t✐♦♥ ❝❛♥
❜❡ ✇r✐tt❡♥ P{R/X}
τ
−→ P ′′{R/X}{F ◦ T/Xi}{S/Xj}✳
❲❡ ❤❛✈❡ P{R/X}
a
−→ P ′{R/X}{F/Xi}✳ ❙✐♥❝❡ Xi ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①t✱ ✇❡ ❤❛✈❡ P{m.n.0/X}
m
−→ P ′{m.n.0/X}{n.0/Xi}✱ s♦ t❤❡r❡ ❡①✐sts Q′ s✉❝❤
t❤❛t Q{m.n.0/X}
m
−→ Q′{m.n.0/X}{n.0/Xk} ❛♥❞ P ′{m.n.0/X}{n.0/Xi}
.
∼l
Q′{m.n.0/X}{n.0/Xk}✳ ❙✐♥❝❡ F ◦ T
.
∼l F ◦ T ✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{F ◦
T/Xi}
.
∼l Q
′{m.n.0/X}{F ◦ T/Xk} ❜② ❧❡♠♠❛ ✹✶✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✾✶
❙✐♥❝❡ Xj ✐s ✐♥ ❛♥ ❡①❡❝✉t✐♦♥ ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{F ◦ T/Xi}
m
−→
P ′′{m.n.0/X}{F ◦ T/Xi}{n.0/Xj}✳ ❈♦♥s❡q✉❡♥t❧② ❜② t❤❡ ♣r❡✈✐♦✉s ❡q✉✐✈❛❧❡♥❝❡
t❤❡r❡ ❡①✐sts Q′′ s✉❝❤ t❤❛t Q′{m.n.0/X}{F ◦ T/Xk}
m
−→ Q′′{m.n.0/X}{F ◦
T/Xk}{n.0/Xl} ❛♥❞ P ′′{m.n.0/X}{F ◦ T/Xi}{n.0/Xj}
.
∼l Q
′′{m.n.0/X}{F ◦
T/Xk}{n.0/Xl}✳ ❙✐♥❝❡ S
.
∼l S✱ ❜② ❧❡♠♠❛ ✹✶ ✇❡ ❤❛✈❡ P ′′{m.n.0/X}{F ◦
T/Xi}{S/Xj}
.
∼l Q
′′{m.n.0/X}{F ◦ T/Xk}{S/Xl}✳ ❲❡ ❤❛✈❡ Q{R/X}
τ
−→
Q′′{R/X}{F ◦ T/Xk}{S/Xl} ❛♥❞ t❤❡ r❡❧❛t✐♦♥ P ′′{R/X}{F ◦ T/Xi}{S/Xj} R
Q′′{R/X}{F ◦ T/Xk}{S/Xl}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❆ ✜rst✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♣✐❡s ♦❢ R✳
❚❤✐s ❝❛s❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
❋✳✷ ❲❡❛❦ ❝❛s❡
▲❡♠♠❛ ✹✷✳ ▲❡t P,Q s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts P ′, Q′ s✉❝❤ t❤❛t Q
τ
=⇒ Q′✱ P
τ
=⇒ P ′✱
P
.
≈l Q
′ ❛♥❞ Q
.
≈l P
′✳ ❚❤❡♥ ✇❡ ❤❛✈❡ P
.
≈l Q✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ P 6≈l Q✳ ❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✳ ❲❡ s✉♣♣♦s❡
✜rst t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❝t✐♦♥ α ❛♥❞ ❛♥ ❛❣❡♥t A s✉❝❤ t❤❛t P
α
−→ A✱ ❛♥❞ t❤❡
tr❛♥s✐t✐♦♥ ✐s ♥♦t ♠❛t❝❤❡❞ ❜② Q✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ P
.
≈l Q
′✱ t❤❡r❡ ❡①✐sts Q′
α
=⇒ B
s✉❝❤ t❤❛t A
.
≈l B✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ Q
τ
=⇒ Q′
α
=⇒ B✱ ✐✳❡✳ Q
α
=⇒ B s✉❝❤ t❤❛t A
.
≈l B✿
✇❡ ❤❛✈❡ ❛ ♠❛t❝❤✐♥❣ tr❛♥s✐t✐♦♥ ❢r♦♠ Q✱ ❝♦♥tr❛❞✐❝t✐♦♥✳
❚❤❡ ♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s ❛♥ ❛❝t✐♦♥ ❢r♦♠ Q ♥♦t ♠❛t❝❤❡❞ ❜② P ✳ ❚❤❡ ♣r♦♦❢ ✐s
s✐♠✐❧❛r ✉s✐♥❣ Q
.
≈l P
′✳
▲❡♠♠❛ ✹✸✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
.
≈l
Q{m.n.0/X} ❛♥❞ P{m.n.0/X}
m
−→ P ′{m.n.0/X}{n.0/Xi} = Pn ♠❛t❝❤❡❞ ❜②
Q{m.n.0/X}
m
=⇒ Q′{m.n.0/X}{n.0/Xj} = Qn✳ ❚❤❡♥ ✇❡ ❛r❡ ✐♥ ♦♥❡ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿
❼ ❚❤❡r❡ ❡①✐sts P1, Q1 s✉❝❤ t❤❛t Pn = n.0 | P1✱ Qn = n.0 | Q1 ✇✐t❤ P1
.
≈l Q1✳
❼ ❚❤❡r❡ ❡①✐sts a1, . . . ak✱ P1 . . . Pk+1✱ Q1 . . . Qk+1 s✉❝❤ t❤❛t
Pn = a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1
❛♥❞
Qn = a1[. . . ak−1[ak[n.0 | Qk+1] | Qk] | Qk−1 . . .] | Q1
❚❤❡r❡ ❡①✐sts P ′1, . . . P
′
k+1✱ Q
′
1, . . . Q
′
k+1 s✉❝❤ t❤❛t
Pn
τ
=⇒ a1[. . . ak−1[ak[n.0 | P
′
k+1] | P
′
k] | P
′
k−1 . . .] | P
′
1
❛♥❞
Qn
τ
=⇒ a1[. . . ak−1[ak[n.0 | Q
′
k+1] | Q
′
k] | Q
′
k−1 . . .] | Q
′
1
❛♥❞ ❢♦r ❛❧❧ 1 ≤ j ≤ k + 1✱ ✇❡ ❤❛✈❡ Pj
.
≈l Q
′
j ❛♥❞ P
′
j
.
≈l Qj✳
❘❘ ♥➦ ✻✻✻✹
✾✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ str♦♥❣ ❝❛s❡ ♦♥❡✳ ❲❡ ❥✉st ❞❡t❛✐❧ t❤❡ ❞✐✛❡r❡♥❝❡s✳
❙✉♣♣♦s❡ n.0 ✐s ♥♦t ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ✐♥ Pn✳ ❚❤❡♥ ✐t ✐s ♥♦t ✉♥❞❡r ❛ ❧♦❝❛❧✐t② ✐♥
Qn✱ ❛♥❞ t❤❡r❡ ❡①✐sts P1✱ Q1 s✉❝❤ t❤❛t Pn = n.0 | P1 ❛♥❞ Qn = n.0 | Q1✳ ❲❡
❤❛✈❡ Pn
n
−→ P1✱ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts Q′1 s✉❝❤ t❤❛t Qn
n
=⇒ Q′1 ❛♥❞ P1
.
≈l Q
′
1✳ ❙✐♥❝❡
Qn ♠❛② ♣❡r❢♦r♠ ♦♥❧② ♦♥❡
n
−→ tr❛♥s✐t✐♦♥✱ ✇❡ ❤❛✈❡ ✐♥ ❢❛❝t Q1
τ
=⇒ Q′1✳ ❙✐♠✐❧❛r❧②✱
t❤❡r❡ ❡①✐sts P ′1 s✉❝❤ t❤❛t Pn
τ
=⇒ P ′1 ❛♥❞ Q1
.
≈l P
′
1✳ ❇② ▲❡♠♠❛ ✹✷✱ ✇❡ ❤❛✈❡
P1
.
≈l Q1 ❛s r❡q✉✐r❡❞✳
❙✉♣♣♦s❡ ♥♦✇ n.0 ✐s ✉♥❞❡r t❤❡ ❧♦❝❛❧✐t② ❤✐❡r❛r❝❤② a1 . . . ak ✐♥ Pn✳ ❚❤❡♥
✐t ✐s ✉♥❞❡r t❤❡ s❛♠❡ ❤✐❡r❛r❝❤② ✐♥ Qn✳ ❚❤❡r❡ ❡①✐sts P1 . . . Pk+1✱ Q1 . . . Qk+1
s✉❝❤ t❤❛t Pn = a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1 ❛♥❞ Qn =
a1[. . . ak−1[ak[n.0 | Qk+1] | Qk] | Qk−1 . . .] | Q1✳ ▲❡t Ti ✭r❡s♣ Ui✮ ❜❡ t❤❡ ♣r♦❝❡ss
✐♥s✐❞❡ t❤❡ ❧♦❝❛❧✐t② ai ✐♥ Pn ✭r❡s♣ Qn✮✳ ❲❡ ❤❛✈❡ Pn
a1−→ 〈T1〉P1✱ ✇✐t❤ T1
n
−→✱
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② Qn
a1=⇒ 〈U ′i〉S
′✱ S′
τ
=⇒ Q′1✱ T1
.
≈l U
′
1 ❛♥❞ P1
.
≈l Q
′
1✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ Qn
τ
=⇒ a1[U
′
1] | S
′ a1−→ 〈U ′1〉S
′ ❛♥❞ S′
τ
=⇒ Q′1✱ ❤❡♥❝❡ ✇❡
❤❛✈❡ Qn
τ
=⇒ a1[U
′
1] | Q
′
1 ✭✉s✐♥❣ ▲❚❙✲P❛r✮✳
❋r♦♠ T1
.
≈l U
′
1 ✇❡ ❜✉✐❧❞ s✐♠✐❧❛r❧② U
′
2, Q
′
2 s✉❝❤ t❤❛t T2
.
≈l U
′
2✱ P2
.
≈l Q
′
2 ❛♥❞
Qn
τ
=⇒ a1[a2[U
′
2] | Q
′
2] | Q
′
1✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ 1 ≤ j ≤ k✱ t❤❡r❡ ❡①✐sts Q
′
j , U
′
j s✉❝❤
t❤❛t Pj
.
≈l Q
′
j ❛♥❞ Qn
τ
=⇒ a1[. . . aj [U
′
j ] | Q
′
j . . .] | Q
′
1 ❛♥❞ Tk = n.0 | Pk+1
.
≈l
n.0 | Q′k+1 = U
′
k✳ ❚❤❡ r❡❞✉❝t✐♦♥ Tk
n
−→ Pk+1 ✐s ♠❛t❝❤❡❞ ❜② U ′k
n
=⇒ Q′′k+1 ✇✐t❤
Pk+1
.
≈l Q
′′
k+1✳ ❙✐♥❝❡ U
′
k ♠❛② ♣❡r❢♦r♠ ♦♥❧② ♦♥❡
n
−→ tr❛♥s✐t✐♦♥✱ ✇❡ ❤❛✈❡ ✐♥ ❢❛❝t
Q′k+1
τ
=⇒ Q′′k+1✳ ❙✐♠✐❧❛r❧② ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ U
′
k
n
−→ Q′k+1✱ ✇❡ ❝❛♥
❜✉✐❧❞ P ′k+1 s✉❝❤ t❤❛t Pk+1
τ
=⇒ P ′k+1 ❛♥❞ Q
′
k+1
.
≈l P
′
k+1✳ ❍❡♥❝❡ ❜② ❧❡♠♠❛ ✹✷✱ ✇❡
❤❛✈❡ Pk+1
.
≈l Q
′
k+1✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ Qn
τ
=⇒ a1[. . . ak−1[ak[n.0 | Q
′
k+1] | Q
′
k] | Q
′
k−1 . . .] | Q
′
1 ✇✐t❤
Pj
.
≈l Q
′
j ❢♦r ❛❧❧ 1 ≤ j ≤ k + 1 ❛s r❡q✉✐r❡❞✳ ❇② r❡❛s♦♥♥✐♥❣ ♦♥ tr❛♥s✐t✐♦♥s ❢r♦♠
Qn✱ ✇❡ ❜✉✐❧❞ s✐♠✐❧❛r❧② P ′1, . . . P
′
k+1 s✉❝❤ t❤❛t Pn
τ
=⇒ a1[. . . ak−1[ak[n.0 | P
′
k+1] |
P ′k] | P
′
k−1 . . .] | P
′
1 ❛♥❞ P
′
j
.
≈l Qj ❢♦r ❛❧❧ 1 ≤ j ≤ k + 1✳
▲❡♠♠❛ ✹✹✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ▲❡t R,R′ t✇♦ ❝❧♦s❡❞ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t
R
.
≈l R
′✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
.
≈l Q{m.n.0/X} ❛♥❞ P{m.n.0/X}
m
−→
P ′{m.n.0/X}{n.0/Xi} = Pn ✐s ♠❛t❝❤❡❞ ❜② t❤❡ tr❛♥s✐t✐♦♥ Q{m.n.0/X}
m
=⇒
Q′{m.n.0/X}{n.0/Xj} = Qn ✭✇✐t❤ Pn
.
≈l Qn✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥
P ′{m.n.0/X}{R/Xi}
.
≈l Q
′{m.n.0/X}{R′/Xj}✳
Pr♦♦❢✳ ❇② ❧❡♠♠❛ ✹✸✱ ✇❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿
❼ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ Pn = n.0 | P1✱ Qn = n.0 | Q1 ✇✐t❤ P1
.
≈l Q1✳ ❙✐♥❝❡
P1
.
≈l Q1✱ R
.
≈l R
′ ❛♥❞
.
≈l ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ✇❡ ❤❛✈❡ R | P1
.
≈l R
′ | Q1 ❜②
tr❛♥s✐t✐✈✐t②✱ ❝♦♥s❡q✉❡♥t❧② t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ Pn = a1[. . . ak−1[ak[n.0 | Pk+1] | Pk] | Pk−1 . . .] | P1
❛♥❞ Qn = a1[. . . ak−1[ak[n.0 | Qk+1] | Qk] | Qk−1 . . .] | Q1 ❛♥❞ Pn
τ
=⇒
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✾✸
a1[. . . ak−1[ak[n.0 | P
′
k+1] | P
′
k] | P
′
k−1 . . .] | P
′
1 ❛♥❞ Qn
τ
=⇒ a1[. . . ak−1[ak[n.0 |
Q′k+1] | Q
′
k] | Q
′
k−1 . . .] | Q
′
1 ✇✐t❤ Pj
.
≈l Q
′
j ❛♥❞ P
′
j
.
≈l Qj ❢♦r ❛❧❧
1 ≤ j ≤ k + 1✳
❙✐♥❝❡ Pk+1
.
≈l Q
′
k+1✱ R
.
≈l R
′✱
.
≈l ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ❛♥❞ ✐s tr❛♥s✐t✐✈❡✱ ✇❡
❤❛✈❡ R | Pk+1
.
≈l R
′ | Q′k+1✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ak[R | Pk+1] | Pk ∼l ak[R
′ |
Q′k+1] | Q
′
k✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ 1 ≤ j ≤ k✱ ✇❡ ❤❛✈❡ aj [. . . ak[R | Pk+1] |
Pk . . .] | Pj
.
≈l aj [. . . ak[R
′ | Q′k+1] | Q
′
k . . .] | Q
′
j ✳ ❲✐t❤ j = 1✱ ✇❡ ❤❛✈❡
P ′{m.n.0/X}{R/Xi}
.
≈l a1[. . . ak−1[ak[R | Q
′
k+1] | Q
′
k] | Q
′
k−1 . . .] | Q
′
1✳
❋r♦♠ Qn
τ
=⇒ a1[. . . ak−1[ak[n.0 | Q
′
k+1] | Q
′
k] | Q
′
k−1 . . .] | Q
′
1✱ ✇❡ ❤❛✈❡
Q′{m.n.0/X}{R′/Xj}
τ
=⇒ a1[. . . ak−1[ak[R
′ | Q′k+1] | Q
′
k] | Q
′
k−1 . . .] | Q
′
1✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{R/Xi}
τ
=⇒ a1[. . . ak−1[ak[R | P
′
k+1] |
P ′k] | P
′
k−1 . . .] | P
′
1 ❛♥❞ a1[. . . ak−1[ak[R | P
′
k+1] | P
′
k] | P
′
k−1 . . .] | P
′
1
.
≈l
Q′{m.n.0/X}{R′/Xj}✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ❝❛♥ ❛♣♣❧② ❧❡♠♠❛ ✹✷ ❛♥❞ ✇❡ ❤❛✈❡
P ′{m.n.0/X}{R/Xi}
.
≈l Q
′{m.n.0/X}{R′/Xj} ❛s r❡q✉✐r❡❞✳
▲❡♠♠❛ ✹✺✳ ▲❡t P ❜❡ ❛♥ ♦♣❡♥ ♣r♦❝❡ss ✇✐t❤ ❢✈(P ) ⊆ {X} ❛♥❞ m,n ❜❡ ♥❛♠❡s
✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P ✳ ■❢ P{m.n.0/X}
m
=⇒ P ′{m.n.0/X}{n.0/Xj} ✇❤❡r❡
Xj ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ t❤❡♥ ❢♦r ❛❧❧ R s✉❝❤ t❤❛t R
α
−→ A✱ ✇❡ ❤❛✈❡
P{R/X}
α
=⇒ P ′{R/X}{A/Xj}✳
Pr♦♦❢✳ ❚❤❡ tr❛♥s✐t✐♦♥ P{m.n.0/X}
m
=⇒ P ′{m.n.0/X}{n.0/Xj} ♠❛② ❜❡ ❞❡❝♦♠✲
♣♦s❡❞ ✐♥ P{m.n.0/X}
τ
=⇒
m
−→ P1{m.n.0/X}{n.0/Xj}
τ
=⇒ P ′{m.n.0/X}{n.0/Xj}✳
❙✐♥❝❡ m,n ❞♦ ♥♦t ♦❝❝✉r ✐♥ P ✱ t❤❡ τ ✲❛❝t✐♦♥ ❜❡t✇❡❡♥ P1✱ P ′ ❞♦ ♥♦t ✐♥✈♦❧✈❡
s②♥❝❤r♦♥✐s❛t✐♦♥s ♦♥ m,n✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ tr❛♥s✐t✐♦♥ ♠❛② ❜❡ r❡✇r✐tt❡♥ ✐♥
P{m.n.0/X}
τ
=⇒ P1{m.n.0/X}{m.n.0/Xj}
τ
=⇒ P ′{m.n.0/X}{m.n.0/Xj}
m
−→
P ′{m.n.0/X}{n.0/Xj}✳ ❯s✐♥❣ t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥s✱ ✇❡ ❤❛✈❡ P{R/X}
τ
=⇒
P ′{R/X}{R/Xj}
α
−→ P ′{R/X}{A/Xj}✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t✳
❚❤❡♦r❡♠ ✶✸✳ ▲❡t P,Q t✇♦ ♦♣❡♥ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❢✈(P,Q) ⊆ {X} ❛♥❞ m,n
t✇♦ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥ P,Q✳ ■❢ P{m.n.0/X}
.
≈l Q{m.n.0/X}✱ t❤❡♥
❢♦r ❛❧❧ ❝❧♦s❡❞ ♣r♦❝❡ss❡s R✱ ✇❡ ❤❛✈❡ P{R/X}
.
≈l Q{R/X}
Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡ r❡❧❛t✐♦♥ R= {(P{R/X}, Q{R/X}), P{m.n.0/X}
.
≈l
Q{m.n.0/X},m, n ♥♦t ✐♥ P,Q} ✐s ❛ ✇❡❛❦ ❜✐s✐♠✉❧❛t✐♦♥✳ ❙✐♥❝❡ t❤❡ r❡❧❛t✐♦♥ ✐s
s②♠♠❡tr✐❝❛❧✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ❛ s✐♠✉❧❛t✐♦♥✳ ❲❡ ♠❛❦❡ ❛ ❝❛s❡
❛♥❛❧②s✐s ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ P{R/X}✿
❚❤❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ♦♥❧② ❢r♦♠ P ✳ ❲❡ ❤❛✈❡ P{R/X}
α
−→ A{R/X} ✇✐t❤
P
α
−→ A✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ P{m.n.0/X}
α
−→ A{m.n.0/X}✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤❡
t❤r❡❡ ❝❛s❡s ❢♦r A✿
❘❘ ♥➦ ✻✻✻✹
✾✹ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ Pr♦❝❡ss ❝❛s❡ P ′✳ ❙✐♥❝❡ P{m.n.0/X}
.
≈l Q{m.n.0/X}✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤
t❤❛t Q{m.n.0/X}
α
=⇒ Q′ ❛♥❞ P ′{m.n.0/X}
.
≈l Q
′✳ ❙✐♥❝❡ m ❞♦❡s ♥♦t ♦❝❝✉r
✐♥ P,Q✱ ✇❡ ❤❛✈❡ α 6= m✱ s♦ t❤❡ tr❛♥s✐t✐♦♥s Q{m.n.0/X}
α
=⇒ Q′ ❝♦♠❡s ♦♥❧②
❢r♦♠ Q✳ ❚❤❡r❡❢♦r❡ Q′ ❝❛♥ ❜❡ ✇r✐tt❡♥ Q′ = Q′′{m.n.0/X} ❢♦r s♦♠❡ Q′′✱
❛♥❞ ✇❡ ❤❛✈❡ Q{R/X}
α
=⇒ Q′′{R/X}✳ ❲❡ ❤❛✈❡ P ′{R/X} R Q′′{R/X}✱
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ ❆❜str❛❝t✐♦♥ ❝❛s❡ F ✳ ❙✐♥❝❡ P{m.n.0/X}
.
≈l Q{m.n.0/X}✱ t❤❡r❡ ❡①✐sts F ′
s✉❝❤ t❤❛t Q{m.n.0/X}
α
=⇒ F ′✱ ❛♥❞ ❢♦r ❛❧❧ T ✱ t❤❡r❡ ❡①✐sts Q′ s✉❝❤ t❤❛t F ′ ◦
T
τ
=⇒ Q′ ❛♥❞ (F{m.n.0/X}) ◦ T
.
≈l Q
′✳ ❙✐♥❝❡ t❤❡ tr❛♥s✐t✐♦♥ ✐s ♦♥ ❛ ❤✐❣❤❡r✲
♦r❞❡r ♥❛♠❡✱ ✇❡ ❤❛✈❡ α 6= m✱ s♦ t❤❡ tr❛♥s✐t✐♦♥ Q{m.n.0/X}
α
=⇒ F ′ ❝♦♠❡s
♦♥❧② ❢r♦♠ Q✳ ❚❤❡r❡❢♦r❡ F ′✱ Q′ ❝❛♥ ❜❡ ✇r✐tt❡♥ F ′ = F ′′{m.n.0/X} ❛♥❞
Q′ = Q′′{m.n.0/X} ❢♦r s♦♠❡ F ′′✱ Q′′✱ ❛♥❞ ✇❡ ❤❛✈❡ Q{R/X}
α
=⇒ F ′′{R/X}
❛♥❞ F ′′{R/X} ◦ T
τ
=⇒ Q′′{R/X}✳ ❙✐♥❝❡ T ✐s ❛ ❝❧♦s❡❞ ♣r♦❝❡ss✱ ✇❡ ❤❛✈❡
(F{R/X}) ◦ T = (F ◦ T ){R/X} R Q′′{R/X}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ ❈♦♥❝r❡t✐♦♥ ❝❛s❡ C = 〈T 〉S✳ ❙✐♥❝❡ P{m.n.0/X}
.
≈l Q{m.n.0/X}✱
t❤❡r❡ ❡①✐sts C ′ = 〈T ′〉U ✱ S′ s✉❝❤ t❤❛t U
τ
=⇒ S′✱ Q{m.n.0/X}
α
=⇒ C ′✱
T{m.n.0/X}
.
≈l T
′ ❛♥❞ S{m.n.0/X}
.
≈l S
′✳ ❲❡ ❤❛✈❡ α 6= m✱ s♦ t❤❡ tr❛♥✲
s✐t✐♦♥ Q{m.n.0/X}
α
=⇒ C ′ ❝♦♠❡s ♦♥❧② ❢r♦♠ Q✳ ❚❤❡r❡❢♦r❡ T ′✱ U ✱ S′ ❝❛♥ ❜❡
✇r✐tt❡♥ T ′ = T ′′{m.n.0/X}✱ U = U ′{m.n.0/X}✱ ❛♥❞ S′ = S′′{m.n.0/X}
❢♦r s♦♠❡ T ′′, U ′, S′′✱ ❛♥❞ ✇❡ ❤❛✈❡ Q{R/X}
α
=⇒ (〈T ′′〉U ′){R/X} ❛♥❞
U ′{R/X}
τ
=⇒ S′′{R/X}✳ ❲❡ ❤❛✈❡ T{R/X} R T ′′{R/X} ❛♥❞ S{R/X} R
S′′{R/X}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❚❤❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ♦♥❧② ❢r♦♠ R✳ ❆ ❝♦♣② ♦❢ R ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①t ❛♥❞ ♣❡r❢♦r♠ ❛ tr❛♥s✐t✐♦♥✳ ❲❡ ✇r✐t❡ Xi t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ X ✇❤❡r❡ t❤❡
❝♦♣② ♦❢ R ♣❡r❢♦r♠s t❤❡ tr❛♥s✐t✐♦♥✳ ❲❡ ❤❛✈❡ P{R/X}
α
−→ P ′{R/X}{A/Xi}
✇✐t❤ R
α
−→ A✳ ❙✐♥❝❡ Xi ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ P{m.n.0/X}
m
−→
P ′{m.n.0/X}{n.0/Xi}✳ ❙✐♥❝❡ P{m.n.0/X}
.
≈l Q{m.n.0/X}✱ t❤❡r❡ ❡①✐sts ❛
Q{m.n.0/X}
m
=⇒ Q′{m.n.0/X}{n.0/Xj} s✉❝❤ t❤❛t P ′{m.n.0/X}{n.0/Xi}
.
≈l
Q′{m.n.0/X}{n.0/Xj} ✭❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢ X✱ ♥♦t❡❞ Xj ✱ ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①t ✐♥ Q✮ ✇✐t❤ P ′{m.n.0/X}{n.0/Xi}
.
≈l Q
′{m.n.0/X}{n.0/Xj}✳ ❇② ❧❡♠♠❛
✹✺✱ ✇❡ ❤❛✈❡ Q{R/X}
α
=⇒ Q′{R/X}{A/Xj}✳
❲❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s ❢♦r A✿
❼ Pr♦❝❡ss ❝❛s❡ R′✳ ❲❡ ❤❛✈❡ P ′{m.n.0/X}{R′/Xi}
.
≈l Q
′{m.n.0/X}{R′/Xj}
❜② ❧❡♠♠❛ ✹✹✱ s♦ ✇❡ ❤❛✈❡ P ′{R/X}{R′/Xi} R Q′{R/X}{R′/Xj} ❛s r❡✲
q✉✐r❡❞✳
❼ ❆❜str❛❝t✐♦♥ ❝❛s❡ F ✳ ❇② ❧❡♠♠❛ ✹✹✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{F ◦ T/Xi}
.
≈l
Q′{m.n.0/X}{F ◦ T/Xj} ❢♦r ❛❧❧ T ✳ ❲❡ ❤❛✈❡ (P ′{R/X}{F/Xi}) ◦ T =
P ′{R/X}{F ◦ T/Xi} R Q
′{R/X}{F ◦ T/Xi} = (Q
′{R/X}{F/Xj}) ◦ T
❛s r❡q✉✐r❡❞✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✾✺
❼ ❈♦♥❝r❡t✐♦♥ ❝❛s❡ 〈S〉T ✳ ❇② ❧❡♠♠❛ ✹✶✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{T/Xi}
.
≈l
Q′{m.n.0/X}{T/Xj}✱ s♦ ✇❡ ❤❛✈❡ P ′{R/X}{T/Xi} R Q′{R/X}{T/Xj}✳
▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ S
.
≈l S✱ ❛♥❞ s✐♥❝❡
.
≈l⊆R ✭✇✐t❤ P,Q ❝❧♦s❡❞ ♣r♦❝❡ss❡s✮✱
✇❡ ❤❛✈❡ S R S ❛♥❞ P ′{R/X}{T/Xi} R Q′{R/X}{T/Xj} ❛s r❡q✉✐r❡❞✳
❆ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ R ❛♥❞ P ✳ ❆ ❝♦♣②
♦❢ R ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t ❛♥❞ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❛ s✉❜✲♣r♦❝❡ss P ′ ♦❢ P ✳
❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✳
❚❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ✐s R
a
−→ F ❛♥❞ P ′
a
−→ 〈T{R/X}〉S{R/X} ❢♦r s♦♠❡ a✳
❲❡ ❤❛✈❡ t❤❡ tr❛♥s✐t✐♦♥
P{R/X}
τ
−→ E1,R{E2,R{F ◦ (T{R/X})} | E3,R{S{R/X}}}
❢♦r s♦♠❡ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E1,R, E2,R, E3,R✳ ❲❡ ❤❛✈❡
P{m.n.0/X}
m
−→
a
−→ 〈T{m.n.0/X}〉E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{S{m.n.0/X}}}
s♦ ❜② ❜✐s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts T ′✱ E′✱ E′ s✉❝❤ t❤❛t Q{m.n.0/X}
m
=⇒
a
=⇒
〈T ′{m.n.0/X}〉E′✱ E′
τ
=⇒ E′m.n.0{n.0}✱ ❛♥❞ t❤❡ ♠❡ss❛❣❡s ❛♥❞ ❝♦♥t✐♥✉❛t✐♦♥s ❛r❡
❜✐s✐♠✐❧❛r✱ ✐✳❡✳
T{m.n.0/X}
.
≈l T
′{m.n.0/X}
❛♥❞
E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{S{m.n.0/X}}}
.
≈l E
′
m.n.0{n.0}
❋r♦♠ t❤❡ r❡❧❛t✐♦♥ ♦♥ ♠❡ss❛❣❡s ❛♥❞ t❤❡ ❝♦♥❣r✉❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢
.
≈l✱ ✇❡ ❤❛✈❡
F ◦ (T{m.n.0/X})
.
≈l F ◦ (T
′{m.n.0/X})
❯s✐♥❣ t❤✐s r❡❧❛t✐♦♥ ❛♥❞ t❤❡ ♦♥❡ ♦♥ ❝♦♥t✐♥✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡
E1,m.n.0{E2,m.n.0{F ◦ (T{m.n.0/X})} | E3,m.n.0{S{m.n.0/X}}}
.
≈l E
′
m.n.0{F ◦ (T
′{m.n.0/X})}
❜② ❧❡♠♠❛ ✹✹✳ ❲❡ ❤❛✈❡ Q{R/X}
τ
=⇒ E′R{F ◦ (T
′{R/X})} ❛♥❞
E1,R{E2,R{F ◦ (T{R/X})} | E3,R{S{R/X}}} R E
′
R{F ◦ (T
′{R/X})}
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❚❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s R
a
−→ 〈T 〉S ❛♥❞ P ′
a
−→ F{R/X} ❢♦r s♦♠❡ a✳ ❲❡
❤❛✈❡ t❤❡ tr❛♥s✐t✐♦♥
P{R/X}
τ
−→ E1,R{E2,R{S} | E3,R{(F{R/X}) ◦ T}}
❘❘ ♥➦ ✻✻✻✹
✾✻ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❢♦r s♦♠❡ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts E1,R, E2,R, E3,R✳ ❲❡ ❤❛✈❡ t❤❡ tr❛♥s✐t✐♦♥s
P{m.n.0/X}
m
−→
a
−→ E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{F{m.n.0/X}}}
♠❛t❝❤❡❞ ❜② Q{m.n.0/X}✳ ❚❤❡r❡ ❡①✐sts F ′✱ Q′ s✉❝❤ t❤❛t
Q{m.n.0/X}
m
=⇒
a
=⇒ E′1,m.n.0{E
′
2,m.n.0{n.0} | E
′
3,m.n.0{F
′{m.n.0/X}}}
✇✐t❤
E′1,m.n.0{E
′
2,m.n.0{n.0} | E
′
3,m.n.0{F
′{m.n.0/X} ◦ T}}
τ
=⇒ E′1,m.n.0{E
′
2,m.n.0{n.0} | E
′
3,m.n.0{Q
′{m.n.0/X}}}
❛♥❞
E1,m.n.0{E2,m.n.0{n.0} | E3,m.n.0{(F{m.n.0/X}) ◦ T}}
.
≈l E
′
1,m.n.0{E
′
2,m.n.0{n.0} | E
′
3,m.n.0{(Q
′{m.n.0/X})}}
❇② ❧❡♠♠❛ ✹✹✱ ✇❡ ❤❛✈❡
E1,m.n.0{E2,m.n.0{S} | E3,m.n.0{(F{m.n.0/X}) ◦ T}}
.
≈l E
′
1,m.n.0{E
′
2,m.n.0{S} | E
′
3,m.n.0{(Q
′{m.n.0/X})}}
❲❡ ❤❛✈❡ Q{R/X}
τ
=⇒ E′1,R{E
′
2,R{S} | E
′
3,R{(F
′{R/X}) ◦ T}} ❛♥❞
E1,R{E2,R{S} | E3,R{(F{R/X}) ◦ T}} R E
′
1,R{E
′
2,R{S} | E
′
3,R{(Q
′{R/X})}}
❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❆ ✜rst✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ R ❛♥❞ P ✳ ❚❤✐s ❝❛s❡
✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
❆ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♣✐❡s ♦❢ R✳
❚✇♦ ❝♦♣✐❡s ♦❢ R ❛r❡ ✐♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①ts ❛♥❞ ❝♦♠♠✉♥✐❝❛t❡✳ ❚❤❡r❡ ❡①✐sts
F, 〈T 〉S s✉❝❤ t❤❛t R
a
−→ F ❛♥❞ R
a
−→ 〈T 〉S ❢♦r s♦♠❡ a✳ ❲❡ ♥♦t❡ Xi, Xj t❤❡ t✇♦
♦❝❝✉rr❡♥❝❡s ♦❢ X ✐♥ P ✇❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞✿ t❤❡ tr❛♥s✐t✐♦♥ ❝❛♥
❜❡ ✇r✐tt❡♥ P{R/X}
τ
−→ P ′′{R/X}{F ◦ T/Xi}{S/Xj}✳
❲❡ ❤❛✈❡ P{R/X}
a
−→ P ′{R/X}{F/Xi}✳ ❙✐♥❝❡ Xi ✐s ✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥✲
t❡①t✱ ✇❡ ❤❛✈❡ P{m.n.0/X}
m
−→ P ′{m.n.0/X}{n.0/Xi}✱ s♦ t❤❡r❡ ❡①✐sts Q′ s✉❝❤
t❤❛t Q{m.n.0/X}
m
=⇒ Q′{m.n.0/X}{n.0/Xk} ❛♥❞ P ′{m.n.0/X}{n.0/Xi}
.
≈l
Q′{m.n.0/X}{n.0/Xk}✳ ❙✐♥❝❡ F ◦ T
.
≈l F ◦ T ✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{F ◦
T/Xi}
.
≈l Q
′{m.n.0/X}{F ◦ T/Xk} ❜② ❧❡♠♠❛ ✹✹✳
❙✐♥❝❡ Xj ✐s ✐♥ ❛♥ ❡①❡❝✉t✐♦♥ ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ P ′{m.n.0/X}{F ◦ T/Xi}
m
−→
P ′′{m.n.0/X}{F ◦ T/Xi}{n.0/Xj}✳ ❈♦♥s❡q✉❡♥t❧② ❜② t❤❡ ♣r❡✈✐♦✉s ❡q✉✐✈❛❧❡♥❝❡
t❤❡r❡ ❡①✐sts Q′′ s✉❝❤ t❤❛t Q′{m.n.0/X}{F ◦ T/Xk}
m
=⇒ Q′′{m.n.0/X}{F ◦
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✾✼
T/Xk}{n.0/Xl} ❛♥❞ P ′′{m.n.0/X}{F ◦ T/Xi}{n.0/Xj}
.
≈l Q
′′{m.n.0/X}{F ◦
T/Xk}{n.0/Xl}✳ ❙✐♥❝❡ S
.
≈l S✱ ❜② ❧❡♠♠❛ ✹✹ ✇❡ ❤❛✈❡ P ′′{m.n.0/X}{F ◦
T/Xi}{S/Xj}
.
≈l Q
′′{m.n.0/X}{F ◦ T/Xk}{S/Xl}✳ ❲❡ ❤❛✈❡ Q{R/X}
τ
=⇒
Q′′{R/X}{F ◦ T/Xk}{S/Xl} ❛♥❞ t❤❡ r❡❧❛t✐♦♥ P ′′{R/X}{F ◦ T/Xi}{S/Xj} R
Q′′{R/X}{F ◦ T/Xk}{S/Xl}✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❆ ✜rst✲♦r❞❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♣✐❡s ♦❢ R✳
❚❤✐s ❝❛s❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ❛❜♦✈❡✳
● ❆❜str❛❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ ❍❖πP
❲❡ r❡♠✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✜♥✐t❡ ♣r♦❝❡ss❡s✿
❉❡✜♥✐t✐♦♥ ✸✻✳ ❆ ✜♥✐t❡ ♣r♦❝❡ss ✐s ❛ ❍❖πP ♣r♦❝❡ss ❜✉✐❧t ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠✲
♠❛r✿
PF ::= 0 | PF | PF | l.PF | νx.PF | a〈P 〉PF | a(X)PF | a[PF ]
❆ ❝♦♥❝r❡t✐♦♥ νx̃.〈R〉S ✐s ✜♥✐t❡ ✐✛ S ✐s ✜♥✐t❡✳ ❆♥ ❛❜str❛❝t✐♦♥ (X)P ✐s ✜♥✐t❡ ✐✛
P ✐s ✜♥✐t❡✳ ❲❡ ✇r✐t❡ AF t❤❡ s❡t ♦❢ ✜♥✐t❡ ❛❣❡♥ts✳
❲❡ ✜rst ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦♥ ✜♥✐t❡ ♣r♦❝❡ss❡s✿
▲❡♠♠❛ ✹✻✳ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ❛❜str❛❝t✐♦♥✳ ❋♦r ❛❧❧ ♣r♦❝❡ss P ✱ F ◦ P ✐s ✜♥✐t❡✳
Pr♦♦❢✳ ❲❡ ❤❛✈❡ F = (X)PF ❢♦r s♦♠❡ ✜♥✐t❡ ♣r♦❝❡ss PF ✱ ❤❡♥❝❡ F ◦ P =
PF {P/X}✳ ❙✐♥❝❡ PF ✐s ✜♥✐t❡✱ X ❛♣♣❡❛rs ✐♥ ♠❡ss❛❣❡s ♦♥❧②✱ ❤❡♥❝❡ ❛❢t❡r s✉❜st✐t✉✲
t✐♦♥✱ P ❛♣♣❡❛rs ✐♥ ♠❡ss❛❣❡s ♦♥❧②✳ ❙✐♥❝❡ ❛♥② ♣r♦❝❡ss❡s ❛r❡ ❛❧❧♦✇❡❞ ❛s ♠❡ss❛❣❡s✱
F ◦ P ✐s ❛ ✜♥✐t❡ ♣r♦❝❡ss✳
▲❡♠♠❛ ✹✼✳ ▲❡t PF ❜❡ ❛ ✜♥✐t❡ ♣r♦❝❡ss✳ ■❢ PF
α
−→ A ❢♦r s♦♠❡ α✱ t❤❡♥ A ✐s
✜♥✐t❡✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ PF ✿
❼ PF = 0✿ ♥♦ ❛✈❛✐❧❛❜❧❡ tr❛♥s✐t✐♦♥✳
❼ PF = P1 | P2✱ ✇❤❡r❡ P1 ❛♥❞ P2 ❛r❡ ✜♥✐t❡ ♣r♦❝❡ss❡s✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐✲
t✐♦♥s ❝♦♠❡ ❢r♦♠ r✉❧❡s ▲❚❙✲P❛r✱ ▲❚❙✲❋❖✱ ▲❚❙✲❍❖✱ ❛♥❞ t❤❡✐r s②♠♠❡tr✐❝✳
■♥ t❤❡ ▲❚❙✲P❛r ❝❛s❡✱ ✇❡ ❤❛✈❡ P1
α
−→ A✱ ❛♥❞ PF
α
−→ A | P2✳ ❇② ✐♥❞✉❝t✐♦♥✱
A ✐s ✜♥✐t❡✱ ❤❡♥❝❡ A | P2 ✐s ✜♥✐t❡✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❢♦r t❤❡ s②♠♠❡tr✐❝
r✉❧❡✳
■♥ t❤❡ ▲❚❙✲❋❖ ❝❛s❡✱ ✇❡ ❤❛✈❡ P1
m
−→ P ′1✱ P2
m
−→ P ′2✱ ❛♥❞ PF
τ
−→ P ′1 | P
′
2✳
❇② ✐♥❞✉❝t✐♦♥✱ P ′1 ❛♥❞ P
′
2 ❛r❡ ✜♥✐t❡✱ ❤❡♥❝❡ s♦ ✐s P
′
1 | P
′
2✳ ■♥ t❤❡ ▲❚❙✲
❍❖ ❝❛s❡✱ ✇❡ ❤❛✈❡ P1
a
−→ C = νx̃.〈R〉S✱ P2
a
−→ F ✱ ❛♥❞ PF
τ
−→ F • C✳
❇② ✐♥❞✉❝t✐♦♥✱ F ❛♥❞ S ❛r❡ ✜♥✐t❡✳ ❇② ❧❡♠♠❛ ✹✻✱ F ◦ R ✐s ✜♥✐t❡✱ ❤❡♥❝❡
νx̃.(F ◦ R | S) = F • C ✐s ✜♥✐t❡✳
❘❘ ♥➦ ✻✻✻✹
✾✽ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❼ PF = l.P
′✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ r✉❧❡
▲❚❙✲Pr❡❢✐① PF
l
−→ P ′✳ ❙✐♥❝❡ P ′ ✐s ✜♥✐t❡✱ t❤❡ r❡s✉❧t ❤♦❧❞s✳
❼ PF = νx.P
′✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡s tr❛♥s✐t✐♦♥s ❝♦♠❡ ❢r♦♠ r✉❧❡
▲❚❙✲❘❡str✿ ✇❡ ❤❛✈❡ PF
α
−→ νx.A ✇✐t❤ P ′
α
−→ A✳ ❇② ✐♥❞✉❝t✐♦♥✱ A ✐s
✜♥✐t❡✱ ❤❡♥❝❡ νx.A ✐s ✜♥✐t❡✳
❼ PF = a〈R〉S✱ ✇❤❡r❡ S ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ r✉❧❡
▲❚❙✲❈♦♥❝r PF
a
−→ 〈R〉S✳ ❙✐♥❝❡ S ✐s ✜♥✐t❡✱ 〈R〉S ✐s ✜♥✐t❡✳
❼ PF = a(X)P
′✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ r✉❧❡
▲❚❙✲❆❜str PF
a
−→ (X)P ′✳ ❙✐♥❝❡ P ′ ✐s ✜♥✐t❡✱ (X)P ′ ✐s ✜♥✐t❡✳
❼ PF = a[P
′]✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❝♦♠❡s ❢r♦♠ r✉❧❡s
▲❚❙✲P❛ss✐✈ ❛♥❞ ▲❚❙✲▲♦❝✳ ■♥ t❤❡ ▲❚❙✲P❛ss✐✈ ❝❛s❡✱ ✇❡ ❤❛✈❡ PF
a
−→
〈P ′〉0✳ ❙✐♥❝❡ 0 ✐s ✜♥✐t❡✱ 〈P ′〉0 ✐s ✜♥✐t❡✳ ■♥ t❤❡ ▲❚❙✲▲♦❝ ❝❛s❡✱ ✇❡ ❤❛✈❡
P ′
α
−→ A ❛♥❞ PF
α
−→ a[A]✳ ❇② ✐♥❞✉❝t✐♦♥✱ A ✐s ✜♥✐t❡✱ ❤❡♥❝❡ a[A] ✐s ✜♥✐t❡✳
▲❡♠♠❛ ✹✽✳ ▲❡t PF ❜❡ ❛ ✜♥✐t❡ ♣r♦❝❡ss✳
❼ ❚❤❡ s❡t {α|∃A,PF
α
−→ A} ✐s ✜♥✐t❡✳
❼ ❋♦r ❛❧❧ ❛❝t✐♦♥ α✱ t❤❡ s❡t {A|PF
α
−→ A} ✐s ✜♥✐t❡✳
Pr♦♦❢✳ ❊❛s② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ PF ✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❛ ✜♥✐t❡ ♣r♦❝❡ss ✏t❡r♠✐♥❛t❡s✑✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ s✐③❡ ♦❢ ❛ ✜♥✐t❡ ♣r♦❝❡ss PF ✱ ✇r✐tt❡♥ s(PF )✱ ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❛s✿
s(0) = 0 s(P1 | P2) = s(P1) + s(P2) s(l.P ) = 1 + s(P ) s(νx.P ) = s(P )
s(a〈R〉S) = 1 + s(S) s(a(X)P ) = 1 + s(P ) s(a[P ]) = 1 + s(P )
❚❤❡ s✐③❡ ♦❢ ❛ ✜♥✐t❡ ❝♦♥❝r❡t✐♦♥ νx̃.〈R〉PF ✐s ❞❡✜♥❡❞ ❜② s(C) = s(PF )✱ ❛♥❞
t❤❡ s✐③❡ ♦❢ ❛ ✜♥✐t❡ ❛❜str❛❝t✐♦♥ F = (X)PF ✐s ❞❡✜♥❡❞ ❜② s(F ) = s(PF )✳ ❇②
❞❡✜♥✐t✐♦♥✱ t❤❡ s✐③❡ ♦❢ ❛♥ ❛❣❡♥t ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳
▲❡♠♠❛ ✹✾✳ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ❛❜str❛❝t✐♦♥✳ ❋♦r ❛❧❧ ♣r♦❝❡ss❡s P ✱ ✇❡ ❤❛✈❡ s(F ◦
P ) = s(F )✳
Pr♦♦❢✳ ❲❡ ❤❛✈❡ F = (X)PF ❢♦r s♦♠❡ ✜♥✐t❡ ♣r♦❝❡ss PF ✱ ❤❡♥❝❡ F ◦ P =
PF {P/X}✳ ❙✐♥❝❡ PF ✐s ✜♥✐t❡✱ X ❛♣♣❡❛rs ✐♥ ♠❡ss❛❣❡s ♦♥❧②✱ ❤❡♥❝❡ ❛❢t❡r s✉❜st✐✲
t✉t✐♦♥✱ P ❛♣♣❡❛rs ✐♥ ♠❡ss❛❣❡s ♦♥❧②✳ ❙✐♥❝❡ t❤❡ s✐③❡ ♦❢ ❛ ♠❡ss❛❣❡ ♦✉t♣✉t ❞❡♣❡♥❞s
♦♥❧② ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥✱ ✇❡ ❤❛✈❡ s(F ◦ P ) = s(F )✳
▲❡♠♠❛ ✺✵✳ ▲❡t PF ❜❡ ❛ ✜♥✐t❡ ♣r♦❝❡ss✳ ■❢ PF
α
−→ A✱ t❤❡♥ s(PF ) > s(A)✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ PF ✿
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✾✾
❼ PF = 0✿ ♥♦ ❛✈❛✐❧❛❜❧❡ tr❛♥s✐t✐♦♥✳
❼ PF = P1 | P2✱ ✇❤❡r❡ P1 ❛♥❞ P2 ❛r❡ ✜♥✐t❡ ♣r♦❝❡ss❡s✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐✲
t✐♦♥s ❝♦♠❡ ❢r♦♠ r✉❧❡s ▲❚❙✲P❛r✱ ▲❚❙✲❋❖✱ ▲❚❙✲❍❖✱ ❛♥❞ t❤❡✐r s②♠♠❡tr✐❝✳
■♥ t❤❡ ▲❚❙✲P❛r ❝❛s❡✱ ✇❡ ❤❛✈❡ P1
α
−→ A✱ ❛♥❞ PF
α
−→ A | P2✳ ❇② ✐♥❞✉❝✲
t✐♦♥✱ ✇❡ ❤❛✈❡ s(A) < s(P1)✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ s(A | P2) = s(A) + s(P2) <
s(P1) + s(P2) = s(PF ) ❛s r❡q✉✐r❡❞✳
■♥ t❤❡ ▲❚❙✲❋❖ ❝❛s❡✱ ✇❡ ❤❛✈❡ P1
m
−→ P ′1✱ P2
m
−→ P ′2✱ ❛♥❞ PF
τ
−→ P ′1 | P
′
2✳
❇② ✐♥❞✉❝t✐♦♥✱ s(P ′1) < s(P1) ❛♥❞ s(P
′
2) < s(P2)✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ s(P
′
1 |
P ′2) = s(P
′
1) + s(P
′
2) < s(P1) + s(P2) = s(PF ) ❛s r❡q✉✐r❡❞✳
■♥ t❤❡ ▲❚❙✲❍❖ ❝❛s❡✱ ✇❡ ❤❛✈❡ P1
a
−→ C = νx̃.〈R〉S✱ P2
a
−→ F ✱ ❛♥❞ PF
τ
−→
F • C✳ ❇② ✐♥❞✉❝t✐♦♥✱ s(F ) < s(P1) ❛♥❞ s(C) < s(P2)✳ ❇② ❧❡♠♠❛ ✹✾✱ ✇❡
❤❛✈❡ s(F ◦ R) = s(F )✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ s(F • C) = s(F ◦ R | S) = s(F ◦
R) + s(S) = s(F ) + s(S) < s(P1) + s(P2) = s(PF ) ❛s r❡q✉✐r❡❞✳
❼ PF = l.P
′✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ r✉❧❡
▲❚❙✲Pr❡❢✐① PF
l
−→ P ′✳ ❲❡ ❤❛✈❡ s(PF ) = 1 + s(P ′) > s(P ′) ❛s r❡q✉✐r❡❞✳
❼ PF = νx.P
′✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡s tr❛♥s✐t✐♦♥s ❝♦♠❡ ❢r♦♠ r✉❧❡
▲❚❙✲❘❡str✿ ✇❡ ❤❛✈❡ PF
α
−→ νx.A ✇✐t❤ P ′
α
−→ A✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡
s(A) < s(P ′) ❤❡♥❝❡ ✇❡ ❤❛✈❡ s(νx.A) = s(A) < s(P ′) = s(PF ) ❛s r❡q✉✐r❡❞✳
❼ PF = a〈R〉S✱ ✇❤❡r❡ S ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ r✉❧❡
▲❚❙✲❈♦♥❝r PF
a
−→ 〈R〉S✳ ❲❡ ❤❛✈❡ s(PF ) = 1 + s(S) > s(S) = s(〈R〉S)
❛s r❡q✉✐r❡❞✳
❼ PF = a(X)P
′✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❝♦♠❡s ❢r♦♠
r✉❧❡ ▲❚❙✲❆❜str PF
a
−→ (X)P ′✳ ❲❡ ❤❛✈❡ s(PF ) = 1 + s(P ′) > s(P ′) =
s((X)P ′) ❛s r❡q✉✐r❡❞✳
❼ PF = a[P
′]✱ ✇❤❡r❡ P ′ ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❝♦♠❡s ❢r♦♠ r✉❧❡s
▲❚❙✲P❛ss✐✈ ❛♥❞ ▲❚❙✲▲♦❝✳ ■♥ t❤❡ ▲❚❙✲P❛ss✐✈ ❝❛s❡✱ ✇❡ ❤❛✈❡ PF
a
−→
〈P ′〉0✳ ❲❡ ❤❛✈❡ s(PF ) = 1 + s(P ′) > 0 = s(〈P ′〉0) ❛s r❡q✉✐r❡❞✳
■♥ t❤❡ ▲❚❙✲▲♦❝ ❝❛s❡✱ ✇❡ ❤❛✈❡ P ′
α
−→ A ❛♥❞ PF
α
−→ a[A]✳ ❲❡ ❤❛✈❡ s(A) <
s(P ′)✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ s(a[A]) = 1 + s(A) < 1 + s(P ′) = s(PF ) ❛s r❡q✉✐r❡❞✳
▲❡♠♠❛ ✺✶✳ ▲❡t PF ❜❡ ❛ ✜♥✐t❡ ♣r♦❝❡ss✳ ❚❤❡r❡ ✐s ♥♦ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s
(Pi)i s✉❝❤ t❤❛t P0 = PF ❛♥❞ ❢♦r ❛❧❧ i✱ Pi
l
−→ Pi+1 ♦r Pi
a
−→ νx̃.〈R〉Pi+1 ♦r Pi
a
−→ F
✇✐t❤ F ◦ P = Pi+1 ❢♦r s♦♠❡ P ✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (Pi)i ❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ❧❡♠♠❛✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ s❡q✉❡♥❝❡ (s(Pi))i ✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ str✐❝t❧② ❞❡❝r❡❛s✐♥❣
♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs ❜② ❧❡♠♠❛ ✺✵✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳
❘❘ ♥➦ ✻✻✻✹
✶✵✵ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
❆❧❧ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛❧❧♦✇ ✉s t♦ ❞❡✜♥❡ t❤❡ ❞❡♣t❤ ♦❢ ❛ ✜♥✐t❡ ♣r♦❝❡ss✿
❉❡✜♥✐t✐♦♥ ✸✼✳ ❲❡ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧② t❤❡ ❞❡♣t❤ ♦❢ ❛ ✜♥✐t❡ ❛❣❡♥t AF ✱ ✇r✐tt❡♥
d(AF )✱ ❛s✿
❼ d(PF ) = 0 ✐❢ t❤❡r❡ ✐s ♥♦ tr❛♥s✐t✐♦♥ ❢r♦♠ PF ✳
❼ d(PF ) = 1 + max {d(A)|∃α, PF
α
−→ A} ♦t❤❡r✇✐s❡✳
❼ ❋♦r ❛❧❧ ✜♥✐t❡ ❝♦♥❝r❡t✐♦♥s νx̃.〈P 〉PF ✱ ✇❡ ❤❛✈❡ d(νx̃.〈P 〉PF ) = d(PF )✳
❼ ❋♦r ❛❧❧ ✜♥✐t❡ ❛❜str❛❝t✐♦♥s (X)PF ✱ ✇❡ ❤❛✈❡ d(F ) = d(PF )✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❡st✐♥❣ ❛ ✜♥✐t❡ ♣r♦❝❡ss ✐s ♥♦t ❡♥♦✉❣❤✳ ❲❡ ❞❡✜♥❡✿
F0
∆
= (X0)X0, G0
∆
= (X0)(X0 | X0)
❛♥❞ ❢♦r n > 0✱ ✇❡ ❞❡✜♥❡
Fn
∆
= (Xn)νan.(an[Xn] | an.Fn−1) + Rn
Gn
∆
= (Xn)νan.(an[Xn] | an.Gn−1) + Sn
✇✐t❤ Rn = νan.τ.Gn−1 ◦ Xn ❛♥❞ Sn = νan.τ.Fn−1 ◦ Xn✳
▲❡t (mk) ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❢r❡s❤ ♥❛♠❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❝❝✉r ✐♥
❛♥② Fn ♥♦r Gn✳ ▲❡t Q1 = m1.0 ❛♥❞ Qk+1 = mk+1.Qk ❢♦r ❛❧❧ k > 1✳
▲❡t PF ❜❡ ❛ ✜♥✐t❡ ♣r♦❝❡ss s✉❝❤ t❤❛t d(PF ) = 0✳ ❈♦♥s❡q✉❡♥t❧② PF ❝❛♥♥♦t
♣❡r❢♦r♠ ❛♥② tr❛♥s✐t✐♦♥✱ ❛♥❞ PF | PF ♥❡✐t❤❡r✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ PF ∼ PF | PF ✱ ✐✳❡✳
F0 ◦ PF ∼ G0 ◦ PF ✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t Fn ◦ PF ∼ Gn ◦ PF ❢♦r ❛❧❧ PF s✉❝❤ t❤❛t d(PF ) ≤ n✱ ❢♦r
n > 0✳ ❲❡ ❞❡✜♥❡✿
Rn
∆
= {(P{F̃k ◦ Pk/X̃}, P{G̃k ◦ Pk/X̃}),∀k, d(Pk) ≤ k ≤ n}
▲❡♠♠❛ ✺✷✳ ❚❤❡ r❡❧❛t✐♦♥ Rn ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥✳
Pr♦♦❢✳ ▲❡t (P1, P2) ∈Rn✳ ❲❡ ❞✐s❝✉ss ♦♥ t❤❡ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❢r♦♠ P1✿
❼ ❚r❛♥s✐t✐♦♥s ❢r♦♠ P ✇❤✐❝❤ ❞♦ ♥♦t ✐♥✈♦❧✈❡ ❛♥② Fk ◦ Pk✳ ❚❤❡s❡ ❛r❡ ♠❛t❝❤❡❞
❜② t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥s ✐♥ P2✳
❼ P❛ss✐✈❛t✐♦♥ ♦❢ ❧♦❝❛❧✐t② ak0 ✐♥ ❛ ♣r♦❝❡ss Fk0 ◦ Pk0 ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ P1
τ
−→
P{νak0 .Fk0−1 ◦ Pk0/X0}{F̃k ◦ Pk/X̃ \ X0} = P
′
1 ✭t❤❡ ✈❛r✐❛❜❧❡ X0 ✐s ✐♥
❛♥ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✮✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳ ❲❡ s✉♣♣♦s❡ ✜rst t❤❛t
d(Pk0) ≤ k0 − 1✳ ■♥ P2✱ ✇❡ ♣❡r❢♦r♠ ♣❛ss✐✈❛t✐♦♥ ♦❢ ak0 ✐♥ Gk0 ◦ Pk0 ✱ ✐✳❡✳
P2
τ
−→ P{νak0 .Fk0−1 ◦ Pk0/X0}{G̃k ◦ Pk/X̃ \X0} = P
′
2✳ ❲❡ r❡✇r✐t❡ P
′
1 ✐♥
P ′{F̃k ◦ Pk/X̃} ❛♥❞ P ′2 ✐♥ P
′{G̃k ◦ Pk/X̃} ✭P ′ ❞✐✛❡rs ❢r♦♠ P ♦♥❧② ✐♥ t❤❡
r❡str✐❝t✐♦♥ ♦♥ ak0✮✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ d(Pk0) ≤ k0−1 ≤ n✱ ✇❡ ❤❛✈❡ P
′
1 Rn P
′
2✳
■◆❘■❆
◆♦r♠❛❧ ❜✐s✐♠✉❧❛t✐♦♥s ✶✵✶
❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t d(Pk0) = k0✳ ■♥ P2✱ ✇❡ ♣❡r❢♦r♠ t❤❡ τ ✲❛❝t✐♦♥ ✐♥ t❤❡
s✉❜✲♣r♦❝❡ss Sk0 ◦ Pk0 ♦❢ Gk0 ◦ Pk0 ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ P2
τ
−→ P{νak0 .Fk0−1 ◦
Pk0/X0}{G̃k ◦ Pk/X̃ \ X0} = P
′
2✳ ▲❡t P
′ = P{νak0 .Fk0−1 ◦ Pk0/X0}❀
✇❡ r❡✇r✐t❡ P ′1 ✐♥ P
′{F̃k ◦ Pk/X̃ \ X0} ❛♥❞ P ′2 ✐♥ P
′{G̃k ◦ Pk/X̃ \ X0}✳
❈♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ P ′1 Rn P
′
2✳
❼ ■♥t❡r♥❛❧ ❛❝t✐♦♥ ❢r♦♠ s✉❜✲♣r♦❝❡ss Rk0 ◦ Pk0
τ
−→ νak0 .Gk0−1 ◦ Pk0 ✐♥ ❛ ♣r♦✲
❝❡ss Fk0 ◦ Pk0 ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ P1
τ
−→ P{νak0Gk0−1 ◦ Pk0 ./X0}{F̃k ◦ Pk/X̃ \
X0} = P
′
1✳ ■♥ P2✱ ✇❡ ♣❡r❢♦r♠ ♣❛ss✐✈❛t✐♦♥ ♦❢ ak0 ✐♥ Gk0 ◦ Pk0 ✱ ✐✳❡✳
P2
τ
−→ P{νak0 .Gk0−1 ◦ Pk0/X0}{G̃k ◦ Pk/X̃ \ X0} = P
′
2✳ ▲❡t P
′ =
P{νak0 .Gk0−1 ◦ Pk0/X0}❀ ✇❡ r❡✇r✐t❡ P
′
1 ✐♥ P
′{F̃k ◦ Pk/X̃ \ X0} ❛♥❞ P ′2
✐♥ P ′{G̃k ◦ Pk/X̃ \ X0}✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ P ′1 Rn P
′
2✳
❼ ❋✐rst ♦r❞❡r ❛❝t✐♦♥ Pk0
l
−→ P ′ ✐♥ ❛ ♣r♦❝❡ss Fk0 ◦ Pk0 ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ P1
l
−→
P{F̃k ◦ Pk, Fk0 ◦ P
′/X̃} = P ′1✳ ❲❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❛❝t✐♦♥ ✐♥ P2✱ ✐✳❡✳
P2
l
−→ P{G̃k ◦ Pk, Gk0 ◦ P
′/X̃} = P ′2✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ d(P
′) ≤ d(Pk0)−1 ≤
k0 ≤ n✱ ✇❡ ❤❛✈❡ P ′1 Rn P
′
2 ❛s r❡q✉✐r❡❞✳
❼ ❍✐❣❤❡r✲♦r❞❡r ✐♥♣✉t Pk0
a
−→ F ✐♥ ❛ ♣r♦❝❡ss Fk0 ◦ Pk0 ✱ ✐✳❡✳ ✇❡ ❤❛✈❡ P1
a
−→
P{F̃k ◦ Pk, Fk0 ◦ F/X̃} = F1 ✭✇✐t❤ ❛ ❧✐tt❧❡ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✮✳ ▲❡t
C = νx̃.〈R〉S ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥❝r❡t✐♦♥✳ ❲❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❛❝t✐♦♥ ✐♥
P2✱ ✐✳❡✳ P2
a
−→ P{G̃k ◦ Pk, Gk0 ◦ F/X̃} = F2✳ ❲❡ ❤❛✈❡ F1 • C = νx̃.(S |
P{F̃k ◦ Pk, Fk0 ◦ (F ◦ R)/X̃})✱ ✇❤✐❝❤ ✇❡ r❡✇r✐t❡ ✐♥ P
′{F̃k ◦ Pk, Fk0 ◦
(F ◦ R)/X̃}✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ F2 • C = P ′{G̃k ◦ Pk, Gk0 ◦ (F ◦ R)/X̃}✳
❲❡ ❤❛✈❡ d(F ◦ R) = d(F ) ≤ d(Pk0) − 1 ≤ k0 ≤ n✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡
F1 • C Rn F2 • C ❛s r❡q✉✐r❡❞✳
❼ ❍✐❣❤❡r✲♦r❞❡r ♦✉t♣✉t Pk0
a
−→ C = νx̃.〈R〉S ✐♥ ❛ ♣r♦❝❡ss Fk0 ◦ Pk0 ✱ ✐✳❡✳
✇❡ ❤❛✈❡ P1
a
−→ νx̃.〈R〉P{F̃k ◦ Pk, Fk0 ◦ S/X̃} = C1✳ ▲❡t F, E ❜❡ ❝❧♦s❡❞
❛❜str❛❝t✐♦♥ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❝♦♥t❡①t✳ ❲❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❛❝t✐♦♥ ✐♥ P2✱ ✐✳❡✳
P2
a
−→ νx̃.〈R〉P{G̃k ◦ Pk, Gk0 ◦ P
′/X̃} = C2✳ ❲❡ r❡✇r✐t❡ t❤❡ ♣r♦❝❡ss F •
E{C1} = νx̃.(F ◦ R | E{P{F̃k ◦ Pk, Fk0 ◦ S/X̃}}) ✐♥ P
′{F̃k ◦ Pk, Fk0 ◦
S/X̃}✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ F • E{C2} = P ′{G̃k ◦ Pk, Gk0 ◦ S/X̃}✳ ❙✐♥❝❡
d(S) = d(C) ≤ d(Pk0) − 1 ≤ k0 ≤ n✱ ✇❡ ❤❛✈❡ F • E{C1} Rn F • E{C2}
❛s r❡q✉✐r❡❞✳
❼ ❋✐rst✲♦r❞❡r ♦r ❤✐❣❤❡r✲♦r❞❡r ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣r♦❝❡ss❡s Pk0 ❛♥❞ Pk1
♦r ❜❡t✇❡❡♥ ❛ ♣r♦❝❡ss Pk0 ❛♥❞ P ✳ ❲❡ ❞❡❛❧s ♦♥❧② ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❛ ❤✐❣❤❡r✲
♦r❞❡r ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣r♦❝❡ss❡s Pk0 ❛♥❞ Pk1 ✱ t❤❡ ♦t❤❡r ❝❛s❡s ❛r❡
s✐♠✐❧❛r ♦r s✐♠♣❧❡r✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❢♦r ✐♥st❛♥❝❡ Pk0
a
−→ F ❛♥❞ Pk1
a
−→
C = νx̃.〈R〉S ❢♦r s♦♠❡ a✳ ❚❤❡♥ ✇❡ ❤❛✈❡ P1
τ
−→ P ′{F̃k ◦ Pk, Fk0 ◦ (F ◦
R), Fk1 ◦ S/X̃,X0, X1} = P
′
1✳ ❲❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥ ✐♥ P2✱ ✐✳❡✳
❘❘ ♥➦ ✻✻✻✹
✶✵✷ ▲❡♥❣❧❡t✱ ❙❝❤♠✐tt ✫ ❙t❡❢❛♥✐
P2
τ
−→ P ′{G̃k ◦ Pk, Gk0 ◦ (F ◦ R), Gk1 ◦ S/X̃,X0, X1} = P
′
2✳ ❲❡ ❤❛✈❡
d(F ◦ R) = d(F ) ≤ d(Pk0) − 1 ≤ k0 ≤ n ❛♥❞ d(S) = d(C) ≤ d(Pk1) − 1 ≤
k1 ≤ n✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ P ′1 Rn P
′
2 ❛s r❡q✉✐r❡❞✳
❙✐♠✐❧❛r❧②✱ t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ P2 ❛r❡ ♠❛t❝❤❡❞ ❜② P1✱ ❤❡♥❝❡ Rn ✐s ❛ str♦♥❣
❜✐s✐♠✉❧❛t✐♦♥✳
▲❡♠♠❛ ✺✸✳ ❋♦r ❛❧❧ n✱ ✇❡ ❤❛✈❡ Fn ◦ Qn+1 ≁ Gn ◦ Qn+1✳
Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❋♦r n = 0✱ ✇❡ ❤❛✈❡ F0 ◦ m1.0 = m1.0 ≁
m1.0 | m1.0 = G0 ◦ m1.0 ❛s r❡q✉✐r❡❞✳
▲❡t n > 0✳ ❲❡ ❤❛✈❡ Fn ◦ Qn+1
mn+1
−−−−→ νan.(an[Qn] | an.Fn−1) = P1✱ ✇❤✐❝❤
❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞ ❜② Gn ◦ Qn+1
mn+1
−−−−→ νan.(an[Qn] | an.Gn−1) = P2✳ ❆❢t❡r
♣❛ss✐✈❛t✐♦♥ ♦♥ an✱ ✇❡ ❤❛✈❡ P1
τ
−→ νan.(Fn−1 ◦ Qn)✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ♠❛t❝❤❡❞
❜② P2
τ
−→ νan.(Gn−1 ◦ Qn)✳ ❙✐♥❝❡ an /∈ ❢♥(Fn−1 ◦ Qn) ✭r❡s♣✳ an /∈ ❢♥(Gn−1 ◦
Qn)✮✱ ✇❡ ❤❛✈❡ νan.(Fn−1 ◦ Qn) ∼l Fn−1 ◦ Qn ✭r❡s♣✳ νan.(Gn−1 ◦ Qn) ∼l
Gn−1 ◦ Qn✮✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ Fn−1 ◦ Qn ≁ Gi−1 ◦ Qn✱ ❤❡♥❝❡
✇❡ ❤❛✈❡ Fn ◦ Qn+1 ≁ Gi ◦ Qn+1 ❛s ✇✐s❤❡❞✳
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